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Absorption of Electromagnetic Radiation by an Electron Gas* 


NaRKIS TzZOARt AND ABRAHAM KLEIN 
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The total absorption cross section for a photon by an electron gas is calculated in the high-density limit. 
The calculation makes use of the Green’s function formulation of the many-body problem. Only the simplest 
final states leading to a nonvanishing cross section, consisting of an electron-hole pair and a plasmon, are 
taken into account. This contribution has a threshold near the plasmon energy and is peaked owing to the 
initially rapid rise of the available phase space, with a total cross section for real metals of 10-'7— 10-8 cm? 
per electron. This compares favorably with other absorption mechanisms. 


I. INTRODUCTION 


UCH progress has been made in the theory of the 

many-body problem during the last several 
years.' In particular, from the point of view of pertur- 
bation theory, we have learned how to select and 
calculate those terms (diagrams) for many physical 
quantities which give the most important contributions 
in the high- and low-density limits. In this work we 
shall be interested mostly in the high-density limit, 
which in application to electron gases in metals has 
served to illuminate some important features of their 
behavior. In particular the existence of plasmons in 
metals indicates that the long-range correlations empha- 
sized by the high-density approximation still play an 
important role, although electron gases in metals cannot 
truly be classified as high-density gases. 

The fundamental advance in the treatment of this 
limit? came with the realization that the leading con- 
tributions arise from matrix elements, of whatever order 
in the coupling, in which the interaction always transfers 
the same momentum, and that these contributions can 
be summed. 


* Supported in part by the U. S. Atomic Energy Commission. 

7 Present Address: Physics Department, Columbia University 
New York, New York. 

1 For a general review see The Many-Body Problem, edited by 
C. Dewitt (John Wiley & Sons, Inc., New York, 1959). 

?M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957); K. Sawada, ibid. 106, 372 (1957); K. Sawada, K. A. 
Brueckner, N. Fukuda and R. Brout, ibid. 108, 507 (1957); J. 
Hubbard, Proc. Roy. Soc. (London) 4240, 539 (1957) , A243, 336 
(1958); D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951) ; 85, 332 
(1952); 92, 609 (1953); D. Pines, ibid. 92, 626 (1954); P. Noziéres 
and D. Pines, Nuovo cimento 9, 470 (1958). D. F. DuBois, Ann. 
Phys. 7, 174 (1959) , 8, 24 (1959). H. Kanazawa, S. Misawa and E. 
Fujita, Prog. Theoret. Phys. (Kyoto) 23, 426 (1960). 


Before going on to discuss the extension of this idea 
with which the present work is concerned, we shall 
entertain a brief outline of the present status,’ partly to 
establish the language and notation with which we 
shall work. We consider a Hamiltonian for the many- 
fermion system of the form 


Ao= Hot H1, (1) 


where 


Hwo= fa ¥'(x)(—V*)y(x), 


A 
2 y= : [ fasaw v(x—x’)t(x)Pt (x) W(x’) (x), 


and (x) and y'(x) are, respectively, the fermion de- 
struction and creation operators with spin indices 
omitted. These operators obey the usual anticommuta- 
tion relations 


[wv (x),y* (x’) ],=5(x—x’), 
(v(x), (x’) 1, = [" (x),y (x’)], =0. (3) 


As is well known, and as will be illustrated again in 
the following pages, many of the observables of interest 
can be related to the propagators or Green’s functions 
for one and two particles.* We follow the notation and 


$A. Klein and R. Prange, Phys. Rev. 112, 994 (1958); V. M. 
Galitskii and A. B. Migdal, Soviet Phys. J.E.T.P. 34, No. 1, 139 
(1958); P. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959); 
H. Kanazawa and M. Watabe, Progr. Theoret. Phys. (Kyoto) 23, 
408 (1960); D. F. DuBois, Ann. Phys. 7, 174 (1959) ; 8, 24 (1959). 
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Fic. 1. Representation by Feynman diagrams of the sum of matrix 
elements which defines the effective or screened interaction. 


definitions in the paper of Klein and Prange,’ defining 
G(x—x’)=i(0| T{p(x)p" (x’)} |0)=G(x! x’), 
G(xx' | yy’) = 70! Thy (xb (x’ p(y" (y)} |0). (4) 


Here |0) is the exact ground state of the Hamiltonian 
Ho, and T is the usual time-ordering operator, and the 
symbol x stands for (x,¢). 

For example, the ground-state energy of an interacting 
fermion gas is given by 


dy’ 
E(N,0) = Eo(N,0)+4(—i)? J ce f dr f dr’ 
Ny 
0 


X lim o(r—r’)G(ri,r’t! rt’ rt’) 
t’—> t+ 
» dy’ 
= Fo(W,0) +4(—i) f sass 
o XV 


XE vq lim G(pé, pt! p+q?’, p’—q?’), (5) 


pp’a t” 


where E£o(.V,0) is the ground-state energy of the non- 
interacting gas, i.e., of the filled Fermi sphere. As a 
second example the distribution of particles in momen- 
tum space is given by 


, ro 

V(p)=lim — f dpy exp(—ipol)G(p,po), (6) 
0+ 2wi J _. 

where G(p,fo) is the Fourier transform of G(x,t). 

In studying these quantities, we shall use the method 
of power-series expansion and (where necessary) selec- 
tive resummation of terms. In so doing, we shall employ 
extensively the representation by Feynman graphs, and 
the associated rules for recording of matrix elements as 
given, for example, in the first paper of reference 3. 

As an essential ingredient of these expansions there 
then occurs the one-particle Green’s function for a 
noninteracting particle, 


i 
G(x,))=— ¥ [6r(p)e(t)— 4 (p)d(s) | 
Q° 


Xexp(ip-x—ip*t), (7) 


where 6¢(p)=1—6,(p), etc. The Fourier transform of 
G(x,t) is given by 


Or(p) 
G(p,p.)=——_——_+- . ©@ 
— pot p—in —potp+in 
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We return now to a description of the diagrams which 
contribute most to the one- and two-particle Green’s 
functions in the high-density limit. As was shown in 
reference 2, we must consider mainly the ring diagrams. 
These are sumed by means of the effective interaction, 
which is given by the sum represented in Fig. 1 by a 
wavy line. This sum acts, for many purposes, like a boson 
propagator. 

As a first illustration of its use we consider the lowest 
correction to the free-electron propagator in a dense gas. 
This is provided by the diagram of Fig. 2, and it is 
immediately obtained according to the above discus- 
sion.‘ As a second example, we consider the correlation 
energy, AE, of the. ground state® (exclusive of the ex- 
change contribution). This is given in terms of the 
particle-hole propagator which is a particular case of the 
two-particle Green’s function. In order to compute AE 
for the dense gas we must sum over all the diagrams 
indicated in Fig. 3(a). Using the definition of the 
effective potential we obtain the result illustrated by the 
diagram of Fig. 3(b).° 

We are now prepared to illustrate the method for 
choosing the important diagrams for the problem of 
interest in this work. Let us consider the high density 
approximation for the followlng process: A photon or 
external field excites a particle-hole pair in the electron 
gas. The pair propagates, undergoing all kinds of inter- 
action with itself and with the rest of the electron gas. 
The excitation finally disappears by means of a second 
electromagnetic interaction. 

As we shall see in Sec. II, the above description 
applies, among others, to the total cross section for 
photon absorption by the electromagnetic field which 
we shall wish to calculate. We thus have a process of 
second order in the external field, of which a diagram- 
matic representation is achieved by taking all vacuum- 
to-vacuum diagrams and inserting a pair of crosses 
either in any of the electron lines or in place of any of the 


Fic. 2. Diagrammatic represen 
tation of the leading correction, in 
the high-density limit, to the free 
electron propagator. 





‘The most complete discussion of the plasmon similar to our 
point of view is given in the papers of D. F. DuBois mentioned in 
reference 2. See also J. Lindhard, Kg]. Danske Videnskab. Selskab, 
Mat-fys. Medd. 28, No. 8, (1954); J. Hubbard, Proc. Roy. Soc. 
(London) A240, 539 (1957) ; A234, 336 (1958). 

5 A complete discussion of the correlation energy can be found 
in the papers by Bohm and Pines, Gell-Mann and Brueckner, 
Sawada et al., and Dubois mentioned in reference 2. 

® We consider here only the ring diagrams even though we have 
an additional contribution to the correlation energy from one 
exchange diagram. 
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interaction lines. We immediately observe, for example, 
that there are only three basically different second order 
diagrams which exhibit the same momentum transfer in 
each of their interaction lines. These are illustrated by 
Fig. 4. 

Proceeding to higher order, one finds that the major 
contribution to each order results from three similar 
diagrams. Their sum is given in Figs. 5(a)-(c). The 
contribution from the diagram in Fig. 5(c) alone consti- 
tutes the random-phase approximation.’ In the high- 
density limit it represents the most important contribu- 
tion, since, unlike the other two diagrams in Fig. 5, 
which depend on electron and/or hole scattering matrix 
elements, it contains only the electron-hole pair creation 
and annihilation parts of Hr. 

It is, of course, well known by now that a theory 
which includes only the latter matrix elements leads 
precisely to the random-phase approximation, which 
can be characterized equally well as the one-pair ap- 
proximation. Since also the effective potential is gener- 
ated by pair fluctuations, the contributions from Figs. 
5(a) and (b) go beyond this approximation. 

As intimated above, the diagrams of Fig. 5 are meant 
to represent contributions to the cross section for photon 
absorption. The final state contributing to the matrix 
element is obtained by cutting the diagram in two with a 
horizontal slice. At this point we must recall that the cut 
effective potential line represents either a free-pair or a 
plasmon (bound-pair) final state. Where this represents 
the full final state, the corresponding matrix element 
vanishes, indeed for two reasons, because of energy- 
momentum conservation, and because the longitudinal 
plasmon cannot be excited by the transverse photon. 

We must then study the contributions of Figs. 
5(a), (b) which correspond to final states of two pairs, 
one of which may be bound. Insofar as our theory goes 
beyond the simplest high-density limit, it will represent 
a further test of the applicability to real metals of the 
plasmon concept which emerges in this limit. 

In the work which follows we shall calculate that 
contribution to the photon absorption cross section, in 
which one of the pairs is a free pair while the other 
represents the pair bound state or plasmon. For this case 
we shall obtain a cross section which has a threshold at 
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Contributions to the correlation energy in the high 
density limit. 
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7It should be emphasized that throughout we use the term 
R.P.A. in a primitive but precisely defined sense. Recently the 
term generalized R.P.A. has been introduced to characterize a 
more inclusive approximation, arising from a linearization of the 
field equations. In the latter approximation, the cross section 
would not vanish. 
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Fic. 4. Contributions to the absorption cross section for light 
by an electron gas of second order in the particle-particle 
interaction. 


a photon energy equal to the plasmon energy, thereafter 
rising to a peak and then tailing off as w*, where w is the 
photon energy. This calculated cross section will there- 
fore exhibit a peak in the absorption cross section per 
particle which may be detectable experimentally, as 
discussed in more detail in the concluding section. 


II. PHOTON-ABSORPTION CROSS SECTION; 
HIGH-DENSITY LIMIT 

In this section we develop a formula for the total 
cross section for absorption of light by an electron gas, 
to the lowest order in the electromagnetic field, while 
taking into account as exactly as possible the properties 
of the electron gas. 

The Hamiltonian which describes the above process is 


H=H +H’, (9) 


where 


1 
Ho= f axyi(x)(— PH) J fanie v(x—x’) 
? 


Xt (x)pt (x W(x’) (x), 
1 
H'=- fio- Aco 


c 


(10) 


and where the current j is given by 


j(x)=ie{ Vy" (x)p (x) —y' (x) Vy (x)}. (11) 


In Eq. (11) we have neglected the term in j which is 
proportional to e®. We are using the natural units 
2m=h=1. 

The total-absorption cross section of a photon by an 
electron gas is 


2r 1 


c= —-—)> ax f dx’ (Fy — Eye) 


¢ dw N 
Xexp[—ik- (x—x’) Je;(RA)e;(RA) 


(VO! ji(x)! NN’! (x)! NO). 


- 


Fic. 5. Leading contributions 
to the absorption cross section 
for light by an electron gas in 
the high-density limit. 
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Fic. 6. Some con- 
tributions to the ab- 
sorption cross section 
for light by an elec- 
tron gas. 


Here |’), En represent, respectively, any excited 
state of the electron gas; k is the photon momentum, w 
its energy, and e(k) its polarization vector (e-k=0). 
In order to sum over the excited states V’, we use the 
Fourier transform for the Dirac 6 function and also the 
invariance of (VO! j;(x) 7j;(x’r)| NO) under time transla- 
tion to obtain 
o=o4+04*=2 Reva, (13) 
where 


1 0 
1 ie faxfex f dr exp( — wr) 
2we —20 


<exp[—ik- (x—x’) Je;(kd)e;(RA) 


(NO! 7:(x)7;(x’,7)| NO). (14) 


We now use the definitions of Eqs. (4) and (12) to 
express the cross section in term of the two-particle 
Green’s function. We thus obtain 


e 
o4=—— foxfaw f dr exp! —iwr) 
2we at 


<exp[—ik- (x—x’) Je:(kd)e;(RX) 


] te) Cs) Ce) 
xLim(— - —)(—-— Ger yy’), (15) 
Oy; Ox; \dy; dx,’ 


where 
Lim= lim 
yo > x0 =0 > yo" >xo" =r 
y. y’. yo. yo" —> x, x’, xo, x0 
To obtain the more familiar momentum representa- 
tion form for o4, we express the above two-particle 
Green’s function in terms of its Fourier transform. 
Then, we carry out the integration over x and x’. This 
yields the following expression for o4: 


2e! 
v,=—— > [e(kd)-p][e(kd)- p’] 


WC pp’ 


0 
xf dr exp(—iwr) 


XG(pO0, p’r| p—k 0,, p’+k r,), 


AND A. 
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where 0,, 7, means the approach from more positive 
values. 

In Eq. (16), if we sum over initial polarization we 
obtain 


x [e(Ad)- p]Le(kd)- p’]=p- p’—(p-k)(p’-k), (17) 
pol 


where & is a unit vector in the direction of k. 

We now turn to the calculation of the two-particle 
Green’s function for the special case of a dense electron 
gas. We first consider the zero-order approximation, that 
is, the absence of interaction between the electrons. In 
this case the two-particle Green’s function is given by 


G(x0! yO, )G(x’r! y’r,) —G(x0! y’r)G(x’r| yO). (18) 


The first of these terms does not contribute to the cross 
section, as the terms arising here do not permit energy 
transfer to the matter system. As for the second, or 
exchange term, its Fourier transform is given by the 
expression 


;.@ 
- J eaadas exp[ir(go—go) ] 


(2x)? (2x)* 


XG(p’,go’)G(p,qo)5(p’— p—k), (19) 
and its possible contribution to the cross section illus- 
trated in Fig. 6(a). Here the “‘cross’’ at t=7 describes 
the transfer of momentum k to the system of the elec- 
tron gas by the photon and the creation of a pair. The 
“cross” at ‘=0 describes the annihilation of the pair 
which gives its momentum back to the photon. 

The first-order diagram is given in Fig. 6(b), and 
represents a single interaction between the two-fermion 
propagators. Similarly, the mth order diagram will be 
any diagram including m interactions (represented by n 
dotted lines). Some of these diagrams are shown in 
Fig. 6(c), (d), (e). The rules for building the two- 
particle Green’s function for these diagrams are iden- 
tical to those given by Klein and Prange.’ In order to 
obtain the cross section we must first multiply the two- 
particle Green’s function by the factor (e-p)(e-p’) 
represented symbolically in the diagrams by the crosses, 
and then sum over the momenta p and p’. 

Of course the contribution from diagram 6(a) vanishes 
identically since it corresponds to a final state consisting 
of a free electron-hole pair which cannot simultaneously 
conserve energy and momentum. Many higher order 
diagrams, as we shall see below, will vanish for the same 
reason. [All this can be shown directly from expression 
(16), of course. The inclusion of vanishing matrix 
elements is a consequence of the technique for writing 
the cross section in terms of the two-particle Green’s 
function. } 

We turn now to a study of the high-density limit. 
Following our discussion in the introduction we are 
looking for contributions to the two-particle Green’s 
function given by the diagrams in Figs. 5(a)—(c). We 





ABSORPTION OF 
first notice that the effective potential defined before as 


the sum of contributions of the diagrams in Fig. 1 can 
be represented by an integral equation 


V (s—3')=iv(z—2’)— fice-060-9) 
XG(y—x)V(y—2’)dxdty. (20) 
The Fourier transform of V is given by 


U (q,go) = iv(q)/CL1+0(q)O(4,90) J, 


which constitutes the solution of (20), where 


(21) 


1 
(q,g0) = - f avip. G(p,po.)G(p+q, pot qo). (22) 
( 


aT 


The function Q in Eq. 
fluctuation function. 
The first-order contribution to the cross section is now 
given by setting Gi., the two-particle Green’s function, 
equal contributions which are obtained by 
letting the effective potential act once. These are the 
contributions shown in Figs. 7(a)—(d). The diagram in 
Fig. 7(a) represents the contribution from the random- 
phase approximation; as we now show, however, the 
contribution to the cross section from this diagram 
vanishes. This conclusion is based on the fact that al- 
though in general o4 =< f(e-p)(e-p’)dpdp’Gi2(pp’k), 
we have from diagram (7a) a contribution to Giz in the 
separable form Gi.= F (pk)F (p’k). Since necessarily 


(22) represents the density 


to these 


fev pF (pk) = A(&)k, 


and (e-k)=0, the contribution to a4 from diagram 7 (a) 
We can conclude, therefore, that the random- 
phase approximation, and any corrections which can be 
described in the most general way by the diagram of 
Fig. 7(e), do not contribute to the process of the ab- 
sorption of light. As we shall remark again later, these 
contributions also vanish because they cannot lead to 
any energy-momentum conserving final states. 

We now calculate the contribution to the cross section 
from the approximate Gj, as it is represented by dia- 
grams 7(b)—(d). By performing a routine calculation we 
obtain the contributions: 


five-p 


w)® (29r)* ¥ 


is zero. 


1 Q 
a,(b)= 
xc (2 


We 


xf dr exp(—iwr) f aguiys'dsasy G(p’ +k, go) 


XG(p’ +k+s8, go+s)G(p' +k, go) 


XG(p’,go’)U (8,50) exp[ir(go—go’) J, 


ELECTROMAGNETIC 


RADIATION 


Fic. 7. More detailed representation of the high-density approxi- 
mation to the absorption cross section. 


1 o 
gale) = — fap(e-n 
we (2r)® (27) 


xf dr exp(—twr  fdauts'dsas G( p’ +k, qo) 


XG(p’,qo')G(p’ +8, go+5o) 


XG(p’,go’)U (8,50) expliz(go—qo’) ], (24) 


2e" 1 Q 
a4(d)= - fav'as(e-p) 
we (2r)® (27) 


eal dr exp(—twr) 


x faa dgqo'dso G(p 


XG(p' +k, qo)G(p’+k+s, 


)G(p’+, go’ +50) 


gots: ) 


XU (s,s0) expLiz(qo— qo’) (25) 

We now calculate ¢4(d) in detail. The calculation of 
o4(b) and o4(c) can be done similarly. Integrating first 
over 7 we obtain 


2e7 1 y 


a4(d)= — fevasce-p) 
WC (27) (27r)8 


x [e- (p’ + S$) 1f aaudq'ds. U(s,50) 


—j 

x —- G(p’,qo' )G(p’ +k, go) 
go— qo —w—in 
XG(p'+s, go’ 


+5y)G(p’+k+s, go+so). (26) 


Here the one-particle Green’s function is given by 


Or(p) 6r(P) 
(p,po) =———___+-— - 
— pot p*?—in ar abe 


(27) 
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Fic. 8. Time-ordered contributions to the Feynman diagram 


of Fig. 7(d). 


It is convenient to have also the separate definitions 
Or(p) 
es potPp- in 


By studying the poles in the variables go and go’ we 
afrive at the result that o,(d) may be written as a sum 
of the nine time-dependent diagrams of Fig. 8. For these 
diagrams we must represent any line going in the direc- 
tion of increasing time by G* and any line going in the 
opposite direction by G~. The calculation of the contri- 
bution from any one of the nine diagrams is sufficient 
to illustrate method. We therefore choose to calculate in 
detail the contribution of Fig. 8(a). We obtain 


Ov(p) 


G*(p,po)= . | 
—potp+in 


(28) 


G~(ppo) = 


~w Q 

oa") (d)=— —— [avse-piLe-(v'+s)) 
we (2r)® (22)? 

xBr(p'+8) f dsudaudar U(s,50) 


1 1 
ew , oo, ed 
qgo— Jo —w—1n — Go tép—in 


1 1 
—qot epi k—i1n —Go—Sote€p4e4k—17 


1 
x——_— : 
— qo —Sote€p4stin 


(29) 
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We integrate over go and go’ and thus obtain 


Q 


[evaste p’)[e-(p’+s) 


we (2r)® (27)* 


XOe(p’)Or(p’ +k)ér(p’+k+s) 


X6r(p'+ s)(2i)% fds '($,50) 


1 
x 


So— Ep'eat€ p'—19 So— E pte 


xX 


Ep’ + kta Ep'42—W— 19 


Since 
wf 1—w/2me 


W— E pit kta t Ep'4e* (p’+s)/me ] 


cannot vanish, we can omit the 77 in the denominator of 
the last term in the right-hand side of Eq. (65). We now 
carry out the integration over so. The integrand has two 
poles in the so plane and a cut arising from U(s,59). 
These are shown in Fig. 9. We rotate the path of 
integration of so by 90°, thereby performing the inte- 
gration along the imaginary axis if. This will give, as one 
contribution to the cross section (the possible contribu- 
tion from the intervening pole will be considered below), 


6 (d)=2 Reo, (d) «2 Ref idt V(s,i¢) 


x 


1 
x 


i +€n — Ens k UF E pr k— € pte 
where iV(s,if)=U(s,i¢). It has, furthermore, been 
proved® that V(s,7¢) is a real number, and also that 
V (s,i¢)= V(s, —i¢). Since the real part of the integrand 
in the equation for é(d) is an odd function of ¢, we 
immediately arrive at the conclusion that the contribu- 
tion from the integration over the if axis gives identi- 
cally zero. The only nonzero contribution results 
therefore from the pole in the first quadrant. ¢ (d) is 


therefore given by 


Ze (1 Q 
a) (d) =— —— -2(2n) f dp'ds(e-p’)Le-(p'+s)) 
we (2mr)® (27)? 


XOr(p’)0r(p’ +k)ée(p'+k+s) 
X6r(p’+s) ImV(s, wep 4: 


TEp’+s) 


1 1 
x 


W— En’ tk TEp’ W— En’ tktetEp'+s 


provided w— €p4%+€p'4.29. 
We next remark that some parts of Fig. 8 do not 
contribute to the cross section. We indicated at the 


®N. Tzoar and A. Klein (unpublished). 
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Fic. 9. Singularities of the integrand of Eq. (30). 


beginning of this section that the contribution to the 
absorption cross section from a noninteracting electron 
gas vanishes. As was pointed out there, we have dia- 
grams which represent nonphysical final states, i.e., final 
states which cannot simultaneously conserve energy and 
momentum. Those diagrams do not contribute to the 
cross section. A typical example is given in Fig. 8(c). In 
order to find the final state of the original absorption 
matrix element, we must cut the diagram by a horizontal 
line any place between the two crosses. If we then find an 
intermediate state which conserves energy and mo- 
mentum, then this state can be real and corresponds to 
the final state in absorption. No such state can be found 
for this diagram. Following these instructions it is 
easily observed that diagrams 8(c) and 8(e) as well as 
diagram 10(c), etc., do not contribute to the absorption 
cross section inasmuch as they do not have an appro- 
priate final state. 

We record below the nonzero contributions to a(d), 
o(b), and o(c), as they are obtained from the diagrams 
of Figs. 8, 10, and 11, respectively. Let us first define the 
operators D and D,, 


D= 


x f av'isce: p’)Le-(p’+s)], (32) 


1 2 


D; 2 ( 2x) f ap'ds(e-p’)(e-P), (33) 
> (2r)® (29)8 


We 


(one must 
argument of V 


Similarly, we define the functions 7; and Fy, 
have always in mind that the energy 
must be greater than zero): 


1 1 
F, 
W— Ep’ +k 


kts tT Ep'+s 


+€ pr W— Ep 


XImV (s, w— epee tepis), 


ImV(s, w 


kte€p)” 


—€paetEp'+s); 


1 
oT Eg4 


W—Ep kb Ep W— Ep ky 


XImV (8, w—€ pp hrs ten’), 
1 rs 
-—- = ImV (8, w— € p44 


W— € pak tep)? 


pe te€p’). 
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7(b). 


Fic. 10. Time-ordered contributions corresponding to Fig. 


We can thus write for the cross section 
a) (d) = D{6r(p’)6r(p’+k) 
X6r(p’+k+ s)6r(p'+ 8) F}, 
D{6r(p')0r(p’ +k) 
X6r(p’+k+s)6e(p’+s)Fi}, 
(d)= D{6r(p’+k)0r(p'+k-+ s) 
XOr(p’'+s)Or(p’)F2}, 
» (d)= D{6r(p’+s)0r(p'+k+s) 
X6r(p’)Or(p' +k) Fo}, 
? (d)= D{6r(p’'+k)@r(p’+k+s) 
XOr(p’+s)Or( 
(d) = D{6r(p’'+k)6r(p’+k+ s) 
XOr(p’+s)Or( 
(d)=D{6r(p'+k+8s)6r(p’+s) 
XOr(p'+k)ér(p’)Fo}, 


a? (d)= 


P)LF:+F:2 J}, 


p Fi}, 


»(b) = — Di{6r(p'+k+ s) 
XOr(p')Or(p'+k)Fs'}, (45) 
»(b)= —D,{Or(p’ +k) 
XOr(p’+k+s)6r(p’)F2’}, 
oX(c)=—- D0 r(p’+k)6r(p’)6r(p’+s)F 1}, 
a) (c)= —D,{6r(p')0r(p'+k)6r(p'+s)F1}. 


We simplify this result by observing that in the dipole 
approximation where k<ppr we have 


(46) 
(47) 
(48) 


1 1 


— Ep tk TE p’ Ww 


This implies F;=F 1’ and F.=F;'. We also can in the 
dipole approximation put p’+k— p’, and p’+k+s— 
p’+s, which is equivalent to setting k=0 in the equa- 
tion for ¢. We next sum over those terms which contain 
F;, and separately over those which contain F». In the 


ta p'a, 


PG 


. Time-ordered contributions corresponding to Fig. 7(c). 
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terms containing F; we perform a change of variables, 
p’— p’—s, s— —s. As a consequence we obtain the 
final result of this section: 


aw 4 ‘ . 
o=Ctotal=— —- 228) f dp'dsde(pr(p'+s) 
we (2r)® (2r)* 
1 ‘ ~ 
x<—[(e-p’)[e- (p’+s) ]+(e-p’)[e-(p’+s) | 


> 


oS 


—(e-p’)?—[e-(p’+s) PF] ImV(s,w—ep4.tep’) 


2e 1 ° 


“ 


1 
=—-— 2(2r)*— [dvs den’ 
we (2r)® (29r)* w 


XOr(p’+s)(e-s)? ImV(s,w—epysten’), (49) 


where 


W— Ents t ep 20. 


We conclude this section by summarizing our results. 
The random-phase approximation which allows us to 
excite only a plasmon does not contribute to the ab- 
sorption cross section. This can be understood inasmuch 
as the plasmon is a longitudinal mode of vibration and 
as such the transverse photon does not couple directly 
to it. The next approximation for the dense electron gas 
is given by the diagrams in Figs. 7(b)—(d). This de- 
scribes the virtual creation of a pair by absorption of a 
photon, thereafter decaying to the final state of pair 
plus plasmon or two pairs. We consider in detail only the 
former possibility. Now for any given plasmon there are 
many pairs in the electron gas, which together with the 
plasmon will conserve energy and momentum in the 
absorption of a photon. Therefore we find that there are 
many possible final states resulting from the photon 
absorption. We thus conclude that in the case of the 
electron gas we will not get a sharp resonance line even 
with the approximation that we keep only the plasmon 
part of the effective interaction. The width of the 
absorption cross section, as we shall calculate in the 
following section, does not result from a finite lifetime 
of a particular final state. Its actual origin will be 
described in the discussion at the end of the following 
section. There we will compute the cross section for the 
case where we assume the plasmon to be a bound state 
of the system. A more accurate calculation must take 
into account the finite lifetime of the plasmon itself. 


III. EVALUATION OF THE ABSORPTION 
CROSS SECTION 


In the preceding section we obtained the absorption 
cross section for the absorption of electromagnetic 
radiation by a dense electron gas. We saw that the elec- 
tric field of the photon represented by the polarization 
vector e is coupled to the plasmon momentum. In order 
to evaluate this cross section simply we shall confine 
ourselves to the approximation that the plasmon is a 
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bound state of the system. This approximation is neces- 
sary if we wish to avoid machine calculations which are 
hardly justified at the present stage of development of 
our theory. This approximation should preserve the 
main characteristic of the real solution where the 
plasmon has a sharp peak at the plasmon frequency. 
The function ¢(w) which we shall obtain in our calcula- 
tion will exhibit a peak with a width smaller than the 
real one since we do not take into account the finite 
lifetime of the plasmon state. 
We first write 

dre” 
V (8, w— €pp step) =- ~ bisa iaeamas 


°K (8, w— €pi step) 


(50) 


where K is the effective dielectric constant. The cross 
section is thus given by 


dpds_ 
o= ~ oof aga 3 Or( p)er( p+s 


pr 


< (e-$)? Im F : 
K (8, w— € pis t€p) 
where 


oo= (26?/c) (2x)—*(2Q) (Arre*) wp r®. (52) 


If we use the well-known relations connecting the Fermi 

momentum, the classical plasmon frequency, and the 

density, 
Q=(N/p), 8re’?p=2,7, p=(pr’ 


we then obtain for the cross section 


1 
o=—Axvr— fcaie (e-$)°6r(q) 
3 


ul 


X4r(q+) Im 
K(s, W— Enis 
where 
A = (q/32x*) (e/cpr*)N, 
x= (Q,/ pr’), 


t= (s pr). 


n= (w/ pr’), 
a= (p/pr), 


Since the momentum and energy in A(k,ko) are nor- 
malized to pr and pr’, respectively, we now approxi- 
mate Im(1/K) by the delta function, 


— 5 ([w—2y(5)— Epes t ep |/ pr’). 


Finally we substitute for the plasmon frequency 2,(s 
its value at s=0, thus giving 2,(s)~Q,, since we know 
that 2,(s) is a slowly varying function of s. With all 


previous approximations we arrive at the equation 


o=7rAr— f eae (e-&/£)°6r(q)0r(q+e) 
3 
] 


- X5(p—¢?—2%-q), (55 
*R. A. Ferrell, Phys. Rev. 107, 450 (1957); D. F 
Phys. 7, 174 (1959); 8, 24 (1959). 
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ABSORPTION OF 
where p=n—x. Since ¢?+2¢-q20, we have a contribu- 
tion to o only if p20 or n>x which implies w2>Q,. 

The integration of ¢ is a straightforward calculation 
which can be given in explicit form only if one specifies 
a value for x. We therefore proceed to a numerical calcu- 
lation for a particular choice, x=2, since theoretical 
calculations as well as experimental results, in different 
metals of interest,” indicate this as an average value 
for x. 

We thus obtain (for += 2, i.e., p=n—2) 

1 
7=o0- [C- bY? +8") ](v?—8") 
n 

(n—2)° 


In 


Hae) 


for 3222, and 


1 
o=d0- | [> Hae #°) (0-8) 
n° bp 


for n2 3, where 
a= (n+1)}- :. 
8=(n—1)'—1, 
y= 1—(3—9)', 


oo= (49*/12) A’. 


The cross section as a function of is plotted in Fig. 12 
and its general features discussed below. 

To understand the nature of the curve of Fig. 12 that 
we have obtained for the total cross section, we write 
symbolically 


matrix element 


a(w)= 
x [ (allowed phase space). (59) 
The allowed phase space is given by 
J aade(e-s)r(q)er(a+00~(ato"+e) 


which immediately implies a threshold for the photon 
energy at p=n—x=0. We thus can say that in our ap- 
proximation an absorption of y rays is possible only 
for w>Q,. At the value w=Qp,, i.e., p=0, we obtain 
a(w=2,)=0. This can be easily observed from Eq. (55). 
Then by carrying out a detailed but straightforward 
calculation, we arrive at the conclusion that (d/dn) 
XS (allowed phase space) is greater than zero at n=x, 
and for the limit »— «”, / (allowed phase space) « 7. 
Since, as we will see below, the | matrix element!? is 
proportional to 7~*, we obtain for o a curve which in- 

For information about the plasma frequency for different 
metals, see D. Pines, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1955). 
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Fic. 12. Total absorption cross section for photons vs photon 
energy. Here n=w/pr* is the ratio of photon energy to Fermi 
energy. The curve drawn is for the special case (Q,/pr?)=2, where 
(2, is the classical plasmon frequency. 


creases steeply when w exceeds 2, and then drops to 
zero as yn? forn— ©. 

We now show the origin of the energy dependence of 
the | matrix element |? by analyzing as a typical example 
the contribution from the diagram given in Fig. 8g). The 
energy dependence, as in the case of time-dependent 
perturbation theory, appears for any intermediate state 
as a denominator equal to the photon energy minus the 
excitation energy. In the case of an intermediate state 
not containing a plasmon, the intermediate energy is 
zero in the dipole approximation, i.e., when k=0. 
Therefore, we obtain a factor of w for any intermediate 
state without a plasmon. The intermediate state con- 
taining the plasmon will contribute to the delta function 
which dictates the energy conservation in the final state. 
Since any interaction with a photon contributes to the 
matrix element a factor of w , we finally obtain 

matrix element|*~«w~* as was indicated before. We 
would thus conclude that the peak in the absorption 
cross section is due to the rapid increase of the phase 
space immediately above the threshold energy (w=Q,), 
and the fast decrease of the cross section by the factor 
of n~? in the high-energy region. 

In conclusion, we wish to emphasize that an experi- 
mental check of our theory, or of a suitable modification 
thereof to apply to real metals, would test an aspect of 
the concept of the plasmons in the high-density limit 
which goes beyond the usual random-phase approxi- 
mation. 


IV. CONCLUSIONS 


In the previous pages we calculated the absorption 
cross section for a photon by an electron gas in the high- 
density limit. In particular we were interested in finding 
the mechanism by which the electromagnetic field can 
be coupled to a plasmon and in computing the cross 
section arising from this process. This process is initi- 
ated by a virtual pair, excited by the photon, thereafter 
decaying to a final pair plus a plasmon. Since for a given 
plasmon we have many pairs which together with the 
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Taste I. Fermi energies and plasma frequencies of 
typical metals. 








Metal 


plasmon conserve energy and momentum we do not 
obtain a sharp absorption line. Rather, we obtain a 
threshold in the cross section at photon energy equal to 
the plasmon energy 2». Then the cross section increases 
to a peak at a photon energy equal roughly to 2,+ er, 
where er is the Fermi energy. At photon energies w 
higher than 2,+er the cross section behaves as w™. 
We now argue that if the electromagnetic field can 
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excite a plasmon through the mechanism proposed here, 
one should be able to detect it experimentally, since the 
cross section per electron, which emerges from our 
formula when one inserts realistic densities, is of the 
order of magnitude of 10~’— 10~® cm?. The experiment 
should be carried out with a thin foil in order to elimi- 
nate reflection losses (a thickness of the order of 10° A 
will still preserve the many-body characteristics of the 
electron gas). Moreover, interband transitions and other 
losses cause a cross section per electron of about 
10—7— 10-* cm’. Detection and separation of the effect 
discussed here is therefore not out of the question. 
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Confining Magnetic Field* 


James Hur.eyt 
New York University, New York, New York 
(Received June 15, 1961) 


The problem considered here is the transition region separating a uniform plasma from its confining mag- 
netic field. The geometry chosen is one-dimensional. A self-consistent solution of Maxwell’s equations and 
the equations of motion of the particles is obtained. This problem was formulated and solved numerically 
by Tonks. It is the purpose of this paper to present an analytic solution. The most interesting feature of the 
analysis is that the transition region is finite, the transition taking place entirely within the orbit of the 
particle of deepest penetration into the confining field. 


INTRODUCTION 


N a recent paper,! Tonks considered the problem of 
the transition region between a plasma and a con- 
fining magnetic field. We shall not carry through the 
details of the formulation and the assumptions on 
which it is based, as these are given in Tonks’ paper. 
We shall only present the results and define the 
notation. 

We define a class 9 particle to be one which crosses 
the area dndz (lying on the x—z plane at x=n) within a 
time dt and whose velocity vector lies within +a/2 of 
the vertical. We let 

a(n)adndzdl 


be the number of class 7 particles crossing the surface 
dndz in a time dt. The current arising from all classes is 


dn, (1) 


2e pt a(n)w(n)y(n,x) 
1,(x) - 


v J 92x) t(,x) 
where the integration is over all classes of particles 
which have trajectories through the point x. The lower 
limit characterizes that trajectory which just reaches x. 
The field must satisfy Maxwell’s equations so that 
dB —4r —S8re ¢* a(n)w(n)y(n,x) 
Jy= = dy. (2) 
dx ( Y Jee &(n,x) 
This field equation together with the equations of 
motion of the particles in the field 


¥=wy, 

y= —we, 
determine the solution, provided a(n) is known. This 
density distribution must be determined by a statistical 
study of the thermal equilibrium and is beyond the 
scope of this analysis. Since we are investigating a 
plasma which is to be uniform at x=— ®, we choose 
a(y) to be a constant. 

* The work described herein was sponsored by the Advanced 
Research Projects Agency, through the U. S. Army Signal 
Research and Development Laboratory, and by the National 
\eronautics and Space Administration. 

+t Now at the Institute of Mathematical Sciences, New York 
University, New York, New York. 

1 L, Tonks, Phys. Rev. 113, 400 (1959). 


The above system of equations was developed and 
solved numerically by Tonks. We would like to present 
an analytic solution of the problem. 

First we introduce, following Tonks, the dimension- 
less variables 

Q=wmc/eBo, 
T = wl, 
(X,Y,H)= (w/v) (x,y,n), 
and 
S=8armva/ By”. 
Then 
dQ 


dX 
dX /dT 
dY /dT 


with X¥=dNX/dT, etc. 


ANALYSIS 


We shall replace the integration variable H by the 
angle between the velocity vector and the x axis (see 
Fig. 1). First we integrate the equations of motion to 
give 

X24 Y?=1, (6) 
and 
—~A(X)+ const, 


B= CONSTANT 
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Trajectory of the particle of deepest penetration 
into the confining magnetic field. 


1307 





JAMES 


TaBLe I. Transition layer thickness. 








D 
Eq. (13) 
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where Q2=dA/dX. These equations represent energy 
and momentum conservation. Since Y=1 when X=H, 
Y =—A(X)+A(H)+1. (7) 
From Eq. (6) we see that we may set 
X=cosé, Y=siné. 
Differentiating Eq. (7) 
dY dA(H) d0 


eats —=(Q(H)=cosé—, 
dH dH qn 


QdH = cos6d6, 


and substituting into Eq. (4 


=J§ | sin sign (cos@)dé. 


We see immediately that if X lies outside the orbit of 
the particle of deepest penetration (H=0) the limits of 
integration are x/2 and —72/2 and the integral vanishes. 
[We integrate over the outgoing trajectories only, since 
the factor 2 in Eq. (1) takes account of the incoming 
trajectories. ] We find then that the transition takes 
place entirely within this orbit and the field is strictly 
constant on both sides. 
Inside this orbit 


dQ ag 

—=S§ | sinédé= — S cosé, (9) 

dX J 2/2 
where tan@ is the slope of the velocity vector of the 
particle of deepest penetration into the confining field 
(H=0) at the point X. X and @ are related by Eqs. (7) 
and (8): 

sind=1— A(X), 


where we have set A (0)=0. Using this relation to elimi- 
nate 6 from the field equation [Eq. (9) ], we find 


d0/dX=@A/dX?=—S[i-(1—-A)*J}, (10) 


which is an ordinary differential equation. 
Perhaps the most significant feature of this analysis 
is that the transition region is finite. We would like to 
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obtain an expression for this thickness as a function of 
S. We may do so without obtaining an explicit solution 
for the field [Eq. (10) ]. Let Z be the transition thick- 
ness. Then L= fdX, where the integral is taken over the 
outgoing part of that particle trajectory for which H=0. 
For this trajectory, sin?=1— A(X). Differentiating, 


coséd@= —2Q(X)dX, 


* cosé 
pong 


Q 


so that 


(11) 


We may integrate Eq. (10) once to obtain 2 as a 
function of @. This gives 


(= §(6+siné cos?) +1—7S/2. 
Inserting this in Eq. (11), we have 


es singd¢ 
L= | - oe (12) 
Jo [1-—S(¢—sing cos) }} 


where g=2/2—6. Although we cannot perform the 
integral in terms of elementary functions, we can inte- 
grate numerically to obtain Z for any given S. In 
Table I we list several values of the transition thickness 
for different S. We have included in the table the values 
computed by Tonks and the diameter of the orbit of a 
particle moving in a uniform field which is the average 
of 2(0) and 2(«). [See Eq. (38) of reference 1. ] 


D=4/(1+ (1—#S)!] (13) 

We have tabulated only as far as S=1/z since the 
integral becomes imaginary for S>1/x. The physical 
reason for this is that the confining field must withstand 
the pressure of the plasma and the pressure of the back- 
bone field (B,.). Thus for a fixed field the plasma density 
may not increase indefinitely. The basis for these ideas 
is contained in Eq. (37) of Tonks’ paper 


2(0)?—2(« )?=1—Q(o Pk =-7S, 


A certain amount of care must be exercised in inter- 
preting L for S=0 and S=1/xr. When S=0 there is no 
plasma and a transition layer thickness becomes mean- 
ingless. Also when S=1/z, Q(%)=0 and the particle 
trajectories are not cyclic as we have assumed. Thus L 
must be interpreted as the limiting value of the transi- 
tion thickness as S— 0 or 1/2. The special case 2(* )=0 
has been treated, using an entirely different technique, 
by Grad? and Schmidt.’ 
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Recent results for an asymptotic series expansion of the nonlinear equations for an electronic plasma in the 
“collisionless” regime are extended. Substantially, the result is that for a wide class of initial disturbances, 
the presence of the so-called ‘Landau damping” in first order indicates its persistence to all orders in per- 
turbation theory. Similarly, exponentially growing solutions in first order imply their existence in all higher 
orders. The problem is considered both from the Laplace transform point of view, and by normal modes. 


I. INTRODUCTION 


ONGITUDINAL oscillations in an unbounded, 
rarified, electronic plasma are governed by a pair 
of coupled, nonlinear, differentio-integral equations; 
Poisson’s equation and the ‘collisionless’? Boltzmann 
equation. Recently, one of us has described a method! 
by which the solution to this system can be given, in 
principle, to all orders in powers of the wave amplitude. 
The Fourier-Laplace transforms of the field variables 
were shown, in the th order, to be expressible as convo- 
lutions involving terms up to order n—1 only. It was 
shown that systems which are “‘stable”’ in the first order 
are also “stable” in second order, and that first-order 
“instabilities” imply the existence of second-order “‘in- 
stabilities.” It was also remarked that a solution in 
terms of normal modes could equally well be imposed on 
the same series. 

It is the purpose of this work to extend and elaborate 
these results, and to apply them to what we believe to be 
an important phenomenon—the persistence of the so- 
called “Landau damping” to all orders in powers of the 
disturbance, indicating the eventual smoothing-out of a 
very wide class of initial non-uniformities. 

In Sec. II, we extend some results of our earlier work! 
for second order to all higher orders, and show that the 
singularities of the Laplace transform of the nth-order 
electric field lie to the left of the imaginary p axis, if 
they all lie in the left half-plane in first order. Sections 
III-V present a detailed account of the problem from 
the point of view of normal modes. Section III briefly 
reviews Van Kampen’s’ analysis; Sec. IV extends it to 
nth order. Section V shows that all higher order terms in 
the expansion of the electric field are also damped for 
infinitely-differentiable, square-integrable disturbances 
in a Maxwellian plasma. Section VI is a discussion of 


* This work was supported in part by the National Science 
Foundation, and was begun when one of us (D.G.) was at New 
York University. 

1D. Montgomery, Phys. Rev. 123, 1077 (1961). 

2L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). 

8N. G. van Kampen, Physica 21, 949 (1955). Van Kampen’s 
work has been generalized by K. M. Case, in Ann. Phys. 7, 349 
(1959), but we shall make no use of his generalizations. 


the results and a comparison with other work in the 
literature. 


Il. HIGHER-ORDER TERMS BY LAPLACE 
TRANSFORMS 


We limit ourselves to plane-wave disturbances in one 
direction only, in an electron (charge —e, mass m) 
plasma which is sufficiently rarified to be in the “‘col- 
lisionless” regime. The equations governing the de- 
velopment of the electron distribution f(x,v,t) and the 
electric field (x,t) are: 


(1) 


(2) 


where No represents a uniform positive background 
charge, assumed immobile. The notation is the same as 
reference 1, except that since we discuss only one- 
dimensional motions, we may use the electric field E 
instead of the scalar potential. 

Let us write the solution to (1) and (2) formally as 


(3) 


where f= fo(v) is the equilibrium distribution, and 
No=JS fodv. 

There is no unique way to split the disturbance among 
the various orders, but the most convenient way ap- 
pears to be to put it all in /“ initially, assuming 

f{™(x,0,0)=0, n>1. (4) 


Substitution of (3) into (1) and (2) gives 


of n) of n 


t 


al Ox 


OE 
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where 


(7) 


If we take Fourier transforms in x (indicated by 
subscripts &) and Laplace transforms in time (indicated 
by subscripts p), we get from (5) and (6) the results of 
Landau? for n=1. For n>1, we get’: 


4rie” 1 | 
; mk Dy». 


em 


Sep” (v)dt 


p+tki 


pike 


For n=1, the {—+ © behavior of E,“(¢) is deter- 
mined by the singularities of E,,. For fo(v) and 
fx (2,0) entire, and absolutely integrable for v real, 
these can be shown’ to lie at the zeros of Dy». If these 
singularities all lie to the left of the imaginary axis, 
E,™(t)—>0 as t— @«; this phenomenon is usually 
called ‘Landau damping.” 

In the present section we shall show that 


ny it Sts" (v)dt 
iad =| x pike 


(11) 


is analytic if Rep is greater than some number a,(k), 
which is less than the real parts of the rightmost singu- 
larities of Exp’. This being the case, the rightmost 
singularities of E;,‘” lie in the same half-plane as those 
of Ex,"”. So the behavior of E,‘"(t) as t— % will be 
the same as FE," (t), provided only that the E.,‘” obey 
some simple integrability requirements in a strip con- 
taining the imaginary axis. 


Repso 
7 


Pi (k),k<o 


Fic. 1. The zeros of 
Diep. For a right-travel- 
ling wave, the branch C 
is for k<O and C is for 
k>O; for a left-travel- 
ling wave, just the re- 
verse. In general, the 
curves C, C will be 
covered twice. 








| 
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In fact, the complete statement of the condition of 
f™(x,0,0) in order that Ey,‘ be integrable is very 
involved, so we postpone the question of integrability 
until Secs. III-V, where, within the framework of 
normal modes, it becomes transparent. Now, we shall 
simply calculate the singularities, assuming that line 
integrals of non-singular functions always converge. 
This was done by Landau, also. 

We assume that /f(v) and /,(v,0) are entire func- 
tions of v, and that their derivatives are absolutely 
integrable in » in [—~, © |. We also assume that 
D;,— has only simple poles in the finite part of the p 
plane, and that these lie at p= p;(A). 

Since D_;, p= (Dz, p+)*, it follows that p;(k) = pi*(—k). 
Ex,“ =0 for k=0, but p:(k) — +iw, as k— 0, where 
w,= the plasma frequency = (4aN oe?/ m)?. 

Figure 1 shows a typical plot of p;() in the complex 
p plane. The lower branch C corresponds to Imp;<0, 
the upper branch C to Imp;>0. Figure 1 shows a 
“stable” case; an “unstable” case would have C, C 
protruding to the right of the imaginary axis. 

To discover the region of analyticity of the S‘” (k,p), 
we introduce a more general class of functions, defined 
by 


Sim . (Ropokipi: 7 RP, ) 


We intend to show by induction that for any />0, 
m>0, and n>1, S),‘" is an analytic function of its p 
variables for the region defined by Rep;>a,(k;), and 
for all the & variables nonvanishing. This will show 
S™(k,p) is analytic for Rep>a,(k), by taking 
l=m=0. 

Sim“ =0 is clearly analytic for all /, m. Assume now 
that for j=1, ---, m—1, the Sim” are analytic for the 
real parts of all the p variables greater than the corre- 
sponding a;(k); recall that @ is less than the real 
part of the rightmost zero of D;,. [The rightmost 
zero of Dy, for the situation depicted in Fig. 1 is just 
limeso_-(tbiwp+e). | 

For o> the real part of the rightmost singularity of 
Exy”, and Re(po—a) >the same number, we have the 
following convolution: 


SF im'™ (RoPo- : ‘RmPm) 


= — | 
i=| 2ni J, 


+12 tk 


, wr| 


dk’ Eko-k’,p 


2 ~» 
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i=l 2m. e 


é 
X—Eko—k’, po—p'""—? Ex Pp’ ”F im” 
m 


dp’ | dk’ 


— 120 . al 


a1 j . 
+>- 2 
j=1 271 . 


m 
XK —Eko-k 


m 


(14) 


(n—pDeE,. (7) 
»P0O-P . "Cim'?’, 


where Fim and Gim‘” are given by 


Fim (R' p’ Ropo- ++ RmPm) 


-—{ P Ile | 
~ — avllp’+ik'o 


“fees ee 


Sim‘? (k'p’ Ropo: - *RmPm) 


0 Sp yp (v) 
aE ps MEd ™ 
nh Oy p’+ik'v 


(16) 


| wo (Potikov) +++ (Pm+ikmv) 
Fim”? and Gim are both analytic in the region 
Rep: >a;(ki): Fim by the entirety of fo(v); Gim® by 
our inductive hypothesis for j7=1, ---, w—1. (The con- 
tinuations of these functions are obvious generalizations 
of Landau’s technique; just drop the contour of v-inte- 
gration below the points v=ipo/Ro, +++, ipm/Rm, and 
ip’/k’, as the p’s pass into their left half-planes.) 
To complete the proof, we need only show that each 
of the functions, 


+ ix - 


ap’ | 


dk! Exo—k’, po—p 


n D Ey ) 


X Frm (kp! kopo: ° *RmPm) ( 17) 


dk’ Eko—k’, po—p'\"~? 


ap’ | 


is analytic for Repo>a,(ko). Clearly they are analytic in 
pi, ***, Pm, SO we need only concentrate our attention to 
their behavior as a function of po. 

Thus we have reduced the problem to showing that 
if there exists a number a,(k), less than the rightmost 
singularity of Ex,", such that if h(p,p’,k’) is analytic 


XGim (k’p’ kopo- * *RmPm), (18) 
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in the region Rep>a,(k), Rep’ >an_1(k’), then 


[ aw’ [ dp’ Ei ony” ee Dh(p,p’k’), 


and 


| an | dp’ Ex—wp-p"-h(p, pk’), (20) 


are analytic for Rep>a,(k). 

Let us refer to Fig. 1, and study (19); (20) is handled 
similarly. Clearly (19) is analytic for Rep>0 with o=0. 
Now allow p to move into the left half-plane and observe 
how a singularity can arise. The integral (19) can be 
analytically continued for Rep<0 so long as the singu- 
larities of Ex_x pp” and Ex» do not meet. When 
they meet, the contour of p’ integration can no longer be 
deformed to avoid them, since it must run between. 

The first time they do meet is when 


p' = p(k’), 
p—P'=Pas(k—k’), 


/ 
, 


for some k, k’, p’. Eliminating p 


p= pi(h’)+ pr—s(k’). (23) 
pi(k’) and py_;(k—k’) are the singularities of Ex» 
and Ex_x’,»-»'‘"”, which have negative real parts, by 
our inductive hypothesis. The maximum value of the 
real part of the right-hand side of (23) is a finite nega- 
tive number for all k¥0 (see Fig. 1) and our theorem 
is proved. 


Ili. NORMAL MODES 


In this section we shall limit ourselves to the case 
which is “stable” in first order, and in particular to 
disturbances of an equilibrium distribution: 


fo(v) = No(m/2rKT)} exp(—mvr*/2KT). (24) 


As Van Kampen pointed out, not all solutions to the 
first-order equations are damped, and it is by requiring 
the initial disturbances to be non-singular and square- 
integrable in velocity that we limit consideration to 
those which are. In addition, we will impose the condi- 
tion of infinite differentiability with respect to velocity, 
and the square-integrability of all these derivatives in 
[—, o |, 

The general normal-mode solution to (5) and (6) for 
n=1 is 


oo 
, 


f{ (x,v,t)= I dkdp A(R) giu(vie™* 


where the normal modes g,,(v) are given by: 


°? RG | p 


HAC w)3.—9) | (26) 
k? ut 
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A(k,u) is arbitrary ; F(v) is given by 2x0 fo(v)/No; the 
Cauchy principal value symbol “P” means that in 
integrating the quantity (u—v)~', the principal value 
is to be taken; 5(u—v) is a Dirac delta function; and 
\(k,u) is determined by the normalization condition 


x 


£ky(v)dv=1, 


~“~—2 


(27) 


for all real & and uy. 

The eigenfunctions g;,(v) are a complete set. That is, 
(27) may be solved for A(k,u) at t=0 for arbitrary 
f™ (x,0,0). 

By the device of decomposing the various functions of 
v into their “positive and negative-frequency”’ parts,‘ for 
example, if go, is the Fourier transform of go(v), 


po) 


0 
go(v) = go, +go_= [ erseindacte | g0ae**"da, (28) 


Van Kampen is able to exhibit the solution for any plane 
density wave of the form 
f™ (v,x,0) = go(v)e**o. (29) 


(In first order, of course, any sum of such solutions is 
also a solution.) For ¢>0, the solution is 
etkoz 


x 
f™ (x,0,t) =—— [ dy e~ shone 
, ? 


, = 


X[Z(ho,v)6,(0— pw) +Z*(ho,0)5_(v— yp) | 
204 (u) go_(u) 
Z (hou) "7" (hon) 


Zap) = 1+20i—P,. (o), 
k,2 


where 


(v) are defined in the standard way 


1 at 
| | da e~ *#*-« 


+ [dae ore) 
. x 


+ Qe! J 
Integrating (30) over » gives the density 


oa gos (vem *kort 
no (xi) mete | ————d), 
_— Z(Ro,v) 


and 6, 


= lim - 


eo 


v)+6_ 


(33) 


for t>0. Since the integrand is bounded and square- 
integrable, n — 0ast— © asa simple consequence of 


‘ E. C. Titchmarsh, Introduction to the Theory Ag eas Integrals 
(Clarendon Press, Oxford, England, 1937), Chap. V 
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a standard theorem of Fourier analysis.' This is the 
proof of first-order damping as given in reference 3. 


IV. NORMAL MODE SOLUTION FOR 
THE Nth ORDER 


Fourier-analyze (5) and (6) in space and time, indi- 
cating transforms by subscripts &, w (in Van Kampen’s 
notation, w=ku). The result is 


i(—wthr) fiw’ — (e/m) Exo” fo(v) = (e/m)S ku’, (34) 


itkE,..\” = —4re | Few'™ do, (35) 


where {‘” (x,v,t) is given by 


< 


ff (x,0,4) = I etlkz—od) f, (dkdu, 


—@ 


and similarly for E‘” and S‘”. 

Equations (34) and (35) are a linear, inhomogeneous 
system. The general solution is any solution, plus the 
most general solution of the associated homogeneous 
system [i.e., (34) and (35) without the S,,‘” term]. 

The homogeneous system has already been solved, 
since it is identical with the first-order system. It is easy 
to find an inhomogeneous solution for which E,,‘” is 
identically zero. Just set 

e Ske 
fiew’™ (inh) =— P—— 


. "§(—w + kt . 
mt —wtkr 


TWhe 


with n°” determined by 


x 


| Suu 


/ —2 


") (inh)dv=0. (38) 


" at once, using (37) 
for n>1: 


We can write down the general f 
and the results of the first-order theory, 


f{'™ (x,v,t) = [ [axa A“ (ky) gay (vet*(-## 


—o 


+ |! dkdwe*2-«! 


B 
rs | 


+niwo”b(—w+tkv) 7. (39) 
ia tis 
A‘) (k,u) is arbitrary, and g;,(v) is given by (26). 
A‘ (k,u) is to be fixed by the initial value of f‘™ as 
given by (4) for m>1. Equation (39) can be solved for 
A‘™(k,u) in exactly the same way as for the first order. 


* See reference 4, Chap. III. We do not consider the unphysical 
case in which go(v) does not approach a limit as p+ « 
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Van Kampen’s proof of completeness insures that this 
can be done. The “initial value” which determines A ‘” 
will just be the second term on the right of (39), taken 
at =0. 


V. HIGHER-ORDER DAMPING BY 
NORMAL MODES 


The quantity which plays mathematically the same 
role in higher order as fx (v, 4=0) does for the first 
order is what we shall call “f,‘™ (v,0)”, defined by 


P.. C- 
“fF (n)(y9 9)?= — - 2) Siutdeo (n) 
fx&™ (2,0)” = -F Nk, kv”. 
mi —wt+kv 


(40) 


Using (38), (40) may be written as 


f,E™ (0,0)” =—P ——dy'. (41) 


mi j 


é F Pa n) (vo) +S &, eve &™ (2) 
ie 

If this quantity can be shown to satisfy the same con- 
dition of nonsingularity and square-integrability that 
fx (2,0) required for damping of n,“ (¢), then it is clear 
that n,.(™(t) [and consequently E,‘”(t)] will also be 
damped. 

In order to show “f;,@(v,0)” is nonsingular and 
square-integrable, it is sufficient to show that S;.° (v) 
is non-singular in w and v and tends to zero as either | w| 
or |v| tends to infinity. But S,..° (v) is just the Fourier 
transform of the quantity Edf®/dv, which is non- 
singular and square-integrable with respect to v (and 2) 
if f,%(v,0) is. This implies that S;,.°(v) is square- 
integrable and nonsingular in v and w, and thus 
“*f,(v,0)” does in fact possess nonsingularity and 
square-integrability. It is clear that a proof by induction 
can be carried out for the mth order, since the result 
holds up to order n—1. 


(2) 


VI. DISCUSSION 


Two important questions remain, neither of which 
we are now prepared to answer: (1) Is the series (3) 
convergent or only asymptotic? (2) What happens to the 
normal mode approach in an “unstable” case where, in 
first order, there exist solutions which ~e**?-*® with 
Imw>0? 

If the series (3) converges uniformly over the whole 
range of ¢, then we are rigorously justified in asserting 
that damping to all orders implies damping of the exact 
nonlinear solution for E(x,t). On the other hand, if the 
series converges, but nonuniformly in time, then it is 
entirely possible that even though there is damping to 
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all orders, the exact nonlinear field might not be 
damped. Probably, uniform convergence is too much to 
hope for and our result is only an asymptotic series. 

As to the second question, we can assert that the 
Laplace transform treatment of Sec. II indicates the 
presence of exponentially growing terms in first order 
imply more rapidly growing exponential terms in the 
higher orders. How their coefficients add is not known. 
The normal mode approach as we have given it cannot 
readily be modified to include growing solutions since 
Sj!” (v) does not in general exist for this case. (Paren- 
thetically it seems to us that there may be a question 
as to whether the unstable situation has any physical 
meaning in the unbounded case, anyway, and that the 
inclusion of boundary conditions may substantially 
modify our idea of what is to be called “instability” for 
a rarified plasma. It may not have such an unequivocal 
connection with exponentially growing normal modes 
as it does in magnetohydrodynamics. ) 

Very little exact work has been done on nonlinear 
plasma oscillations. Iordanskii® has put the problem on 
a solid mathematical basis by proving the existence of 
a unique solution by successive approximations. Compu- 
tationally, his method is involved, but it seems clear 
that if any order of his approximations is damped, all 
higher orders will be, too. Even though his approxima- 
tions converge, possible nonuniformity in this conver- 
gence precludes the rigorous conclusion that the exact 
nonlinear E is damped. 

Bernstein, Green, and Kruskal’ have shown how to 
construct a special class of time-independent space- 
charge waves. These are, at least in some cases, asymp- 
totically stable. These are not, in general, analytic 
functions of the amplitude, and could not be expected to 
exhibit damping of the sort we have discussed. The 
physical significance of analyticity of distributions is 
unclear. 

Dawson’ has studied large-amplitude waves in a 
nearly cold plasma, and has found that for amplitudes 
above a critical amount, “breaking” occurred, with very 
rapid dissipation of ordered motion into chaotic motion. 
Since near T=0, all wave numbers oscillate with the 
same frequency, we believe part of the dissipation in 
Dawson’s case is due to mixing of various Fourier 
components, rather than being pure Landau damping, 
which requires a dispersion in velocity. 

6 S. Iordanskii, Doklady Akad. Nauk. U.S.S.R. 127, 509 (1959). 

71. B. Bernstein, J. Green, and M. Kruskal, Phys. Rev. 108, 546 
(1957). 

8D. Montgomery, Phys. Fluids 3, 274 (1960). 


9 J. Dawson, reported by I. B. Bernstein, Nuclear Fusion 1, 3 
(1960). 
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The reflectivities of indium arsenide, indium antimonide, and gallium arsenide were measured at nearly 
normal incidence from 2050 A to 15 4 at room temperature. The optical constants were computed from 
these data in the range 0-6.0 ev using the dispersion relation between the phase and the magnitude of the 


reflectivity. 
into two smaller peaks whose separations are 0.35, 


The reflectivities obtained show peaks near 2.5 and 5.0 ev, with splitting of the lower maxima 
0.50, and 0.20 ev, respectively, for the three materials. 


The imaginary part of the reciprocal of the dielectric constant appears to have a maximum beyond 6.0 ev, 
the magnitudes of this quantity at 6.0 ev being 1.0 for indium arsenide, 1.7 for indium antimonide, and 
0.8 for gallium arsenide. These values are uncertain because of the effect of extrapolating the reflectivity 


to energies above 6.0 ev. 


1. INTRODUCTION 


T is possible to determine the optical constants of a 
material from reflectivity data taken at a single 
incident angle over a large frequency range if a disper- 
sion relation is used between the phase and the magni- 
tude of the reflectivity. This technique was first sug- 
gested by Robinson! and has been used to obtain the 
optical constants of germanium,?~ barium oxide,® and 
silver.* It has further been applied to study the optical 
effects of the lattice vibrations in lithium fluoride’? and 
the free-carrier effects in lead telluride.’ Use of this 
technique in the present study of III-V semiconductor 
materials is described in this paper. Tauc and Abrahém® 
have measured the reflectivities of some of these mate- 
rials, but no results have been published on the optical 
constants in the visible and ultraviolet regions. 

The reflectivities of indium arsenide, indium anti- 
monide, and gallium arsenide were measured at nearly 
normal incidence in the wavelength region from 15 u to 
2050 A, corresponding to a photon energy range of 
0.1-6.0 ev. An extrapolation of these data to infinite 
frequencies was necessary in order to apply the dis- 
persion relation. Some of the reflectivity data and 
calculated results have already been presented by 
Stern.” 


* Based on a thesis submitted to the Graduate School of the 
University of Maryland in partial fulfillment of the requirements 
for the degree of Master of Science 

!'T. S. Robinson, Proc. Phys. Soc. (London) B65, 910 (1952). 

?H. R. Phillip and E. A. Taft, Phys. Rev. 113, 1002 (1959). 

* M. P. Rimmer and D. L. Dexter, J. Appl. Phys. 31, 775 (1960). 

*O. P. Rustgi, J. S. Nodvik, and G. L. Weissler, Phys. Rev. 
122, a (1961). 
oF. oo Phys. Rev. 

*E. Taft and H. R. Phillip, Phys. Rev. 121. 1100 (1961). 
7M. Gottlieb J. Opt. Soc. Am. 50, 343 (1960); this work is 
also discussed more completely in Dr. Gottlieb’s Ph.D. thesis, 
Jniversity of Pennsylvania, 1959 (unpublished). 

* J. R. Dixon, Bull. Am. Phys. Soc. 6, 312 (1961). 

*J. Tauc and A. Abraham in Proceedings of the International 
Conference on Semiconductor Physics, Prague, 1960 (Czechoslovak 
Academy of Sciences, Prague, 1961), p. 375. 

F. Stern, Conference on Semiconducting Compounds, 
nectady, June, 1961 [J. Appl. Phys. (to be published) ]. 


107, 1261 (1957). 


Sche- 


2. REFLECTIVITY MEASUREMENTS 


The basic instrument used for the measurements was 
a Perkin-Elmer model 112U spectrometer, modified 
with attachments for taking both relative and absolute 
reflectivity data. Interchange of sources, prisms, and 
detectors permitted measurements over the full spectral 
region investigated. Measurements in the infrared and 
at longer visible wavelengths were made with a Perkin- 
Elmer No. 012-0850 relative reflectance attachment, 
using an aluminum mirror as a standard beyond 1 uw and 
a rhodium mirror at shorter wavelengths." 

Because of possible lack of stability of mirror stand- 
ards and the reduction in reflectance of the mirrors 
themselves at ultraviolet wavelengths, absolute reflec- 
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Fic. 1. Optical sche- 
matic of the absolute 
reflectance attachment. 

DEFLECTING 
MIRROR: 


LIGHT BEAN 
FROM MONOCHROMATOR 


tivity data were taken at short wavelengths, using a 
reflectometer attachment which was fabricated for this 
purpose.” A schematic of this attachment, which was 
used in the exit beam of the spectrometer, is shown in 


‘The use of a rhodium mirror for short-wavelength relative 
reflectance measurements was suggested by Dr. Georg Hass, 
Engineer Research and Development Laboratories, since rhodium 
films are more stable than aluminum at ultraviolet wavelengths’ 
Dr. Hass graciously calibrated a rhodium mirror for the author, 
and the mirror standards used in this study were calibrated against 
the one measured by Dr. Hass. Absolute measurements were sub- 
sequently made on this calibrated mirror by the author, the results 
agreeing with those of Dr. Hass. 

12 The basic design of this reflectometer is the same as that used 
for reflectivity measurements by Dr. J. Tauc and his associates at 
ThefInstitute of Technical Phy c% Czechoslovak Academy of Sci 
ences, Prague, Czechoslavakia; F’. Stern (private communication). 
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REFLECTIVITY AND 
Fig. 1. The aperture plate, containing pairs of matched 
holes, can be rotated so that the monochromatic beam 
can either pass through onto the detector at position 
D’, or be reflected from the surface of the sample which 
is mounted behind an aperture of equal size. The 
optical paths to D or D’ are geometrically equivalent. 
The detector used for these measurements was a 1P28 
photomultiplier, whose mount is fixed to an adjustable 
arm which can swing into the positions shown. 

In addition to systematic reflectivity measurements 
over the spectral region studied, the effects’ on reflec- 
tivity of various polishing and chemical etching tech- 
niques were explored. The samples were initially polished 
with aluminum oxide on a pitch and tar lap, and these 
surfaces were further polished on laps of beeswax, felt, 
and silk. These tests, carried out principally on indium 
arsenide samples, showed a strong dependence, at short 
wavelengths, of the magnitude of the reflectivity on 
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Fic. 2. Reflectivity data from induim arsenide sample 
from two different surface polishes. 


surface treatment. The highest reflectivity data were 
obtained after polishing on a silk lap. Two different 
chemical etchants" were applied to surfaces of mechan- 
ically polished indium arsenide samples for times up to 
10 sec, with the result that the detail of the structure in 
the wavelength dependence of the reflectivity was in- 
creased but the over-all magnitude was reduced. It was 
felt that similar results could be shown for the other 
materials. 

The reflectivities for the materials studied are shown 
in Figs. 2, 3, and 4, data being included for two different 
polishes on the same sample of indium arsenide and 
indium antimonide. 

No significant variation in the reflectivity of gallium 


'8 The two etches used were (1) a solution of water and nitric 
acid at 80°C and (2) a room temperature solution of hydrochloric 
acid and nitric acid. The composition ratios of these etchants were 
varied, and the best results were obtained with a 5 sec etch in a 
1:4 solution of nitric acid in water at 80°C. These etchants were 
suggested by H. C. Gorton, Technical Memorandum No. 6, 
Battelle Memorial Institute (unpublished), p. 3. 
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Fic. 3. Reflectivity data for indium antimonide sample 
from two different surface polishes. 


arsenide resulted after polishing on silk; therefore, only 
one set of data is reported in Fig. 4. 


3. CALCULATION OF THE OPTICAL CONSTANTS 


At normal incidence the Fresnel reflection equations 
reduce to the single well-known form, 


p=[(n—ik)—1]/[(n—ik) +1] (1) 


where p is the complex square root of the reflectivity, 
and 2 and k are the real and imaginary parts of the 
refractive index of the material; the incident and re- 
flected rays are assumed to be in air. One can write p as 
the complex quantity, 
p=re”™, (2) 
so that simultaneous solution of Eqs. (1) and (2) gives 


n= (1—r7)/(1+7°—2r cos@), (3a) 


k= (—2r sin6)/(1+97°—2r cos6). (3b) 


Knowledge of both r and 6 at any frequency then deter- 
mines the optical constants for that frequency. The 
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4. Reflectivity for gallium arsenide sample after 
polish on pitch and tar lap. 
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Fic. 5. Calculated values of the optical constants, m and k, 


from reflectivity data for indium arsenide, indium antimonide, 
and gallium arsenide. 


dispersion relation," 


-* Inr(v) 
——dy, (4) 


r— De 


where P indicates that the Cauchy principal value is to 
be taken, can be employed to calculate 6(»,) if r(v) is 
known for all frequencies. Values for r are obtained from 
the experimental reflectivity results for frequencies 
corresponding to photon energies up to 6.0 ev. Extra- 
polation to infinite frequencies is then required to make 
use of Eq. (4). 

A single-parameter power-law extrapolation was 
used, the value of the parameter being chosen from a 
least-squares fit of low-frequency trial values of k with 
values of & determined from the experimental values of 
the absorption coefficient in other investigations.'*~"” 
The integral in Eq. (4) was evaluated by a method 
similar to that used by Gottlieb.’ The optical constants 
were calculated only for the photon energy region 0 to 
6.0 ev at intervals of 0.1 ev. At energies near 6.0 ev 
the calculated optical constants may be in considerable 
error since this is the limit of experimental data, and the 
extrapolated reflectivities contribute significantly to the 
results obtained from Eq. (4). 


4. RESULTS AND DISCUSSION 


The results of the calculations for m and k are shown 
in Fig. 5 for the highest reflectivity data for each of the 
three materials studied. The unphysical negative values 
for k near zero energy are attributed to the arbitrary 
choice of extrapolation discussed in the previous section. 
Peaks in the curves of the extinction coefficient & cor- 
respond with peaks at the same positions for the reflec- 
tivity data. Similar rises have been observed for ger- 
manium.’ Phillips’® has identified the one at lower 


4 J. S. Toll, Phys. Rev. 104, 1760 (1956). 

8 J. R. Dixon (private communication). 

6G. Gobeli and H. Y. Fan, Phys. Rev. 119, 613 (1960). 

'7 W. G. Spitzer and J. M. Whelan, Phys. Rev. 114, 59 (1959). 
J. C. Phillips, J. Phys. Chem. Solids 12, 208 (1960). 
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Fic. 6. Real and imaginary parts of the dielectric constant, 


€, and €, and Im(1/e) for indium arsenide sample as calculated 
from reflectivity data: 


energies with the transition L;— L; and the upper one 
with the transition X,— X,. Although the labels for 
the corresponding states are different for zinc-blende 
lattices,” these same transitions are thought to be re- 
lated to the peaks shown here for the III-V compounds. 

The higher values of the reflectivities shown in Figs. 
2, 3, and 4 agree well with those obtained by Tauc and 
Abraham?’ for these materials. The splitting of the long- 
wavelength peak shows up well for the indium anti- 
monide samples, although this detail is not so apparent 
for the indium arsenide and gallium arsenide data. This 
splitting was displayed in all of the reflectivity curves of 
Tauc and Abrahém; their indium antimonide results 
showed it more sharply. This detail, which also appears 
for indium antimonide in the & curves of Fig. 5, is 
attributed to the splitting of the state L; by spin-orbit 
interaction.?° 

A quantity of interest in studying the rate of energy 
loss of an electron passing through a material is the 
imaginary part of the reciprocal of the dielectric 
constant,®!.” 

—€ 2nk 
Im(1/e) 
erpte? (n?+k*)? 


This quantity was calculated between 0 and 6.0 ev for 
indium arsenide, using the higher reflectivity data 
shown in Fig. 2. These results as well as the values of 
the real and imaginary parts of the dielectric constant 
€, and ¢€2, are shown in Fig. 6, the latter quantities being 


*R. H. Parmenter, Phys. Rev. 100, 573 (1955). 
20. M. Roth and B. Lax, Phys. Rev. Letters 3, 217 (1959). 
21H. Fréhlich and R. L. Platzman, Phys. Rev. 92, 1152 (1953). 


22H. Fréhlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 


525 (1955). 





REFLECTIVITY AND 


given by Eqs. (6): 
€);=> n?— k?, 


€9= — 2nk. 


(6a) 
(6b) 


Im[1/e] appears to be reaching a maximum just 
beyond 6.0 ev, corresponding to a small value of ¢2 when 
€, is nearly zero. At this energy one should expect a 
collective or plasma oscillation to occur.® Similar 
maxima should appear for indium antimonide and gal- 
lium arsenide at energies just beyond 6.0 ev, Im(1/e) 
for these materials at 6.0 ev being 1.74 and 0.77. 


CONCLUSIONS 
The results of the investigation reported in this paper 
can be summarized in the following conclusions: 


(a) The optical properties of InAs, InSb, and GaAs 
can be obtained from measurements of reflectivity and 
analysis of the data using dispersion relations. This 
technique can be applied to calculated optical constants 
where transmission measurements are not possible. 
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(b) The magnitude and spectral detail of the reflec- 
tivity of III-V compounds are strongly dependent on 
the surface quality, although for a given surface the 
measured reflectivities are reproducible to within 
+0.01. 

(c) Calculations of Im(1/e) for the three materials 
studied indicate that there should be a plasma energy 
at about 7 ev. 

(d) Although the optical constants calculated are 
believed to be nearly correct at energies well below the 
limit of experimental data, more definitive results re- 
quire extension of the reflectivity data further into the 
ultraviolet as well as a more refined extrapolation 
procedure. 
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An experiment is described which enables an antiferromagnetic sublattice assignment to be monitored in 
the presence of a small applied magnetic field. Using this technique it becomes possible to observe sublattice 
switching events, should they occur. It is concluded, despite the negative character of the results, that a 
particular magnetic sublattice assignment in CuCl,-2H,O can be considered a stable form at 1.4°K. 


N principle, a quantum mechanical resonance effect 

should exist between a given antiferromagnetic spin 
arrangement and the configuration which follows upon 
inverting the magnetization direction of each of its spin 
sublattices. These two spin arrangements are indis- 
tinguishable and, in the case of a system of only two 
magnetic sublattices, are related by an interchange of 
sublattices. 

Theoretical treatments by Anderson,! Kubo,? and 
Van Kranendonk and Van Vleck? established the long- 
term stability against rotation of the magnetization 
axes in the ground state of three-dimensional anti- 
ferromagnets, even in the limit of zero anisotropy 
energy. The tendency for the magnetization direction 
to wander is further inhibited by the existence of aniso- 
tropic interactions in real systems. The resonance effect 
between the two indistinguishable spin arrangements 


'P. W. Anderson, Phys. Rev. 86, 694 (1952). 

2 R. Kubo, Phys. Rev. 87, 568 (1952). 

3J. Van Kranendonk and J. H. Van Vleck, Revs. 
Phys. 30, 1 (1958). 


Modern 


is extremely weak, in the ground state occurring only 
in a perturbation expansion carried to an order JN, 
which is of the order of the number of atoms in the 
crystal. Although the problem becomes more compli- 
cated at higher temperatures,’ the presence of even a 
small anisotropy energy tends to make rotations of the 
magnetization axes through large angles highly im- 
probable. The assignment of definite magnetization 
directions to particular sublattices in antiferromagnetic 
materials has been likened® to heavy molecular isomers, 
technically metastable, but considered stable for all 
practical observation times. 

Previous experimentally deduced upper limits placed 
upon the frequency of sublattice exchange events 
are too high to be significant. Neutron diffraction 
studies of antiferromagnetic materials are insensitive 
to the sublattice switching process if the lifetime of a 
particular magnetic sublattice arrangement is long 
compared to the time of interaction between an incident 
neutron and the spin array. Electron and nuclear mag- 
netic resonance linewidth considerations in antiferro- 
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Fic. 1. The two equivalent spin arrangements in CuCl,-2H,0. 

The proton positions as shown serve illustrative purposes only. 
They do not correspond to any proton site in an actual 
CuCls-2H:20 lattice. 


magnets are of little value for gaining insight into the 
times involved. For example, from the proton nuclear 
magnetic resonance (NMR) linewidths a lower limit 
of =10~ sec may be placed upon the lifetime of a 
magnetic sublattice assignment in antiferromagnetic 
CuCl,-2H,0.4 

The purpose of this article is to describe an experi- 
ment which monitors a given antiferromagnetic spin 
arrangement and would respond to a sublattice switch- 
ing event should one ever occur. Observation times are 
approximately 10 hours, which, while not of geological 
magnitude, will be considered long enough. 

In Fig. 1 are depicted two equivalent spin arrange- 
ments in antiferromagnetic CuCl,-2H,0, the particular 
material investigated. While the model of the spin 
arrangement illustrated is that due to Poulis and 
Hardeman,’ the canted spin arrangement suggested by 
Moriya® would serve quite as well. The important point 
is that there is a set of protons (H, in Fig. 1) bearing 
the same spatial relationship to the copper sites of sub- 
lattice a as the set of protons Hg bears to sublattice 8 
sites. , 

The sample (a single-crystal CuCl.-2H,O needle 
0.5 cm*) sits within a set of two orthogonal rf coils, 
each of which forms part of the tank circuit of one of 
two marginal oscillators operating in the 2-5 Mc/sec 
range. With this arrangement, both the H, and Hg 
protons can be observed simultaneously when an ex- 
ternal magnetic field’ is applied. The sample tempera- 


‘C. J. Gorter, Revs. Modern Phys. 25, 332 (1953). 

*N. J. Poulis and G. E. G. Hardeman, Physica 18, 201 (1952). 

* T. Moriya, Phys. Rev. 120, 91 (1960). 

7 In the presence of an applied magnetic field, the equivalence 
between the two inverse-related sublattice assignments is lifted 
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ture is held at 1.4°K, and a 230-gauss magnetic field is 
applied along the crystalline @ axis. Then the nuclear 
spin distribution of one set of protons, either H, or Hg, 
is continually saturated with one marginal oscillator 
while the NMR of the second set is observed with the 
other. This situation, continual saturation of one proton 
resonance and monitoring of the second, is maintained 
for the full observation period. If sublattice switching 
is occurring, there is only one set of conditions we need 
consider. That is, the time between separate switching 
transitions is longer than the proton 7), which is ap- 
proximately 2 sec under small applied fields at 1.4°K.° 
If the time separating individual transitions is short 
compared to the T; for the protons, it can be shown that 
both the H, and Hg NMR would be saturated, should 
a saturating rf field be applied at either the H, or Hg 
resonance frequency. This double saturation effect is 
not observed. In addition, the conclusions drawn from 
this experiment remain essentially unaffected whether 
or not the proton spins are able to follow, adiabatically, 
the rapidly changing internal field occurring as a con- 
sequence of an exchange between the two equivalent 
configurations A and B. 

If a sublattice exchange occurs, the saturated and 
unsaturated proton spin systems exchange internal 
fields. Consequently, the monitored N MR signal should 
decrease and then build up to its former level in a time 
characterized by the proton 7). 

In no observation periods were effects detected sug- 
gesting a sublattice exchange had occurred. In another 
experiment we attempted to reduce the anisotropy ad- 
vantage that the @ axis holds over the other crystalline 
axes by applying a field along the a axis within 100 gauss 
of the critical field for flopping of the sublattices to the 
+b direction. In this case also there was no evidence of 
sublattice switching. 

We are led to conclude, then, despite the intrinsically 
negative character of the experimental results, that 
a particular magnetic sublattice assignment in 
CuCl.-2H,O can be considered a stable form, at least 
up to 1.4°K. 
by the difference of the electron spin-nuclear spin interactions 
before and after a sublattice switch, this difference decaying with 
T,uclear, If the nuclear spins cannot follow a switching process, 
adiabatically, then a transient energy splitting exists, even in the 
absence of an applied field. In either case, we consider the energy 
splitting negligible. 

§N. J. Poulis, G. E. G. Hardeman, W. Van der Lugt, and 
W. P. A. Hass, Physica 24, 280 (1958). 
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The pressure dependence of the Méssbauer effect is examined and expressions are given (in the Debye 
approximation) for the probability of recoiless emission (absorption) as a function of the specific volume. 
It is concluded that the effect of pressure is slight for metals such as Zn, Sn, etc., but that more compressible 
elements should exhibit observable pressure dependencies at moderate pressures. A calculation is given 
which predicts that the recoiless emission of the 81-kev line in Cs'* should become observable at a pressure 
of about 5000 atm. Some additional experiments involving the above pressure dependence are also discussed 


I. INTRODUCTION 


HE study of recoiless radiation (Méssbauer 

effect) and possible applications involving it have, 
in the short time since Méssbauer’s original work,! 
become major topics of research in several areas of 
physics.? In particular, the occurrence of recoiless radia- 
tion has aroused widespread interest among solid-state 
physicists because of the sharpness of the resonant lines 
and of their sensitive dependence upon both the im- 
mediate environment of the emitting nuclei and upon 
the lattice characteristics of the crystals in which they 
are located. By now, a number of papers® are to be 
found in the literature on both of these relationships and 
also on the many other facets of Méssbauer’s discovery. 
In the remainder of the present note, a new relation- 
ship, namely the dependence of recoiless radiation upon 
the ambient pressure of a sample, is investigated and 
the conditions under which an observable effect is 
present are discussed. Also presented are brief discus- 
sions of some experiments in which this dependence may 
be further investigated and possibly utilized 
advantage. 


to 


Il. THEORY OF PRESSURE EFFECT 


Before going into our calculations, we first remark 
that a pressure dependence of the amount of recoiless 
radiation is to be expected on the same grounds as is 
the occurrence of this radiation in the first place. Thus 
we recall that recoiless radiation is due to the occurrence 
of nuclear transitions in which the recoil momentum of 
the emitted gamma ray is imparted to the lattice as a 
whole rather than just to the emitting nucleus. Then, 
speaking in a naive way, recoiless radiation would pre- 
dominate in the limit of a very rigid lattice. This there- 
fore suggests that the amount of recoiless radiation from 
an actual decaying system should increase as the rigidity 
of the lattice is #creased. That this in fact will be the 
case when pressure is applied is predicted from the work 
of Méssbauer,’ in which the theory of recoiless emission 

1R, L. Méssbauer, Z. Physik 151, 124 (1958); Naturwissen 
shaften 45, 538 (1958); Z. Naturforsch. 14a, 211 (1959). 

2 See for example, Proceedings of the Méssbauer Effect Con- 
ference, University of Illinois, Urbana, Illinois, June, 1960 
[University of Illinois Report AFOSR TN 60-698 (unpublished) ] 

3 R, L. Méssbauer, Z. Physik 151, 124 (1958); R. V. Pound and 
G. A. Rebka, Jr., Phys. Rev. Letters 3, 440 (1959), 


is presented using the Debye model of lattice vibrations. 
Here the probability of recoiless emission f is found to 
be given by 

f=exp{—0.75£,°[1+6.6(7/6)?]/mc?k6}, (2.1) 
where £, is the energy of the emitted gamma ray, T 
and @ are the absolute and Debye temperatures, re- 
spectively, c is the velocity of light, & is Boltzmann’s 
constant, and m is the mass of the emitting nucleus. 
This equation, derived for 7/@<1, will be used through- 
out our work and many of our subsequent conclusions 
are valid only to the extent that it describes conditions 
in an actual crystal. On proceeding, we have, as is well 
known,‘ that @ is related to the maximum vibration 
frequency ymax Of the crystal by the relation 


0=(h/k)¥max, (2.2) 


where # is Planck’s constant. Furthermore, we know 
qualitatively that ymax is related directly to the lattice 
force constants. Since the latter will depend upon the 
pressure on the system, we thus see the effect we are 
trying to describe appearing in a sensitive (exponential) 
manner. For example, an increase in 6 by a factor of 
two would give an enhancement of an order of magni- 
tude in a typical fraction of recoiless radiation. Con- 
tinuing the analysis, we now recall that @ and V, the 
volume of the system, are related through the Griineisen 
parameter 7 by the relation* 

d |n6/d InV=—vy. (2.3) 
For the present purpose, we may neglect the volume 
dependence of y and write this equation as 
6.= (V2 


IV 1)770, = (1+yAV/V1)01, (2.4) 
where AV = (Vi— V2) and where the subscripts denote 
properties of the sample at two different volumes. Sub- 
stituting this expression into Eq. (2.1), we find the 
probabilities of gamma-ray emission at two different 

4M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1954), Chap. IT. See also 
Solid-State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1958), Vol. 6, pp. 1-60, and references 
cited therein. 
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volumes to be related by the equation 


{(V2)=exp{ —0.75E,201+6.6(7/02)?]/meks} 


= exp{—0.75E,°[1—yAV/V :+6.6(7/6)? 


X (1—2yAV/V1) ]/me?k0,}, (2.6) 


or, when 7/6; is negligibly small, 


f(V2)=exp{—0.75E7[1—yAV/V1]/me?k@,}. (2.7) 
We thus see that (isotropic) changes in sample volumes 
reflect themselves simply and importantly in the 
probability of occurrence of recoiless radiation. Now 
volume compressibilities A[=(1/V)AV/AP] range 
from about 5X10-* atm (Cs) to 2X10~-* atm —Zn) 
and y has the average value two for many crystals. 
Using the first of these values and the corresponding 
value of f given in reference 2, we find that a pressure 
of 5000 atm will bring f to an (observable) value of 
4X 10-, i.e., will cause sufficient change in the crystal 
binding so as to change f by two orders of magnitude. 
We thus conclude from the relatively low values of the 
required pressure that it should be feasible to bring 
about recoiless emission of the 81-kev line in Cs this 
way. For the less compressible Zn however, a pressure 
of about 30 000 atm will bring about a change in f by 
a factor of 2. We then conclude from these and other 
similar calculations that an observable shift in the 
fraction of recoiless radiatien should occur at com- 
monly encountered pressures, but that, generally 
speaking, rather high pressures are required to produce 
large changes. 


Ill. DISCUSSION 


The foregoing results require little comment in them- 
selves as they are elementary and have, for the most 
part, only order-of-magnitude significance. In fact, the 
only point we have made thus far is that a measurable 
pressure dependence of the amount of recoiless radiation 
is to be expected on the basis of theory. With this in 
mind, we now conclude our note by commenting upon 


V. 


HANKS 


several possible experiments where the effect might be 
of use. 

The first point we wish to mention is that it may be 
possible to use pressure to bring about recoiless radia- 
tion from transitions which normally give rise to off- 
resonant radiation. It is clear from the foregoing that 
this would most likely happen with more compressible 
substances unless rather high pressures are involved. 
Also we note that the probability of recoiless transitions 
involving gamma rays of higher energy than those 
usually encountered should increase as the pressure is 
increased. In fact, even though our simple theory might 
not be valid under such conditions, there seems to be 
no reason why very high pressures could not be used to 
bring about rather high-energy recoiless radiation. 
However, it is to be expected that this latter situation 
would present a number of experimental difficulties and 
our conclusion here should be considered as tentative. 

Finally we note that resonant absorption within an 
emitting sample can give rise to a measurable change 
in the number of gamma rays emitted per unit time by 
the decaying sample. It is then to be expected that 
samples at two different pressures will give rise to dif- 
ferent apparent rates of decay. This fact might be of 
some use in investigating the effects of extreme pressure 
on the amount of recoiless radiation since it is not then 
necessary to make measurements on the system while 
it is subjected to pressure. It might also be feasible to 
adopt the technique of Frauenfelder ef a/.,° and use the 
x rays arising from internal conversion of the re-emitted 
gamma rays in studying pressure effects. Here it might 
be expected that the change with pressure of the 
number of reabsorbed gamma rays could be followed by 
observing the number of x rays emitted from the sample. 
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A calculation is given of the recombination cross section of an electron having a spherical effective mass 
and a donor impurity whose bound states can be described by a hydrogenic model. The recombination 
takes place with an initial capture of the electron in an excited state of the donor center followed by successive 
transitions to lower lying states. Each of these processes takes place with emission of a phonon. The calculated 
cross section agrees with the experimental one within a factor of the order of unity. The agreement between 
the temperature dependence of the calculated and the experimental recombination cross sections is good. 
Also we obtain a small but significant dependence of the recombination cross section on the binding energy 


of the ground state of the donor. 


1. INTRODUCTION 


E are concerned, in the present work, with the 
kinetics of the recombination of electrons in the 
conduction band of a germanium crystal with ionized 
impurity donors of the group V of the periodic table. 
We assume that the bound states of such donor atoms 
can be described by considering the electron that does 
not participate in the cooperative bonding in the crystal 
to move around the impurity ion in the same fashion as 
it moves around the proton in a hydrogen atom. How- 
ever, the Coulomb interaction is reduced in strength by 
a factor K equal to the optical dielectric constant of 
germanium and the electron has an effective mass m* 
which can be regarded as the geometrical mean of the 
principal effective masses in the crystal.! We take K= 16 
for germanium and m*=0.22m, where m is the free mass 
of the electron. The factor 0.22 is obtained from the 
results of cyclotron resonance experiments.? We shall 
disregard, for the time being, all complications arising 
from the band structure of germanium and assume 
simple spherical bands with effective mass m*. 
Under these conditions the ionization energy of a 
donor impurity is 


E,= m*e!/242K?=0.0117 ev, (1) 


where e is the charge on the electron and # is Planck’s 
constant divided by 2x. The effective radius of the first 
Bohr orbit is 

a*= Kh?/m*e?= 38.5 A. (2) 


Because of the extension of the bound states in space, 
one expects a rather large recombination cross section. 


* Based on work partly performed under the auspices of the 
U. S. Atomic Energy Commission. 

t Present Address: Istituto Superiore di Sanita, Rome, Italy. 

t Supported by the Air Force Office of Scientific Research. 

§ Present Address: Department of Electrical Engineering, 
Princeton University, Princeton, New Jersey. 

‘See, for example, W. Kohn, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5, p. 257. 

2G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98, 368 
(1955). 


In fact, at 4°K for As and Sb impurities in Ge the cross 
sections for recombination turn out, experimentally, to 
be of the order of magnitude of 10-" to 10~-* cm’. 
Furthermore, they vary with the temperature approxi- 
mately as T-?:5, 

One can conceive of a number of recombination 
mechanisms. For example, a conduction electron may 
make a transition to the ground state of the donor center 
accompanied by emission of light or of a phonon of the 
appropriate frequency. It is also possible for the electron 
to recombine with an ionized donor by collision with 
another electron in the vicinity of the donor center; one 
electron is captured while the other carries away the 
excess kinetic energy. These mechanisms have been 
studied by Sclar and Burstein? who conclude that none 
of them is able to account for the large cross sections 
of recombination observed. 

The cross section for direct recombination with 
emission of light is obtained by making the appropriate 
changes in the well-known‘ results for the radiative 
recombination of electrons and protons to form hydro- 
gen. The result is 


o= 1.71X10-8K 3 (m/m*)E;(ev)/T cm?, (3) 


where £;(ev) is the ionization energy of the donors ex- 
preseed in electron volts and T is the absolute tempera- 
ture in degrees Kelvin. The magnitude of o when 
T=4°K is 4.15X10-! cm?. This mechanism is, there- 
fore, too slow to account for the experimental results. 
Furthermore, the temperature dependence is in con- 
siderable disagreement with experiment. 

If we regard direct recombination with emission of a 
phonon as the main process responsible for the removal 
of electrons from the conduction band, we find a cross 
section® 

o= 25697 EPhic3/pa**E kT. (4) 

3.N. Sclar and E. Burstein, Phys. Rev. 98, 1757 (1955). 

‘See, for example, H. A. Bethe and E. Salpeter, Quantum 
Mechanics of One- and Two-Electron Atoms (Academic Press, Inc., 


New York, 1957), p. 320ff. 
5H. Gummel and M. Lax, Ann. Phys. 2, 28 (1957). 
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TABLE I. Values of 8, (sec™'). 


4 


3.23 X 10° 
4.88 xX 10° 
7.29X 10° 
1.00 10° 
1.24 10" 
1.77X10" 
2.29X 10" 
2.78X 10" 
3.23X 10" 
3.66X 10° 


2.46X 10* 
1.17 105 
4.56 105 
1.38X 10° 
3.12 108 
1.03 107 
2.63 X 107 
4.95 X 10’ 
8.41 10" 
1.29 108 


3.01 10° 
4.15 10° 
5.34X 10° 
6.54X 10° 


In Eq. (4) £; is the deformation potential (to be intro- 
duced in section 2; we shall take its value to be that of 
bulk germanium, i.e., approximately 20 ev), c, the 
longitudinal velocity of sound in Ge (c,= 5X 10° cm/sec), 
p the density of Ge (p=5.35 g/cm*), and & the Boltz- 
mann constant. At 4°K this cross section is ¢=5.9 
X10-" cm*. The same remarks regarding the applica- 
bility of the mechanism hold here as in the case of re- 
combination with emission of light. 

In the same manner impact recombination is not able 
to account for the observed phenomena.’ Lax® has re- 
cently proposed a mechanism of recombination which 
consists of the capture of an electron in a highly excited 
state of the donor with a subsequent cascade process by 
means of which the electron slowly diffuses to the ground 
state of the impurity center. The treatment of Lax is 
similar to that given in the work of Thomson’ on gaseous 
discharges and is entirely classical. The recombination 
cross section turns out to be of the correct order of 
magnitude but varies as the inverse fourth power of the 
temperature. 

In the present work we suggest that the recombina- 
tion takes place by capture of a conduction electron in 
an excited state of the donor (not necessarily a highly 
excited state) with a subsequent transition to lower lying 
states. These transitions turn out to be faster when they 
are accompanied by emission of phonons rather than 
light. 

In Sec. 2 we give the results of a calculation of the 
cross section for capture of a conduction electron in a 
bound state of the donor center. In Sec. 3 we consider 
subsequent transitions with emission or absorption of 
phonons or light. Finally, in Sec. 4 we give the recom- 
bination cross sections based on the mechanism con- 
sidered in this paper together with a comparison of these 
results with the available experimental information. 


2. CAPTURE IN EXCITED STATES 


The purpose of this section is to give the results of a 
calculation of the cross section for the capture of a 
conduction electron in a stationary state of an impurity 
donor. In order to obtain these results we make use of 
®* M. Lax, Phys. Rev. 119, 1502 (1960). 

7 J. J. Thomson, Phil. Mag. 47, 337 (1924). 
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the principle of detailed balance to relate the capture 
cross sections to the transition probabilities for thermal 
ionization. Let us label the stationary states of the donor 
by subindices 7. These subindices will represent the set 
of quantum numbers (/m) associated with the different 
bound stationary states of the donor. The number of 
electrons captured per unit time in the state 7 is 

vj= V(Vatn) | de n(e) f(e)va.( j,€). 


J E¢ 


Here V4 is the concentration of acceptor atoms, m the 
concentration of conduction electrons, m(¢) the density 
of electronic states (per unit volume) in the conduction 
band, v the velocity of an electron whose energy is €, 
a.(j,¢e) the cross section for capture of an electron with 
energy ¢ in the jth state of the donor center, f(e) the 
Fermi distribution function, /, the energy of an electron 
at the bottom of the conduction band, and V the volume 
of the crystal. Equation (5) can be rewritten in the form 


vj= V(Natn)n(v0.(j,€))=V(Natn)n(v)o-(j). (6) 


The symbol (A) indicates the average of the quantity 
A over the thermal distribution, 


aD 


| de n(e) f(e)A. (7) 
E 


n(A)= 


The second equality in Eq. (6) is simply the definition 
of the mean capture cross section o,(j). Now, the num- 
ber of electrons in states 7 which are excited per unit 
time into the conduction band is 


y= VNpB;, (8) 


where §; is the probability per unit time for thermal 
ionization of an electron in state 7. The quantity Vp” 
is the number per unit volume of un-ionized donors in 
the state 7. In thermal equilibrium we must have 


(9) 
so that 


o-(7)= Nofi8j/n.(Vatn.)(?), (10) 
where 


c—E; =s t—E , 
f;=8; exp( yp +> cs ex7( ) | (11) 
kT j kT 


TABLE II. Values of o-(m) (cm 


2 3 } 


1.82 10°" 
1.35 107" 
1.1410-" 
9.78X10°” 
8.11X10°" 
6.03 X 10-" 
4.69 10-" 
3.75X10-” 
3.06X 10-" 
2.56 10-" 


6.65 10~! 
4.62 10" 
4.11107! 
3.8410"! 
3.30 10-% 
2.43X 10-" 
2.03 10-" 
1.61 10-" 
1.35X 10-8 
1.15 10-" 


5.91 10 
4.30 10 
3.68 10° 
3.25X10~" 
2.74X 10 
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is the probability of having the jth state occupied at 
temperature 7, and g; is the degeneracy of the level 7 
(2 for an s state, 6 for a p state, etc.). The quantity ¢ is 
the Fermi energy, £; is the energy associated with the 
state 7, and m,, is the equilibrium concentration of 


electrons 
(“ —E, 
No = N. — “) : 
kT 


N, is a quantity that depends on the temperature and 
the density of energy levels (e) in the conduction band. 
For spherical bands with an effective mass m* it is 
given by 


(12) 


N.=2(m*kT/2rh?)}. (13) 


After some transformations we get 
gi h’B; 


a.(}) = . 
2m* (kT)? 


exp(/;/RT), (14) 
where 


1j;=E.—E; (15) 


is the ionization energy of the /th state. 

We turn now to the task of evaluating the transition 
probabilities 8; for thermal ionization. This can easily 
be done for the lower lying states with quantum numbers 
n from 1 to 4. It turns out that these are the only ones 
that we shall need. The fastest mechanism for ionization 
is that which is associated with the absorption of a 
phonon. We shall assume a simple model of the electron- 
phonon interaction, namely one for which the change in 
energy of an electron in the deformed lattice is given by 

H’'= kf, divs(r), (16) 
where £; is the bulk deformation potential of germanium 
and s(r) is the displacement of an atom in the lattice 
occupying a position of equilibrium given by r. We now 
expand s(r) in terms of operators that represent the 
creation and destruction of phonon modes as follows: 


s(r)= (h/pV)3 & gu@qu(wau) aq,’ exp(iq-r)+H.c. (17) 


The quantities €,,, wu, and a,,' (aq) are, respectively, 
a unit polarization vector, the angular frequency, and a 
creation (destruction) operator associated with a phonon 
characterized by the wave vector q. There are three 
possible polarizations u (u=1, 2, 3). We shall make the 
assumption (which is only valid for an isotropic elastic 
continuum) that for each value of q there are two possi- 
ble polarizations at right angles with q and a third 


Bn/Bn’ 


164 
89 
46 
19 
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Upper value for As, lower value for Sb 
nl 
“(CK)\, 2 3 4 
3.0 1 0.26 
1 0.59 





0.36 10-2 
1.48 10-* 


&5 1 0.15 
1 0.42 


0.24 10-? 
0.99X 10-? 


0.9988 
0.9997 


0.083 
0.27 


0.16 10? 
0.66 10-? 


0.9966 
0.9992 


0.050 
0.18 


1.15 10-% 
4.82X 10-% 


0.9900 
0.9982 


0.036 
0.13 


0.93 XK 10-3 
3.90X 10-3 


0.9762 
0.994 


0.020 
0.080 


0.66 X 10-8 
2.75 X 10-3 


0.932 
0.983 


0.013 
0.054 


0.51X 10-8 
2.12 10-3 


0.891 
0.972 


0.98 10-2 
0.040 


0.42 107% 
1.75X 107% 


0.837 
0.955 


0.76X 10-2 
0.021 


0.36 10-8 
1.50 10-3 


0.804 
0.929 


0.62 10-2 
0.017 


0.32 10-3 
1.33X 10-8 


parallel to q. The latter lattice modes are called longi- 
tudinal phonons and, in view of our assumption (16), 
are the only ones that effectively interact with the 
electrons. All these assumptions clearly limit the validity 
of our detailed quantitative result. However, we are 
only interested in finding order of magnitude estimates 
for the recombination cross sections so that our model is 
sufficient for the present purpose. 

Some of the details of the calculation of the capture 
cross sections are given in Appendix A. Here, it is enough 
to mention that capture in s states (i.e., in states with 
angular momentum /=0) is much more likely than 
capture in states of higher angular momentum. The 
results have been obtained for m < 4 using Coulomb wave 
functions for the states in the continuum and are ex- 
hibited in Tables I and II. The difference one obtains 
when one uses plane waves instead of Coulomb wave 
functions is discussed in Appendix B and summarized 
in Table ITI. 

Once the electron has been captured in a bound state 
it may either remain attached to the impurity center or 
it may be re-ionized by absorption of a phonon. The 
probability that the electron will not be ionized is called 
the sticking probability. Its evaluation constitutes the 
object of the next section. 


3. STICKING PROBABILITY 


Let S; be the probability that an electron in the bound 
state characterized by 7 will not be ionized into the 
conduction band. If p;‘” is the probability for ionization 
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after v transitions of the electron between the state 7 and 
other states j’* j, we have 


(18) 


S+d pj =1. 


b= 2D brid, (19) 


where ;; stands for the probability for the transition 
from the bound state j to 7’; 


bi j= wp LD wy jt+Bi/}", (20) 


PP=BL DY wy5t+8i}. (21) 


The quantity w,; is the probability per unit time that 
an electron in state 7 will make a transition to state 7’. 
It is sufficient to compute w;; in order to obtain the 
sticking probabilities S; with any desired accuracy. 

The transition probabilities are obtained from (16) 
and (17) using the Born approximation. There are 
several cases of interest depending on the magnitude 
of the parameter 


P —{ 3 
Ann’ = ga* =— -) 
hc, \n™ wv? 


In equation (22) » is the principal quantum number of a 
level 7 described by the numbers , /, m in the hydro- 
genic model, and g is the wave vector of the phonon that 
accompanies the transition. When A,»>1 the largest 
transition rates are those between two s-like states. 
Transitions between states nl and nl’ are smaller by 
factors (Ann»’)*“*'? so that they need not concern us 
here. Also, transition probabilities between states for 
which A,» is not large as compared to unity are neg- 
ligible compared to the previous ones. We obtain for 
Ann>>l and n’<n 

OEP hic, (n'n)*® 


wn’ n— 


rpaeE (n— a 5 (n 4 i 3 
X[1—exp(—hwan/kT)}". (23) 


The frequency w,, is given by the Bohr relation, 


: 4 
honn = BA - —=) 
n'2 9? 


Application of the principle of detailed balance yields 
(n’>n) 


(24) 


Wn’ n= Wan’ CXP(—Nwy n/RT), (25) 
from which we readily establish that Sows, Wan is 
negligible as compared to 8, for n< 4. 

Table IV gives the sticking probabilities as a function 


of the temperature T and m. In Eq. (23) we use the 
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TABLE V. o (cm?) for As and Sb. 





T (°K) a(As) a(Sb) 
.27X10-” 


2 4.47X10-” 
1.13X10-" 

7 

2S 


2.42 10-" 
1.51X10-" 
1.04 10-" 
7.37 X10-* 
4.30 10-8 
3.04X 107 
2.22 10-" 
1.63 10-8 
1.32 10-8 


36X 10-" 
.61X10-% 
4.38X 10-" 
2.84 10-" 
2.14 10-" 
1.60 107! 
1.24 10-" 
1.00X 10-" 


mone 


20 1D) Un se oe Go 


ooo 


2: 


value given in equation (1) for £; except for the case 
n’=1, for which we substitute the experimental values 
(E;=0.0127 ev for As and £;=0.0096 ev for Sb). In 
fact, it is known that the energy levels of the excited 
states of a donor center are given approximately by 
E,=— E,/n* with E; obtained from (1). But the ground- 
state energy differs from the simple hydrogenic value 
and depends on the nature of the impurity atom. The 
justification of the above procedure is that the factor 
E in the denominator of (23) arises entirely from the 
energy of the phonon associated with the transition so 
that it is different for different donor impurities. The 
term a*® originates from the choice of a hydrogen-like 
wave function for the ground state and so we assume it 
to be given by (2). Naturally, it would be more rigorous 
to use the precise wave function for the ground state, 
but this should not appreciably alter the dependence of 
the transition probability w,, on the binding energy of 
the ground state. 

Once an electron has been captured in an excited 
state, it can make an optical transition to a lower lying 
state. Here, however, the usual spectroscopic selection 
rules must be satisfied because the extension of the 
orbits is much smaller than the wavelength of the light 
associated with the transition between two bound states 
of the donor center. In other words, the dipole approxi- 
mation is adequate. The rate for an optical transition 
from j to j’ turns out to be 2.15 10~ times the corre- 
sponding transition probability for the hydrogen atom. 
The latter are given in the literature. The transition 
probability to go, for example, from a 3s state to a 2p 
state is 1.36 10° sec~'. Optical transition rates are thus 
extremely small as compared to those occurring with 
emission of a phonon. The rate for the transition 3s — 2s 
with phonon emission is of the order of 10" sec so that 
roughly 1 in 10’ recombinations will occur with emission 
of light. 


4. RECOMBINATION CROSS SECTIONS AND 
COMPARISON WITH EXPERIMENT 


The cross sections for recombination are obtained 
simply by substituting in the equation 

o=>_ 

—- 


o-(J)S ‘ (26) 


5 See reference 4, p. 266 
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the values given in Tables II and IV. It is immediately 
observed from Tables II and IV that the most important 
contributions to the recombination cross sections arise 
from capture in the 2s and 3s levels with subsequent 
transitions to the ground state with emission of a 
phonon. 

The recombination cross sections for As and Sb donor 
impurities are given in Table V. 

In recent years there have been several measurements 
of the parameters necessary to describe the kinetics of 
the recombination of electrons and donors in ger- 
manium*™ followed more recently by some data on 
similar processes in silicon.'® 

The first measurements of the recombination of elec- 
trons and donors in germanium made by Koenig® were 
followed by those of Ascarelli and Brown." The cross 
sections measured by these authors differ by nearly a 
factor 20 at 4°K; this difference can be attributed in 
large part to Joule heating of the sample during the 
previous breakdown process. The reader is referred to 
reference 10 for a discussion of this question. If this 
source of error is taken into account the resulting cross 
sections differ by a factor 3.5 and have a similar tem- 
perature dependence: approximately T~?> between 9 
and 3°K. Similar results were recently obtained by 
Michel and Rosenblum." The absolute values of the 
cross sections measured by Ascarelli and Brown are 
affected by very large unknown systematic errors con- 
nected with the evaluation of the compensation of the 
samples. The experimental data of references 9 and 10 
are shown in Fig. 1. 

The cross sections given in Table V are those corre- 
sponding to a nondegenerate spherical effective mass. 
If the fourfold degeneracy of the conduction band edge 
of germanium is taken into account there will be an 
increase of a factor 4 in the capture cross section. Under- 
lying this statement is the assumption that the capture 
probability of an electron from one valley of the con- 
duction band into the excited state of the donor is inde- 
pendent of whether this excited state is made out of 
Bloch functions from the same minimum from which 
the electron is captured or from another one degenerate 
with it. Details of such an extension to the case of the 
multivalleyed semiconductor are given in Appendix C. 

Further attempts to refine the calculation could be 
envisaged: an attempt to take into account the non- 
sphericity of the effective masses and the differences at 


’S. H. Koenig, Phys. Rev. 110, 988 (1958). 

0G. Ascarelli and S. C. Brown, Phys. Rev. 120, 1615 (1960). 

'R. E. Michel and B. Rosenblum, Bull. Am. Phys. Soc. 6, 
115 (1961). 

2G. Ascarelli and S. C. Brown, Bull. Am. Phys. Soc. 4, 227 
(1961). 

8S. H. Koenig and R. D. Brown III, Phys. Rev. Letters 4, 
170 (1960). 

4G. Weinreich, T. M. Sanders and H. G. White, Phys. Rev. 
114, 33 (1959). 

16 G. Bemski and B. Szymanski, Jour. Phys. Chem. of Solids 
17, 173 (1960). 
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2.3456 610 #2 
T(°K) 

Fic. 1, Experimental and calculated values of the cross section 
for recombination. The solid lines represent the results of the 
theory developed in the present paper. The experimental points 
are taken from the following sources: 

Reference Sample Impurity 
10 BTLI Sb 
10 LL2 As 
10 n WLB 28-6 Sb 
9 n WLB 28-6 Sb 
6 n WLB 28-6 Sb 


the donor site between the wave functions of electrons 
bound to different types of donors.' This last effect 
should further enhance the difference of sticking proba- 
bility between As and Sb in view of the more rapid 
decrease of the modulating part of the Bloch function of 
the ground state of an electron bound to As rather 
than Sb. 

In Fig. 1 we have also plotted the results of Table V 
multiplied by 4 in order to take into account the increase 
in ¢, due to the degeneracy of the electron states. The 
agreement between this simplified theoretical calcula- 
tion and the available experimental data is reasonably 
good. 

With less success we can compare other experimental 
data with the results of our calculation. Ascarelli and 
Brown” and Koenig and Brown" detected far infrared 
radiation emitted during low-temperature breakdown 
of a sample of n-type germanium. Koenig and Brown 
found that if they used a sample of broken-down n-type 
germanium doped with Sb as infrared source and a 
sample of As-doped germanium as detector, the effi- 
ciency was 50 times larger than in the case in which the 
roles of source and detector were inverted. This is 
astonishing in view of the fact that the binding energy 
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of the ground state of As donors is larger than that of 
Sb donors. This difference cannot be explained even if 
one takes into account the valley-orbit splitting and 
assumes that the populations of the singlet and triplet 
state in which the ground state splits are in the ratio 
exp(—A/kT) (where A is the valley-orbit splitting). 
Koenig and Brown evaluate that the cross section for 
radiative transitions is 10° times smaller than that for 
the nonradiative ones. Our theoretical estimate would 
indicate that this ratio should be only 10’. 

To terminate the comparison of the experimental 
results with our theoretical calculation we make a few 
qualitative comments on the comparison with the case 
when the electron distribution is not Maxwellian, as is 
the case with “hot electrons.” 

We can expect in this case that the principal change 
brought about by an applied electric field will be to 
decrease the sticking probability. Thus, electrons that 
have not had the time to make a transition from the 
excited state to the ground state will be easily re-excited 
into the conduction band. The excited states of group V 
impurity donors do not depend on the impurity atom 
itself, thus the decrease in the sticking probability with 
the externally applied field will be of the same form for 
each of the different donors. This has been shown experi- 
mentally in the case of acceptors.’® There is no apparent 
reason to expect a substantial difference in the case of 
donors. ; 
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APPENDIX A 


The probability per unit time for an electron in the 
bound state 7 to be thermally excited to a state in the 
continuum is 


EYm* ‘ 
;=— | d(hw) (hw) (hw) 
(2x)®ph®c,® J 1; 


x | ancayial) | 40% «x!)| M(«,7)\%. (Al) 


This result is readily obtained from equations (16) and 
(17) using the expression for the transition probability 
between two quantum states within the Born approxi- 
mation. In Eq. (A1), #(fw) is the number of phonons 
in a mode of energy ww at temperature 7. 


ni (hw) = [exp (tw/kT)—1}"'; (A2) 


16S. H. Koenig and J. J. Hall, Phys. Rev. Letters 5, 550 (1960). 
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the wave vector « characterizes one of the electron states 
in the continuum. Conservation of energy requires that 

x= |x| = (2m*/h*)) (hAw—I,)}. (A3) 
The differentials d2(q/ | q_ ) and dQ(«/ «| ) are elements 
of solid angle along the directions of the unit vectors 
q/'q| and «/|«!|, respectively. The matrix element 
M (x,7) is given by the expression 


M*(x,7)=V3 | ¢. eXp(—iq-r) o;*dr. (A4) 


The wave function ¢, is the Coulomb wave function 
corresponding to the wave vector x: 


¢.= V-4*(2ry) (1 —exp(2ry) J? 


Xexp(ix- r)FLiy,1,i(cr—x-r)], (A5) 
where 
y= 1/xa"*. (A6) 

g; is the hydrogen-like wave function which describes 
the jth bound state of the donor (see reference 1). 

The function F(a,b,z) is the confluent hypergeometric 
function for which it is convenient to use the following 
integral representation: 


“1(¢—1) (A7) 


Y exp(zf). 


1 
F(iy,1,z)=— gi 
2ri 


The contour of integration contains the points ¢=0 and 
¢=1 in the complex ¢ plane. We need only concern 
ourselves with s states as these are most easily ionized. 
The wave function for the m-s state is 


2 I 
*3) ; 


¢a(r)= (rnFa 


Xexp(—r/na*)F(—n-+1, 2, 2r/na*). (A8) 


We obtain M («,n) as a linear combination of derivatives 
of the expression 


Ar 
1a0)= [ar ar exp ea): | 
na* 


XFLiy,1,i(kr—x-r)], (A9) 


evaluated at A= 1. 
After some rather simple manipulations we find® 
J (A) =4an?a”’[—2+ (K,—Q,,)? ]' 


X(0,2+ (A—iK,)? }*7, 
with 
K,,=na*x, 


Q,=na*q. 
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I'rom these relations we obtain 


M*(x,n) = — (2x? yna*)—4(1—exp(—2ry) }-3 


a—-1 2’ n—1 
xy eerie —( )racom, 
v=0 (v+1)! v 


The quantity J, is the vth derivative of J,(A) with 
respect to A evaluated at the point A=1. 

For temperatures of the order of T=4°K and for 
n<4 we can make the approximation 


(A13) 


ii(hw) = exp(—hw/kT). (Al4) 
Furthermore, the dominant contribution to 8, arises 
from values of iw very near to /,,= E;/n? or, for values 
of y>1. For n<4 we can neglect unity as compared 
with Q,2. In fact, 


e \21 188 
o> ( : ) wil 
2hc,.K/ n> wv? 


With these approximations, 


8*xr? 4 
M («,n) '2=——— exp( - - } (A16) 
*€ 


n*xqsa ng?a*? 
so that the transition probabilities for thermal ionization 
turn out to be 


256E2m* hec 
8 ,=————_——I (n,h,g), 
mpa*'n® (kT) 
where 
h=E,/kT, 
and 
g=2he,/a*kT. 


The symbol /(n,/,g) stands for the integral 


ant/h 


I(n,h,g) = dt ® exp(—t'—gt?/n). (A20) 


These integrations have been performed numerically on 
an IBM 704 digital computer. In Table I we give the 
results obtained for 8B, as a function of m and TJ. In 
Table IL we show the corresponding results for the 
capture cross sections o,(m). We need not be concerned 
with bound states with angular momentum higher than 
zero because the corresponding transition rates turn out 
to be of the order of those for /=0 multiplied by Q,~'. 
In no case do they contribute appreciably to the total 
cross section. 


APPENDIX B 


The object of this appendix is to give a calculation of 
the ionization rates 8,, when instead of taking for ¢, the 
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Coulomb wave function 
plane wave 


(AS) we simply take the 
¢.= V4 exp(ix-r). 


(B1) 


The calculation of the matrix element M (x,n) is carried 
out exactly as before except that whenever the function 
J,(A) or its derivatives appear we substitute for them 
the function 


F Ar 
K (A) = | arr exp] flea) 1 } (B2) 
: na* 


and its derivatives, respectively. Equation (B2) can be 
rewritten in the form 
K (A) = 4n?a”’[—2+ (K,—Q,)? (B3) 


After some transformations we find the expression 


e( T 


) exp(—E;/n?kT), (B4) 


pak T 
for the rate of thermal ionization of an n-s state assuming 
plane waves for the continuum states. In Table III we 
give a tabulation of 8,,/8,’ as a function of n for T=4°K. 
In particular when n=1 we obtain 


Bi/B1' = 32h/m*a*(: (B5) 


APPENDIX C 


In this appendix we attempt to extend the results of 
the calculation given in the main body of the paper to 
the case in which the conduction band has four different 
minima as occurs in germanium. However, we shall not 
take into account the nonsphericity of the surfaces of 
constant energy. We assume the minima of the conduc- 
tion band are at positions K, (a= 1, 2, 3, 4). An electron 
in a state 

War= V-tei Kath) -ty,.(r), (C1) 


will be supposed to have energy 


€qgk= E.+h?k?/2m*, (C2) 
where |k|</K,!. Here w,, is a function having the 
periodicity of the lattice. 

Let g(e)de be the number of electrons having energy 
in the range de at € associated with one of the minima 
of the conduction band and having a definite spin state. 
Because there are four equivalent minima of the conduc- 
tion band and two possible orientations of the spin 
we have 

n(e)=8g(e). (C3) 
The wave functions characterizing the stationary states 
of the impurity center are 


Wa, (C4) 
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where Wa is Ware for k=0. The four states (C4) which 
are degenerate in the effective mass approximation, 
split into singlet and triplet states in the presence of a 
field of cubic symmetry. The wave functions are 


4 


¥ilj)=3¢5 Le Vay 


a=l 


for the singlet state and 


y3" (j)=4 ¢;(¥itye—Y¥3—Y), 
V3 - (;)= $0;(¥vi-Yotys—ys), 
3° (j=¢ (Yi-Yo—- Vs ty), 


for the triplet state. In general the triplet and singlet 
states are separated in energy by an amount which is 
usually designated by A. We shall assume, for simplicity, 
A=0 and regard the states (C4) as degenerate. Pro- 
ceeding in the same fashion as in section 2, we find that 
the average cross section for the capture of an electron 
in a bound state characterized by joa, where 7 desig- 
nates the state gj, o the spin, and a one of the four 
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Bloch states pa, is 


wh E.— E; 
o.( joa) =— Bien exp( ) (C 
8m* (kT)? kT 


In Eq. (C7) Bjea is the probability per unit time for the 
thermal excitation of the state joa, which is given by an 
expression identical to (Al) with the exception that 
| M (x, 7)|? is to be replaced by }oae| M(x,a’,o’; joa) |* 
where the meaning of the symbols is obvious. Now, 
M (x,a’,o’; joa) vanishes when o’ ¥¢, but need not vanish 
when a’#a. In fact, because the wave vector q [see 
(A4) ] is not negligible as compared to K, the values of 
M (x,a’,o; jow) are of the same order of magnitude for 
a’=a and a’#a. We now make the assumption, which 
we believe to be reasonable, that M(x,a’,o; joa) is of 
the same order of magnitude as M (x,7). Then 


Bica™ 48;, (C8) 
so that 
> o.( joa) = 4do.(7). 


ca (C9) 


The left-hand side of (C9) is the quantity that is 
actually measured experimentally. 
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The existence of a nonvanishing Hall effect in the “impurity conduction” regime of a semiconductor is 
demonstrated. In this regime (prevalent at low temperatures and at low impurity concentrations) the 
dominant electron transport mechanism is the phonon-induced hopping of charge carriers from occupied 
to unoccupied majority sites. The basic element of the theory is the existence of a (magnetic) field-dependent 
contribution to the jump probability between two sites. This contribution is computed and is shown to arise 
from the interference between the amplitude for a direct transition between the initial and final sites and the 
amplitude for an indirect, second-order transition, involving intermediate occupancy of a third site. 

The theory is applied to the case of an ac applied electric field. For values of the physical parameters 
representative of those occurring, for example in the ac measurements of Pollak and Geballe, the maximum 
Hall angle, though small (~10~-), is found to exceed the ‘“‘normal” value [(H/c)yarire] by a factor ~10. 


INTRODUCTION 


HE existence of a Hall-effect in hopping-type 

electronic transport has been a question of 
interest for a number of years. In some recent studies 
of Friedman and the present author on a particular 
hopping process—that of thermally activated small- 
polaron? motion—it has been established that a Hall 
effect comparable to, or even larger than the “normal” 
effect (Hall constant R=—1/nec) should exist. The 
present paper constitutes an extension of the ideas 
developed in the above-cited small-polaron studies to 
the investigation of the Hall effect in another hopping- 
type transport process, namely impurity conduction.’ 


The physical picture of impurity conduction may be 
described briefly as follows. Let it be assumed, for the 
sake of definiteness, that the sample is type, with 


donor and acceptor concentrations Np and WN, 
(Vp>Na4). At sufficiently low temperatures, such that 
the number of electrons in the conduction band is 
negligible, the acceptors and an equal number of 
donors will be ionized, negatively and positively, 
respectively; a fraction (Vp—Nu)/Np of the donor 
sites will be occupied by electrons. Charge transport 
will then occur by virtue of the hopping of these 
electrons from filled to unfilled donor levels. 

An integral feature of the hopping process is its 
dependence on electron-lattice interaction. This depend- 
ence arises from the circumstance that, because of the 
random nature of the Coulombic potentials of the 
ionized constituents (donors and acceptors), the 
energies of any two local donor states are not coincident. 
It then follows that, in order for a hopping transition 
to occur, energy must be exchanged with some 
“reservoir.”” Such an exchange is provided by inter- 

* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research. 

'L. Friedman, thesis (unpublished); L. Friedman and T. 
Holstein, Bull. Am. Phys. Soc. 6, 302 (1961); and to be published. 
The present treatment does not require reference to the small 
polaron studies. 

2 T. Holstein, Ann. Phys. 8, 325, 343 (1959). 

§ An extensive theoretical treatment of impurity conduction is 
given in the recent paper of A. Miller and E. Abrahams, Phys. 
Rev. 120, 745 (1960), to which further reference will be made. 


action with the lattice vibrations. A consequence of 
this interaction is that hopping is always accompanied 
by the emission or absorption of one or more phonons. 

In the case of ordinary (nonmagnetic) transport 
phenomena, the basic elementary process is the above- 
described hopping transition between two sites. Now, 
from symmetry considerations alone, the effect of a 
magnetic field on such two-site processes cannot give 
rise to a nonvanishing Hall effect. A minimum of three 
sites is necessary; as will be shown below, it is also 
sufficient. In particular, it will be demonstrated that 
the relative probabilities of an electron, initially 
located on one of three sites, hopping to one or the 
other of the remaining two sites (assumed to be initially 
unoccupied) is modified by a contribution which, both 
in sign and magnitude, is linearly proportional to the 
applied magnetic field. As in the case of the small 
polaron,' the effect will be seen to arise from the inter- 
ference between the amplitude for a direct transition 
between ‘the initial and final sites, and the amplitude for 
an indirect, second-order transition, involving inter- 
mediate occupancy of the third site. 

The treatment of the effect of the magnetic field on 
three-site transition processes is given in Sec. I. Results 
comparable in generality to, e.g., the expressions given 
by Miller and Abrahams for the ordinary two-site 
transitions [ cf. Eq. (II-14) of reference 3] are obtained. 
However, just as in the treatment of the cited authors,® 
in order to arrive at bulk transport properties, such as 
electrical conductivity (or, as in the present work, Hall 
mobility) it is necessary to consider sequences of two- 
site and three-site jumps, in which (by virtue of the 
random distribution of impurity centers) the elementary 
jump probabilities undergo large fluctuations. The 
solution of the resultant statistical problem is beset 
with formidable difficulties. In the present paper, these 
difficulties are largely avoided by restricting the treat- 
ment to the case of an applied ac electric field. Here, as 
shown by Pollak and Geballe,* when the applied 
frequency is sufficiently high, the dominant contri- 
butions to, e.g., electrical conductivity, arise from 


*M. Pollak and T. H. Geballe, Phys. Rev. 122, 1742 (1961). 
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single hopping acts between individual pairs (with 
sequences of jumps among larger aggregates of sites 
playing a negligible role). In Sec. II of the present paper, 
an analysis comparable to that of Pollak and Geballe is 
given for three-site transitions in the presence of an ac 
electric field and a dc magnetic field. Semiquantita- 
tively accurate expressions are obtained for ac Hall 
conductivity and Hall mobility. As in the case of the 
smal! polaron,! it turns out that, at least under condi- 
tions prevailing in the experiments of Pollak and 
Geballe, these quantities, though small, exceed their 
“normal” values by a factor in excess of 10°. 

In the last section, a brief discussion of the sign of 
the Hall coefficient is given. It is concluded that the 
sign is negative. 


I. THREE-SITE TRANSITION PROBABILITIES 


Ignoring the efiects of the magnetic field for the time 
being, one has for the Hamiltonian of a (one-electron) 
three-site system 

H=H > Hint Ht. (1.1) 


Here H, is that part of the Hamiltonian which depends 
only on the electronic coordinate ; it takes the form® 


H,=T+V,(r) 


1 1 
—(¢ of a - +——_ | (1.2) 
r—R, : r—R, | 


where 7 is the effective-mass kinetic-energy operator, 
—e*/x|r—R,| is the potential energy of the electron in 
the field of the ith donor site (the center of which is 
located at E,;), and V, is the potential due to other 
ionized constituents.® In the present work, the multi- 
valley features incorporated in the treatment of Miller 
and Abrahams* will be ignored; the kinetic energy 
operator will thus be taken to have the form 


T = — (h?/2m*)¥?. (1.3) 


5 cf. reference 3, p. 747; the expression given here is a straight- 
forward generalization of the two-site Hamiltonian used by these 
authors. 

* Strictly speaking, the case being considered here is appropriate 
to the regime of almost complete compensation. In order to treat 
the more interesting regime of small compensation, some modifi- 
cation of (1.2) will be required to take account of the circumstance 
that, in this latter domain, the most of the donor sites are occupied, 
so that conduction occurs via the motion of “holes” (rather than 
electrons). A proper treatment of this case would require taking 
explicit account of the many-electron nature of the problem. 
From this standpoint, the present one-electron treatment is to be 
regarded as preliminary ; it is however anticipated that, within the 
domain of an over-all Heitler-London description of the electronic 
state of the system, the generalization to the actual many-electron 
case will be straightforward. In anticipation, it may here be 
remarked that in the case of small compensation, as pointed out 
by Miller and Abrahams, V’,(r) is to be considered as arising from 
the nearest acceptor 
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The second member of (1.1) is the electron-lattice 
interaction; in the case of the simplified model repre- 
sented by (1.3), it is given by the standard deformation- 
potential expression 


Hin= Exn(r), (1.4) 
where £, is the deformation-potential constant, and 
where 


Rite 2 4! 
r N 2Mw 


X (de q\ r— h)*e 


qa -T) 


(1.5) 


is the lattice-dilatation, expressed in terms of the 
polarization vectors, e,, frequencies w,, wave vectors 
q, and creation-annihilation operators &*, b, of the 
individual lattice-vibration modes (indexed by the 
subscript A); the remaining undefined symbols in (1.5) 
are the atomic mass M and number N of atoms in the 
host crystal. It will eventually be assumed that the 
crystal is elastically isotropic; in that case only longi- 
tudinal modes will contribute to (1.4). 
Finally, the lattice-vibration Hamiltonian Hy, is 
given by the expression 
Hr=>) han (b,*b,+ ). (1.6) 
Turning first to the discussion of the eigenstates of 
H,, one notes that, in the event of sufficiently large 
inter-site separation, they take the form of isolated 
donor wave functions,’ 
o(r)=o(r—R,), (i=1,2,. (1.7) 
At separations which, though finite, are still large 
compared to the spatial extension of the ¢,’s, the (three 
lowest) eigenfunctions of H, may be approximated by 
linear combinations of the ¢,’s, viz. 


Ya=LiCiop(r); a=1, 2, 3. 
Explicit expressions for the ¥, are obtained in Appendix 
I by the standard atomic-orbital approach. The results 
are (cf. Eqs. (116) of Appendix I] 


Vi=dit[Jo1/ (er— ee) loot [J'1/(er— es) los, (18a) 


¥2= [J 12/ (€2— €1:) J4-2+ [J 32/ (€2— €s) _]s, (1.8b) 


Ws=[Jia/ €s— er) loi tL Jo3/ (es— 2) bots, (1.8c) 


where [cf. Eqs. (112), (118), (119), and (120) of 


7 In the present work, ¢(r—R,) will be assumed to refer to the 
ground-state donor wave function; complications due to energetic 
proximity of exicted states (occurring in some cases) will be 
ignored. 
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Appendix I] 


6=Es— ¥ /x|R—R,|+V.(R,), 


ki 
[oroav, 
x2 | 6:%6.0;.(n)aV— (e,—€,)S j/2, 


wj(r)=—(e of — 


1 
2 a7 


+{V.(r)—3[V.(R)+V.(R,) ]}, 


2|R:—R, 
(1.12) 


with the index & now denoting the third site (k#,7 j). 

The stage has now been reached where the effects 
due to a nonvanishing magnetic field may conveniently 
be considered. Neglecting the spin-Zeeman energy of 
the electron (this neglect being equivalent to the 
assumption that the spin-state of the electron remains 
unchanged in hopping transitions), one has for the 
electronic Hamiltonian 


1 eA : 
(o+ ) +V.(r)— (e7/x) 


( 


1 1 1 
x|. — + —_____ ++ ——___ } (1.13) 
lr—R,| |r—R:| ir—R; | 


where the vector-potential, A, is taken to have the form 


A=}H xr, (1.14) 
H being the (spatially constant) magnetic field and r 
the electron coordinate, measured from an arbitrary 
origin. Following a procedure due to Zilberman*® one 
redefines the basic local functions ¢,(r) to be solutions 
of the equations 


| 1 ( eA\? "a 
LY. to 
2m* c xir—R 


These solutions will obviously not be of the form 
o(r—R,;); however, if one introduces the gauge 


folo= Bat. (2:39) 


1 


8G. E. Zilberman, Soviet Phys.—JETP 2, 650 (1956); the 
procedure used in the present paper is actually slightly different 
from Zilberman’s in that, as pointed out in the text contained 
between Eqs. (1.19) and (1.20), the first-order dependence of the 
local wave functions on the magnetic field is expressed entirely 
in the exponential factor of (1.16), whereas Zilberman’s local 
functions contain an implicit (linear) field dependence. Neglect of 
this implicit dependence, while not serious for the problem treated 
by him, would yield incorrect (in fact, non-gauge-invariant ) 
results for the case treated here. (cf. reference 1, Appendix E of 
Friedman’s thesis). 
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transformation 


oi(r)=u,(roe™, (1.16) 


with 
xi(r)=eA(R,)-r/hc= (e/2hc)(HXR,)-r, 


one has, in place of (1.15) 


1 € 2 
|. (o+ Hx(r-R)) 
2m* 2c 


—e"/K r—R, |u= Eau;(r), (1.18) 


(1.17) 


the solution of which is clearly of the form 


u;(r)=u(r—R,). (1.19) 


Just as in the absence of the magnetic field, one now 
assumes that the eigenstates of the total electronic 
Hamiltonian (1.13) may be represented as a super- 
position of the three ¢,’s. Then, upon following the 
atomic orbital “projection” routine of Appendix I, 
one reobtains equations (1.8a,b,c), together with (1.9), 
(1.10), (1.11), and (1.12), the effects of the magnetic 
field being contained entirely in the ¢,(r) [as given by 
(1.16) ]. 

It should at this point be remarked that the basic 
local functions, u(r—R,), as well as the associated 
energy eigenvalue, Ez, depend upon the magnetic 
field. If, however, for the sake of simplicity, the zero- 
field functions be assumed to be non-degenerate s 
functions, first-order terms in H disappear from (1.18), 
and one is left with the H? diamagnetic corrections to 
u(r—R,;) and £4. These corrections are irrelevant for 
the theory of this paper, which is concerned only with 
effects linear in H. Hence, in what follows, they shall 
be ignored. This means in particular that the field- 
dependence of the ¢,’s is contained entirely in the gauge 
factors, e~***“, defined by (1.17). 

Thus, upon inserting (1.16) into (1.9), (1.10), and 
(1.11), and employing (1.17), one obtains? 


e;(H)=e,, (1.20) 


J ;:(H)= | u(r—R,)u(r—R,)w;;(r) 
x exp{ (ie/ 2c) [HX (R;—R,) ]-r}dV 


(e;,—€;) 
— [ u(r—R )u(r—R,) 
) 


Xexp{ (ie/2hc) THX (R;—R;)-r)}dV, (1.21) 


where e¢; is, as before, the zero-field value of local site 
energy. 

In proceeding further, one conveniently takes the 
origin of the coordinate system to be located within the 


® u(r—R,), being nondegenerate, may be taken to be real. 
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triangle defined by the geometric centers of the three 
sites. Then, subject to the assumption 


(eH /2he)| R;—R;|*<1, (1.22) 


one may replace the gauge-exponentials by their Taylor 
expansions to terms linear in H. One then obtains, after 
some algebraic manipulation 


(€;— €;) 
—S ;:e'8is, 
* 


J (A) = W je'2'— 


where 


W «= | u(r—-R,)u(r-Rwon(e)aV, 
? 
-=—[Hx (R;—R;)-0;;"], 
2he 


W 57 | u(r—R,;)u(r—R,w;;(r)rdV, 


| u(r—R,)u(r—R, dV, 


[Hx (Rj—R,)-9;:J, 


2hc 


oj =S ‘ u(r—R,)u(r—R,)rdV. (1.29) 


It may here be observed that, by virtue of the s 
character of the w’s, 0;;° coincides with the point 
(R;+R,)/2 midway between sites i and j. Inserting 
this equality into (1.28), one has 

8 ;:= (e/hc)H-A;,, (1.30) 


where 


A;,=R;XR,/2 (1.31) 
is the vector area of the triangle defined by sites i and j, 
and the origin of the coordinate system. From this 
result, it follows immediately that 


But+832+B8i3= (e hc)H - Ago, (1.32) 


where Aj»; is the vector area of the triangle defined by 
the three sites under consideration. 

Unfortunately, the quantities 0;;") and a;; do not 
appear to be describable in comparably simple geo- 
metrical terms. Namely, because of the presence of 
V.(r) and —e/x|r—R,| (ki, j) in the integrand of 
(1.26), the vector o;;" will not, in general, terminate on 
the line joining sites i and 7; hence, the effective 
“flux” area 


M321 = Mor + Met Mis, (1.33) 


where 


M = (R;—R,) X04" (1.34) 
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will not coincide exactly with the geometrical’ area, 
Ago. 

The next stage in the treatment is the computation 
of the matrix elements of electron-phonon interaction, 


(¢ |Hine |= | vt@n(owicnav 


(1.35) 


The detailed computation of these matrix elements is 
given in Appendix II; the results are [cf. Eqs. (II4), 
(117), and (IT9) } 


h 4 
(7 | Aint )= ik E w-e( -) 
d 2Ma 


XK (dA 55° — dy'. 


where 
W 
A ;,%=6;,e' Fi+ (1-6; | : 


€;- 


In proceeding further, it appears desirable, at least in 
this initial study, to effect some simplification of (1.37), 
which will nevertheless retain the essential physical 
effects. A possible simplification, already contained in 
the work of Miller and Abrahams,’ consists in the 
neglect of the terms proportional to S;;; its physical 
basis is the (presumed) relative smallness of local 
energy differences, ¢;—€;, as compared to the principal 
term, —e*/x|r—R,;|, in the “transfer potential,” W ;,(r) 
(which occurs in the integral for W ;;). In this connection 
the following observations are pertinent: 


(a) As will be seen later in Sec. II, the three-site 
configurations which are of principal significance for 
the ac Hall effect are “equilateral” (R, RvR). 
For such geometries the contributions to e;—e; arising 
from the third site, &, [cf. (1.9)] essentially cancel. 

(b) As will also be seen later in Sec. II, the inter-site 
distances of the important three-site configurations are 
somewhat less than the average distance between 
donors, and therefore rather less than the average 
distance between a donor and an acceptor atom. In this 
case, V.(R;)—V.(R;) is also small. 


Under these circumstances, it appears that the 
proposed simplification should not give rise to any 
gross errors; since the treatment of the present paper 
does not pretend to be more than semiquantitatively 
accurate, (1.37) will forthwith be replaced by 


Wi, 
A ji =6;,e° B+ (1—5;,) 
€;— € 
x (e'v Rj— gid Ri), 


© However, in view of the usual smallness of V(r) and 
é/x|r—Ri| (relative to the principal two-center perturbation 
term, —e?/x|r—R,|, in the integrand of (1.26), M%s21 and Aga: may, 
at least, be expected to have the same sign as well as the same 
order of magnitude. 
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The matrix elements of (1.36) between different lattice- 
vibration states may now be written down. They are 


Ee ‘Ri 


e'@ii(etian nin | (1.38) 


€j 


(j, NaF 1 | Hint 7, Ny) = ED ' 


Wii 
+ (1 = 5j:) 
é— 


where 


Dye +i(a-e0)( 
2M Nay 


h 


j 
) (Ny, +45F4)!, (1.39) 


it being understood that all the V,’s other than the 
given one under consideration remain fixed. 

The stage has now been reached where the various 
higher order processes giving rise to the (magnetic) 
field-dependent part of the jump probabilities may be 
formulated. Broadly speaking, they are of two varieties : 


(1) A superposition of two two-stage processes, one 
of which is (i, N, Ny j, Ny) ¥1, Ny > k, Ny ¥1, 
Ny 1), the other being (7, Vy, Vy-— i, N\¥1, 
Ny — k, Ny¥1, Ny ¥1). 

(2) A superposition of a one-stage and a three-stage 
process ; the first is of the form (7, Ny, Ny — k, Ny¥1, 
Ny’) whereas, a typical three-stage process is (i, Vy, 
Ny 1, Ny¥1, Ny j, N11, Ny Fl k, Ny¥1, 
N,-). These transitions, together with those which result 
from alterations of the sequences of various subprocess 
have all to be considered. 


Let us begin with category (1), i.e., the two-stage 
processes, leading to changes in the population of two 





(R,N\F1,Ny'F1| 71/4, Na, Vn’) 
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phonon modes, \ and A’. Denoting the amplitude of the 
first subcategory, in which only the sites i and & are in- 
volved, by (k, NyF1, Ny F1|T1\i, Ny, Ny), one has 
(k, Ny1, Ny F1|T1 |7, Na, Ve) 


(k, NyF1 |Hine |R, Nv) (k, NaF |Hine [i, Ny) 





€:— Ethie, 


(k, Ny 1 | Hine |i, Na’) (i, Na1 | Hine |i, Ny) 





(k, Nx | Hine |R, Nx) (A, Ny | Hine |t, No’) 
+— = = 





€:— Eth: 
(k, NyF1 [Hine |i, Na) CG, NvF1 [Hine |i, Nov) 
~ — nite 





+h): 
(1.40) 


A degree of simplification can be effected by noting 
that, in any real transition, the energy-conservation 
condition 
(1.41) 


€:— €& thon the, =0 


must apply. Also, as will be seen later, the phonon 
energies are not arbitrary; one of them, say fio, will be 
shown to obey the “intermediate” energy-conservation 
relationship" 

€;— €;the,=0, (1.42) 
so that 


€;— eekhw, =0. (1.43) 


Introducing these conditions into (1.40), one has 


(k, Ny’ 1! Hint|&, Nx‘) (R, NxF1| Hint! t,Nx)— (&,NxFO| Hint | i,Vn) (i, Ny'F1| Hine! 7, Na’) 





€;—~ € 


(k, Ny 1| Hint|&, Nx) (R, Nx F1)| Hint! i, Nx)— (R, Ny F 1) Hine! it, Nx) (i, Nx 1| Hint |t, Nr) 
4. ann é ns ea ai aes en 


Instead of proceeding further with (1.44), it is at this 
point expedient to write down the other two-stage 
process, namely, that involving the jth side in the 
intermediate stage. In doing this, it will be convenient 
to employ the artifice of adiabatic “switching on” of the 
electron-lattice interaction, according to the time 
dependence, e** (with eventual passage to the limit 
s— 0). One then has 


(k, N\¥1, Ny ¥1 |\T2 li, Ny, Ny) 
(k, Ny ¥1 | Hine lj, Nw) (J, N\¥1 | Hint li, Nj) 





€:— €;thent+ihs 
4 (k, Ny\¥1 |Hint lj, N)) (j, Ny ¥1 | Hint |t, N)y-) 
€:— €;wn +ihs 





(1.45) 


a 


(1.44) 


€j 


It will now be noted from (1.42) and (1.43) that, in 
the first of the terms on the right-hand side of (1.45), 
intermediate energy is conserved, whereas in the second 
it is not (except in the very special case of €;—€; 
the occurrence probability of which is 
negligibly small). As in the case of the small polaron, a 
field-dependent constructive interference between the 
two types of two-stage processes will be seen to result 
only when the zero-field amplitudes are 90° out of phase. 
Apart from the “phonon” phase-factors, e-® (the 
coherence features of which will be considered in detail, 
below) it can be seen from (1.38) and (1.39) that the zero- 
field amplitude of (k, N\F1, NyF1|7T1\i, Na, Nx) is 
necessarily real (again with the exception of the negli- 


—='€j—— Chy 


1 That is, in the sense of time-dependent perturbation theory, 
in which ¢—€;-Atay =ths with s > 0. 
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gibly probable cases ¢;=€; or €;=«€,); hence the zero- 
field amplitude of (k, N\F1, Ny-F1|T2|i, Nx, Nx) will 
have to be imaginary. This requirement cannot be 
fulfilled unless, in the course of summing over A or X’, a 
zero in one of the energy denominators is encountered. 
By virtue of (1.42) and (1.43), such an eventuality can 
occur only for the first term of (1.45); hence, it alone 





(k, Nal, Ny F1|T2!|4, Ny, Nv) 


=D, Dy @EYW iW 5; 


At this point it becomes expedient to examine 
the phonon phase factors of (1.47)—in particular, 
to compare them with those which are present in 
(1.44). From (1.47) one sees that these phase factors will 
occur in four possible combinations: e*’ -Ritia -Ri) 
efter Ratan Rj) ei (tan Rita Rj) et (toa Retan’-Ri) Tn order 
that the T“ and T® amplitudes be capable of con- 
structive interference, it is necessary for one or more 
of the phonon phase factors of one set to be coherent 
with one or more of the other; moreover, this coherence 
must be maintained under conditions in which (a) 
q and q, independently take on all possible directions, 
and (b) condition (II16) of Appendix II, namely, 


q | R:;—R;|>1, (1.48) 
is valid. 

These coherence requirements are sufficiently severe 
so as to result in the jettisoning of most of the above- 
listed phonon phase factors, as will now be shown. 

First of all, let us note that, since R; does not occur 
in the phase factors of J’, all the phase factors of T® 
which contain R; cannot [by virtue of (1.48)] con- 
structively interfere with those of T®; the immediate 
consequence of this conclusion is that, of all the four 
factors listed for T®, only ev’ Reta -Bi) need be 
retained. It then follows, by virtue of (1.48), and the 
independent variability of q, and q,, that all terms of 
T™ except those proportional to this same factor may 
be discarded. Applying this recipe to the expression 
obtained by substituting (1.39) into (1.44), one arrives 
at the result 


(k, Ny, Ny 1 |T1 |i, Ny, Ny) 
EfD,~>D, © WwW, 





x ef tar’ ‘Retqa Ri) giaki. 


(1.49) 


(e:— €;) (€:— €x) 


By a similar procedure, the surviving term of (1.47) is 
found to be 


(Rk, Ny, NyF1 |T2@™ |i, Ny, Ny) 
EYD, Dy © Wy jW 4 
(€:— €;) (€;— ex) (eg— es te + ths) 


tq’ Retqa Ri) pi(akj+aji) 





Xe' 
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will be retained in what follows." Thus 
(k, N\¥1, Ny ¥1 |T, |t, Ny, Ny-) 
(k, Ny F1 | Hint | 7, Nx) (J, NaF 1 | Hint lt, Na) 





€:— €;hayt+ihs 
(1.46) 
which, with the use of (1.39), becomes 


[etiar’ ‘Re— ptiaa, Ri l[etia “Rj — ptiaa Rijei akjt+aji) 


——, (1.47) 
(e:—€;) (E5— €x) (€:— €;-han+ihs) 








(1.49) and (1.50) may now be superposed to yield 
for the effective two-stage transition amplitude the 
result 


(k, Ny, Ny |Te |i, Ny, Ny) 
Dy Dy, e*' +qn° -Retqa -R; 


(€:— €;) (€;— &) 


elated WW, 
x| eet ne - | (1.51) 
€:— €;thent+ihs 


The absolute square of (1.51), multiplied by (2%/h) 
X5(es— exhon+ttun:) gives the total two-stage transi- 
tion probability P® (i, N,, Ny — k, Ny 1, Ny 1). The 
present work is, however, not concerned with this 
quantity, but only with that part Py® (i, Ny, Ny — , 
N= 1, Ny--F1) which depends linearly on the magnetic 
field. This component is obtained by expanding the 
phase factors and picking out the terms linear in the 
phases, a;;. With the additional use of the standard 
recipe, 


1/(x+is)= P(1/x)—ixd(x), (1.52) 


one has 
Py® (i, Ny, Ny Rk, Ny 1, Ny-¥F1) 
Ey |Dy® |? |Dy® PWasW Wis Hrs (2n)* 


(e:— €;)?(€j;— €x)” he h 





XK 5(e:— ejbhen)b(€:— ex thonthuy), (1.53) 


2 This point requires some further clarification. Namely, if the 
d and ’ summations were each to extend over the whole lattice- 
vibration spectrum, the zeros of both energy denominators would 
be traversed. However, independent summation over \ and }’ is 
actually inappropriate, since it would count the same final state, 
(k, Ny 1, Ny-F1), twice. A suitable nonredundant summation 
recipe is achieved by restricting, e.g., the \’ sum to values such 
that w,: is either larger or smaller than ay. If, for example | «—€;| 
<|«;—e|, and one wishes to retain (1.42), one imposes the 
condition a: >w,. In that case, by virtue of (1.41) or (1.43), one 
may readily check that the energy denominator of the second term 
of (1.45), namely ¢;—¢;-+fay-+ihs, cannot vanish, in accordance 
with the statement in the text. (If, on the other hand, | «—e;! 
>| ¢;— ex], one chooses the alternate recipe, w, >’, and arrives 
at the same result.) 
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or, more symmetrically, 


Py (i, Ny, Ny > k, Ny, Ny 1) 
Ey |D,® ‘s | Dy, PWisW iW eH- Mi 5; (2m)? 


(€;— €;)?(€;— €x)? hic h 
XK 6 (€;— €; Ney) 5 (€j;— exh’). 





(1.53) 


In obtaining (1.53’) or (1.53), use has been made of 
Eq. (1.35), in conjunction with (IIa) of Appendix II. 
In this connection, the sign of %f;.;; is positive or negative 
according to whether the circuit i> j—-k-—i is 
counterclockwise or clockwise. 

As stated above, Py (i, Ny, Ny) > k, Na¥F1, Ny ¥ 1) 
represents only part of the field-dependent jump 
probability. The other component originates from super- 
positions of the one-stage (i, VY, — k, Ny)=F1) amplitude 
and those associated with various three-stage processes 
of the type (i, Ny, Ny i, NF1, Ny j, Na¥1, 
Ny ¥F1—k, N11, Ny), @ Ma, Nv oj, M1, 
Ny — j, Ny¥F1, Ny F1-— k, Ny 1, Ny), etc. 

The amplitude of the one-stage process may be 
obtained from (1.39), and is 

Wii 
(k, N\¥1 | T; 1, Ny) = E,D\> 


eg" & 


e taki 


X [etter Be— tian Ri’), (1.54) 

From the rather large number of conceivable three- 
stage processes, one has now the task of selecting those 
which are coherent with (1.54). This task is carried out 
in Appendix III, which also contains a detailed dis- 
cussion of the various features relevant to coherence. 
The results of the treatment are contained in Eqs. 
(III3) and (III7), which give the two types of three- 
stage amplitudes capable of interfering with (1.54). 
These are 


(k, Ny¥1, Ny: |T; li, My 1, Ny) 
= E;*|D,,- |2?D, 
W ij W 5:e* iti detiqn Re 


x ’ 
(e:— €;)?(€:— ex) (€;— €; ta +ihs) 





(1.55) 
and 
(k, NyF1, Ny |T3 |i, NaF 1, Mv 


= —E;*|D,y- |?D,* 


W pW jret(mritaid eign Re 





x—— - (1.56) 

(€:— €x) (€;— €4)*(€x— €; Mwy +1hs) 

18 Tt should be remarked here that the phonon modes \ and }’ 
are not the same as those involved in the previously discussed 
two-stage processes. In particular, the frequency w, obeys the 
energy condition ¢;— ¢,+-hu, =0. 
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It should here be mentioned that, since the \’ mode 
is involved only in intermediate states, and does not 
really appear in the final state (i.e., N,.— N)-), the 
total three-stage amplitude is to be obtained by 
summing over all \’, and over the two possibilities of 
absorption and emission. This summation will be 
deferred. 

One has now to superpose (1.54) with (1.55) and 
(1.56), take the absolute square of the resultant,“ and 
multiply by (27/h)5(e:—e.hey’). As before, it is not 
the total result which is of interest, but only that part 
which varies linearly with the magnetic phase factors; 
the rest is therefore discarded. The result of this 
procedure is 


Ny ¥1 
Pg? CG, Ny ——+ 8, HFT) 
(2x)? 
oll [Dy |? |Dy® PW jW jW as 
1 


eH - A, j; 


5(€;— €x han) 5 (€;— € hw’) 


(€;— €;)*(e:— ex)” 


(1.357) 


5 (€:— eg thon) 5 (€x— €j;hwy’) 
(€;— €x)?(€i— ex)? 


Here, the superscript ‘(3,1)’ has been used on the 
left-hand side as an indication of the number of stages 
of the contributing amplitudes. Also, the notation 
“Ny 1” over the arrow indicates the intermediate 
participation of the \’ mode first in absorption 
(emission), then the reverse. 

Upon adding (1.57) to (1.53) and summing over 
and 2X’ and the two possibilities of absorption and 
emission, one obtains, as the total magnetic field- 
dependent probability, the expression 

(22)? 
Purlivmk) > ——Et|D@© 7 |Dy © PW. WW: 


tr th! 





cH Wij 5(e— ep hen) 5 (€:— € jhe’) 
x ew 
he L (€;— €;)?(ex— €x)” 
5 (€:— eg htan) 5 (€x— € jhe’) 
> 


(€s— €)?(€;— €)” 








5(€;— estoy) 5 (€j;— +My’) 
+ (1.58) 


(e— €;)*(€;— €x)? 


wherein the double summation involves summing over 
the two possibilities of emission and absorption for 
each mode. Also, the delta functions of the last term 
have been changed from those in (1.53’) through the 


44 In carrying out this operation, use is made of condition (1.48) 
in that only amplitudes of similar phonon-dependent phase factors 
actually interfere. 
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use of the relation 


5(x)d(x+y) = 4(x)5(y). (1.59) 


It is now of interest to compare Py(i—k) with the 
ordinary zeroth-order two-site jump probability, 
P,(i— j), computed, e.g., by Miller and Abrahams.* 
This quantity is gotten by inserting (1.39) into the 
standard first-order perturbation expression. The 
result is 


de WZ 
P’ (i j)= E —E?|D,® |*—_—_ 
th h (e:—€;)? 


X5(e- €;tha), 


wherein use has been made of (1.48) to discard cross- 
terms involving trigonometric functions of the argument 
q- (R;—R,). 

It will now be noted that Py(i — &) can be expressed 
in terms of the various Po(i— j)’s. In fact, upon 
comparing (1.58) and (1.60), one has, without further 
ado, 


(1.60) 


Pu(i—k) 


hi 
=——_ [W j2Po(i — k) Poli > j) 
4W WW 


+W,2P oli —> DPV er k) 


eH-%,,, 
+W7Po(i — k)Po(k — 7) H——.__ (1.61) 
he 


€ 


For the purpose of the next section, it is desirable 
to formulate “reversibility” relationships between the 
various transition probabilities. It is first expedient to 
consider these relationships for the zeroth order two-site 
transition probabilities, Po(i— 7). Making use of the 
formula 


Ny +4} =1/|1 ethene 


(1.62) 
(which, as can readily be verified, holds for Planck’s 
distribution) together with the energy restriction 
imposed by the delta function in (1.60), one has [upon 
substituting (1.39) into (1.60) ] 


4 h 
Pli— j)= > -—E*(@-0)(——) 
i 2M Nan 


W 52/(e— €;)? 


Pfinmerksinanaeeni gun tlien) 
1—e e¢—ej)/aT 


=Ze!*TL;;, 
where 


4x 
Lyjw=Z— 2 —E#(@-e)({ 
A+ 


h 
=~) 

W 527 (€:— €;) 776 (€:— ejay) 
X<- 


eti/eT etilaT | 
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is clearly symmetrical with respect to interchange of 7 
and j, i.e., 

Lij= Li, (1.65) 
and where 


Zee alsT+¢-2 Th ¢ €3/«7 


is the three-site partition function. Inserting (1.63) into 
(1.61), one then has 


€; aT 


RL Linka LZ W a? Wee 
Puli k)= | 


—_—g2ei/eT 4. _ e (eit 
4W WW: 


Tas Les 
Wi? 


Senne e (titer |e Me he 


ij 
Li ;Ze%!*7, 
where 


——-¢* a 4... 
Lx Li: 


Liji= et «7 


4 WeWaWn; 


Zh LisLinLe; — Wy? 


Wit 7H May 
abel " —- (1.67) 
“ij 


L he 


is readily seen’® to be antisymmetric with respect to 
interchange of indices i, j, and &, i.e., 


Le j= Li j= Lj = — Lige= —Ljpi=— Ly (1.68) 


II. ac HALL EFFECT 


In Sec. I, explicit expressions were derived for the 
elementary jump-probabilities in the presence of a 
magnetic field. In the present section, these expressions 
will be applied to the study of electron-hopping in a 
three-site system in which, in addition to a dc magnetic 
field, there is also an applied oscillatory electric field. 
This case constitutes the simplest generalizations of the 
two-site problem treated by Pollak and Geballe* (in 
their analysis of their experimental results on ac 
impurity conduction) which is capable of yielding a 
nonvanishing Hall effect. 

The basis of the treatment is 
equation, of the form 


= > (PUG a)s;-— Pin Afi, 
rei 


a Boltzmann-type 


(2.1) 


where i and j may both take on the values 1, 2, and 3 
(subject, of course, to the condition i+ 7). Also, 


P(i— j)=Poli > j)+ Puli j), 


where Po(i— j) and Py(i— j) are given by (1.63), 
(1.64), and (1.66), (1.67), respectively. Finally, the 
presence of the electric field E is taken into account 
implicitly in the site energies via the relation 


6=€+eE-R,, (2.2) 


_ 4 The first two factors of (1.67) are obviously symmetric in the 
indices i, j, and k. The last factor is antisymmetric, in that the 
sign of %x;; depends upon the sign of the rotation in the cycle 
i-jok—i 


—?> $. 
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where e,; denotes the local energy in zero electric field 
(it corresponds to the e; of Sec, I). 

It is expedient to introduce, in place of the f;, new 
variables ¢;, defined by the relations 


fi=(1/Z)e** (1+¢,), 
where 
B=1/kT, 
and 
Z=e Fait e Bee ¢bes 

is the partition function for a single electron (or, 
eventually, a hole) in the three-site system. 

Substituting (2.3) into (2.1), and utilizing (1.63), 
(1.66), and (1.68), one has 


d 
ie rd Bea = — (Lyot+Li3)bit+Lishet+Lisds 
t 
—L32(¢2—¢3) (2.6) 


plus two other equations obtainable from (2.6) by 
cyclic permutation of the site indices. 

A certain simplification of the left-hand side of (2.6) 
can be effected by so choosing the origin of the spatial 
coordinates so that 


exp(—8e.)Ri+exp(—Be.)R> 
+exp(—Bes)R3=0. 


With this choice, one sees that (to first order in the 
impressed electric field) 


E=Z-(—8eE) ¥; exp(—Bes)Ri=0, 


(2.7) 


so that, with the additional assumption of harmonic 
time variation of E(~e~'), (2.6) becomes 


Z—iwBeE - Rye8! = (iwZ—'e 8 — Lyo— L 13) 1 


+ Ly262+ Lishs— £321(G2—93), (2.8) 


wherein, and in what follows, ¢; will be written in place 
of ¢;, and will denote the zero-electric-field value of 
the local energy of the ith site. 

For convenience in subsequent algebra, let us intro- 
duce the notations 


r= Rye sZ—, (2.9) 


(2.10) 
(2.11) 


w= we FZ, 
L= L321. 
Equation (2.8), together with the two obtained there- 


from by cyclic permutation of site indices, then take 
the form 


(iy — Li2— Lis)oit (Lio— £)bot (List £)os 
= iwr,BeE, 

(Lert 2£)oit (iw2—Lo3—Le1)b2+ (Los— £) os 
= iwt): BeE, 


( L33— £)dit+ (L3o+L)bo+ (iw3— Li L32)b3 
= iwr,: Bek. 


(2.12a) 


(2.12b) 
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CONDUCTION 
Concurrently, (2.7) may be written as 


ftre+r;=0. (2.13) 

The solution of (2.12) is considerably facilitated by 
the circumstance that, as is readily verified, the 
determinant of the coefficients 


101 — Lyo— Ly, Ly—-L 
A=| Lit 
Lyi - Xe 


List f 
Lo3—L 
103;— L31— L30| 


(2.14) 


tw2— Lo3— Loy 


Lit Lf 


depends quadratically on £. For the purposes of the 
present paper, in which only effects linear in the 
magnetic field are of interest, this quadratic dependence 
may be ignored, i.e., A may be approximated by its 
zero-field (£=0) value. It then follows that the 9; 
obtained from the solution of Eqs. (2.12) will have the 
form 


o=G.°+4;™, (2.15) 
where the ¢;° are independent of £ (and hence of 
magnetic field) and the ¢;“” are linear in £. Since 
only the latter are of interest, as far as the Hall effect 
is concerned, they alone will be considered. One finds, 
by straight-forward algebra, 


$4) = —wLA"BeE: (row3—ryw2), (2.16a) 


$22) = —wLA"BeE- (r31—1ws), (2.16b) 


$3") = —wLA“"BeE- (ryw2— 1). (2.16c) 
Knowing the ¢;‘”?, 
field-induced 
given by 


one may compute the (magnetic) 
component of electric current. It is 


j N= am: Li R.fi= — (tw Zed: Rye Fig, 
— — WwW > ro; 


(2.17) 


[the last two equalities holding by virtue of (2.3) and 
(2.9) ]. Substituting (2.16) into (2.17), one has 


j) =iwFABE- [ (rews— rawe)r 
+ (fyi — Fyws) + (Fiw2— row) | 
= ive ABE - [ (wit we+ws) (roti— Fite) |, (2.18) 
the last equality resulting from the use of (2.13) and 
some algebraic manipulation. 

It is now of interest to average j‘”? over all orien- 
tations of the triangular configuration, i.e., over all 
values of r; and re, subject to the restriction that the 
magnitudes of these vectors and the angle between 
them remain constant. In carrying out this average, 
it is necessary to take account of the dependence of £ 
on orientation. Referring back to (1.67), one sees that 





1338 
this dependence is essentially of the form’® 


_ (mXn)-H 


L=Ly (2.19) 
rm Xr! 


where £L)= L32: differs from (1.67) in that the scalar 
product H-%Ms2: is replaced by Y%s21. 

Inserting (2.19) into (2.18) and simplifying the 
square bracket, one has 


iwreLoBH (reXr;) 
H)— : 


A ire Xr! 
iweLoBH (r2Xr;) 


(ror, E—ryr2- E](wi1t+-w2t+ws) 





j' 





[(teXt1) XE] (i++). 


A lreXr1| 
(2.20) 


The average of (2.20) over orientations is clearly 
equivalent to its average over all directions of the 
vector cross-product, rz; one has [with subsequent 
use of (2.9) ] 


tw*PLB (or torts 


‘0% 
, witwotws 
nite oe Rex (“P= **) 


Ke Pate) 724(H x E). 





3(7)— 
J = 


)rex (HXxE) 


(2.21) 


Now, the area of the triangle defined by the geometrical 
centers of the three sites is 
A 321>—- 3 | (R.- R;) x (R;— R;) 
=4/R.XR,| (1+ 80-9) + Ae) | 


the last equality holding by virtue of (2.7). Comparing 
(2.21) and (2.22), one then has 


wi +w2+w3 
x (= _ =A 321 


2 


3 


Zia EPFL 


j™ 
ZA 


Xe Platte) (H XE). (2.22) 


At this point, it is desirable to introduce a simplification 
also employed by Pollak and Geballe. This simplifi- 
cation consists in replacing the various Boltzmann 
factors ¢** by unity. It would appear to be a reason- 


‘6 The basic assumption involved in (2.19) is that the vector 
direction of the effective flux area, M321, coincides with the direction 
of the geometrical area, R2XR,/|R2XR:| =r2Xr,/|r2Xr/. 
This coincidence certainly obtains when the term V,(r) in Eq. 
(1.26) is negligible. Moreover, even when this term is taken into 
account, it is only its asymmetry with respect to reflection 
through the plane of the triangle which could tilt the direction of 
32: with respect to that of the geometrical area. It ap quite 
reasonable to assume that such an asymmetry vanishes on the 
average. 
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able approximation, provided that 


«TZ |ei—<;\. (2.23) 
In this “high-temperature” case, the procedure should 
certainly be adequate for order-of-magnitude estimates 
of j‘). Since the present study is concerned primarily 
with such estimates (rather than with precise, quanti- 
tative results) the procedure of replacing each e~** by 
unity will be followed without further ado. The result is 


7 2iw*e*? Lo8 
yj) = va 32(H x E), 


(2.24) 


where 

Zo=3, (2.25) 
and where the determinant A, [the limiting form of 
(2.14) ]as e-** > 1 (w; > Z.,.-'w) becomes, upon expand- 
ing and discarding of terms in £?, 


he = 10Z.[ — wo — iw (li the+1s) 
+3(lilet+hilst+lels)], (2.26) 


the notation 


L=Z.L23, L=Z.L1:, l=Z~L12 (2.27) 
having been introduced for convenience of writing. 

At this point, it is desirable to exhibit explicitly the 
dependence of the “Hall-probability coefficient” £5 on 
the two-site probability coefficients .=ZL,;. This 
dependence becomes simple in the above-introduced 
high-temperature approximation, e*®*Z-!— Z,-', for 


which the Z;;, as given by (1.64), reduce to 


Lij=ZaxTW ;2B, (2.28) 


where 


4a 
B= > —Er(m-0)( 
tah 


h? \5(e;—e;tho) 
) — (2,29) 


2MN (Ru )* 
[use having been made of the delta function to replace 
(e:—e;)? by (fu)*]. In the case of sufficiently low 
|¢:—e,;| (compared to the Debye energy), one may use 
the further approximation 


a=alel, (2.30) 


where c, depends only on the direction of q, (and on the 
particular vibrational branch under consideration). 
Introducing the replacements 


(--- re (---)é —=——- (--+-) 2d dQ, 
ESE Cae ff (eta 


(where V is the volume of the sample, dQ and element 
of solid angle in q space, and j=1, 2, or 3 designates a 
particular one of three acoustical branches), one then 
has, upon integrating with respect to g 


1 1 
B= E?— > [ c-*(n-e)'ao (2.31) 


2x*h ph? 7 





HALL EFPFECT IN 
(where p is the mass density and na unit vector in the q 
direction). By virtue of the fact that c; is a function of 
n alone, (2.31) clearly depends only on properties of the 
host crystal (mainly elastic). 
Introducing (2.28) into (1.67), and again replacing 
Boltzmann exponentials by unity, one has 
3h e(H-A,;:) 
Lu ji=— Lah (LiL je Lni)* (xT BY}, 
4 he 


which, by virtue of (2.27) and the remark subsequent 
to (2.19), is equivalent to 


h eAsor 
Lo= (xT)Bt (Lilels)?. 


sie (2.32) 
4Z. he 





2c? «63h Bhe 
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Substituting (2.32) and (2.26) into (2.24) (and re- 
membering that 8=1/xT), one then has 


, 2we? 3h Ble 
jD= — — —A521A oa | XE 
Z.2(xT)' 4 he 


( i/ol3) i 
— 62? — Liew (Ly ple +]3) +3 (hile +hils+lels) 





(2.33 


In what follows, attention will be focussed principally 
in the imaginary component of j, i.e., the one 90° 
out of phase with the electric field. This quantity, after 
a little algebra, can be put into the form 


2 (Lylol3)* (Ly +-1e+/3) 





j= 


———— — —Y3.,A si(HXE) 
ZH«T) 4 he 


As contrasted with the real component, (2.34) attains 
a maximum when the /?’s are all in the neighborhood 
of w; this feature will be utilized in summing j;“”? over 
all possible 3-site configurations, an operation which 
is carried out immediately below. 

The principal variable involved in the summation 
are the mutual distances Ris, Riz, and Re3, between the 
three sites. These distances enter into (2.34) principally 
via their effect on the /’s, i.e., on the Ly; (via the 
dependence of the W;; on Rj). At this stage, rather 
than entering upon an evaluation of the W;;, as given 
by Eq. (113) of Appendix I, one may conveniently 
utilize an expression given by Pollak and Geballe* 
[their Eq. (13a) ], which they in turn obtain from the 
theory of Miller and Abrahams.* The quoted expression 
reads (in the notation of the present paper) 


Lij= ZC (Ris/a)te 286s, (2.35) 


where a is the radius of the donor wave function and 
C a numerical constant, which for silicon has the value 


C=1.65 X10"T sec (2.36) 


(T being expressed in degrees Kelvin'"). 

One has now to compute the occurrence-probability 
distribution of the R,; over all possible three-site 
configurations. Selecting, e.g., site 1 as a reference point, 
one may readily write down the probability, W (Ri2)dRis, 
that a second site (site 2) be so situated that its distance 
from the first lies between Ry. and Ry2+dRj2; it is 


W (Ri2)dRy2.=40N pRw*dRia, (2.37) 


where N p is the density of donor sites. 


17 It may be noted in passing that (2.35) incorporates the effect 
of mass-anisotropy of the conduction band of the host crystal; for 
the simple isotropic case actually considered in this paper, the 
factor (R;;/a)! would be replaced by a term proportional to 
(Ri;/a)*. The use of (2.35) is more appropriate for numerical 
estimation, in view of the fact that impurity conduction experi- 
ments have been carried out principally with Ge and Si samples. 

18 Strictly speaking, one should introduce the restriction 


wo 0°[3(L2+12 +12) + (tle tls)? +9 (ile +hilstlds)® 


(2.34) 





With respect to the third site, it is necessary to 
specify not only its distance, Rj;, from site 1, but also 
the angle 423, between Ri» and Rj;. One readily obtains 


W (R43,023)¢R 13d (cos0e3) =2rN pR43dR43d COSA3, 
which, by virtue of the relationship 


Ro? = Ry?+ Ri? —2Ri2Ri3 COSO23 (2.38) 


may be written as 


W (Ri3,Ro3)dR13dRo3 
=2mN p(RisRo3/Ri2)dRisdRo3. (2.39) 


Combining (2.39) with (2.37), one obtains the occur- 
rence distribution for all the R,;, namely, 


W (Ri2,R13,Re3)dR 12d RisdRos 


= 89 N p*?Ri2R13Ro3d Rod Ry 3dRo3. (2.40) 
Combining (2.40) with (2.35) and introducing the 
notation 

r.=R;; 


(2.41) 
(i.e., 73=Re3, r2=Ri3, r3=Ri2), one has for the occur- 
rence distribution of the /,=L,;, 


W (11,l2,13)dldlodl3 
= 822N pr wrorgdridredr3 
82° N p*a? 1—3a\— dl, dlp dls 
= rvan(——) — me, 
8 4r; ql; ls ls 


that no other site lie closer than Rj. This restriction would 
have the effect of multiplying (2.37) by the “‘exclusion” factor, 
exp(—4xNpR::*/3). In what follows, as in the work of Pollak and 
Geballe,* the distances of interest turn out to be rather smaller 
than the critical cutoff distance ~(3/4rNp)! at which the 
exponential factor becomes important. Physically, this means that 
the intersite distances of the configurations which provide the 
principal contribution to the current (both ordinary and Hall) 
are less than the average distance between donors; for such 
configurations, the likelihood of an additional site being still 
closer to either of the two (or three) already under consideration, 
is remote and may be ignored. 


(2.42) 
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where the product goes over the values 1=1, 2, 3, and where 7; is that value which satisfied (2.35), i.e., 


1=C(r,/a)§e?""/, 


Introducing (2.42) into (2.34), together with the transformations 


l= 


one has 


te*w! Sh Bie oD pO pW 


we ,?, 


‘; 


) = —_—_—— — —(HXE)8r'a'V p’ | W3_1A 32181) —— | 


Z.2(xT)' 4 he Jo Jo Jo 


1—3a/4r; 


(E+? + £3? )dé did; 
pene , (2.43) 
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where, in place of (2.35), one has 


wi 2/C = (r;/a)'e~**/*. (2.44) 


A considerable simplification is achieved by approxi- 
mating the r;’s in the factors, r;/(1—3a/4r,), by a 
single constant value, ro, which is given by (2.43) with 
each £7 set equal to unity, i.e., by the solution of the 
equation 


w/C= (r;/a)8e?/2, (2.45) 


This approximation is based (a) on the circumstance 
that the r,’s are rather slowly-varying (logarithmic) 


i 


detut? 3h olf 
E Z2XxcT4 he 


x x 4 


(EP+Ee+Es)dé die; 





functions of the &;, and (b) the anticipation that the 
main contributions to (2.43) will come from regions in 
which the &; are of the order of unity. 

In a similar spirit, the area factors Y%321 and A 32: will 
both be replaced by the area of the equilateral triangle 
whose three sides are equal to ro, as given by (2.45). 
Thus 


M501 —A 321 vV3are2 4. 


With these approximations, one then has for the 
magnitude of j,‘” 


V3rer\2 ro? 
Bi ) ised gt 


(1—3a/4r)' 
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In (2.47), 2=£2+£.2+ t and n;=£,/é are the direction 
cosines of the vector (£1,£,£3) in a Cartesian space; in 
the last equality the angle integration goes over the 
octant for which the n, are all positive. 

An approximate evaluation of the dimensionless 
quantity J is carried out in Appendix IV. The result 
is [cf. Eq. (IV8)], $20.62. Inserting this result into 
(2.46) and multiplying by the density of charge carriers 
[which may be taken equal to the minority (acceptor) 
concentration, V4 ], one obtains (as a lower limit) the 
following expression for the imaginary component of 

E Z.27(«T)* 


Hall conductivity 
V3r2 
(2) 
4 
eH re 


x— ——_—_—_—— Sr N pNa 4 
he (1—3a/4r0)* 
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dé 
(2.47) 


It is desirable to express this result in terms of a 
quantity analogous to the Hall angle. Because of the 
ready availability of a formula for the real part of the 
ordinary rf conductivity ¢,, namely, Eq. (15) of 
Pollak and Geballe,* which reads” 


2 4 
T e 70a 
¢,=—N,«Np— —~-, 
ow 


(2.55) 


where 


[as computed by Pollak and Geballe from equations 
equivalent to (2.45) and (2:36) of this paper] the 
“equivalent Hall angle’ will be defined as 


6,9) so,;“")/e,. (2.56) 


The arc-tangent term of the square-bracket of Pollak and 
Geballe’s Eq. (15) is herewith ignored, in accordance with the 
procedure of these authors. 
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Dividing (2.54) by (2.55), and setting Z,.=3, one has 
(with neglect terms ~a/ro) 


6; =9.80(N pa’ro) (h®axT B) an, (2.57) 
where 


ay =V3rPeH /4he (2.58) 


is the ‘“‘magnetic”’ phase shift associated with an equi- 
lateral triangular configuration (in which the three 
intersite distances are all equal to ro), and where the 
quantity B is given by (2.31). The latter relation is 
expediently simplified by the standard assumptions 
that (a) the lattice-vibration modes may be considered 
either as transverse or longitudinal, and (b) the longi- 
tudinal velocity is taken to be a constant, ¢;. Eq. (2.31) 
then reduces to 

B= E}*/mphic,’, (2.59) 
which, when substituted into (2.57), yields 


6,2) =9 80(N pa’ro) (hoxT E2/mp*c;*) bay. (2.60) 


An estimate of the numerical value of 6; as given 
by (2.60) will now be carried out for the case of 
phosphorus-doped silicon (under the conditions pre- 
vailing in the experiments of Pollak and Geballe’). 
Numerical values of the relevant parameters are taken 
as p=2.42 g/cm’, c,=9X10° cm/sec, E:=6 ev; donor 
wave-function radius a=20A (as quoted by Pollak 
and Geballe). The quantity 79 depends upon tempera- 
ture and frequency. At e.g., 10°K and w= 2 X105 sec™!, 
ro» 10a=2X10-* cm. For Np a representative value 
of 10'* cm will be used. Finally ay is set equal to” 3. 
With these values (2.60) gives 


6; =0.62 K10-*. (2.61) 


An alternate way of describing the magnitude of 
the Hail effect is in terms of the Hall mobility. In 
analogy with the dc case, let us define the ac Hall 
mobility—more specifically, its imaginary part— by 
the relation 


6; =p, H /c. (2.62) 


From (2.62), (2.60), and (2.58), one has 


pi =[9.80(N pa’ro*)v3e/4h | 
X (hoxTEY/aphic)®)'. (2.63) 
One may now compare (2.63) with the (real part of 
the) ac drift mobility [obtained by dividing (2.55) by 
eN , |, i.e., 
e roam 


wr. (2.64) 
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The ratio is 


wi = 5.15a/«T \ (howxTE\} 
le ass 
,?) ro \ hws \ aphicé 


2 This value corresponds to ro>=2K10~§ cm and H=20000 


gauss. 
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Using the numerical values given in the text previous 
to Eq. (2.61) for the various parameters, one finds 


pi /p,P) =191>>1. (2.66) 


It is thus seen that the Hall mobility is actually 
much larger than the drift mobility. This result appears 
to be characteristic of hopping-type conduction mecha- 
nisms in low-mobility materials, in which (as in the 
present paper) the dominant Hall-conductivity mecha- 
nism involves the interactions between three sites. In 
particular, the result u‘”?/u'”’>1 has been obtained! 
for small-polaron hopping conduction, in those cases 
wherein the crystallographic arrangement favors the 
three-site mechanism.”! 

Unfortunately, from the experimental point of view, 
the numerically favorable situation exhibited by (2.66) 
is rather illusory. In particular, even though the Hall 
field (specifically, its imaginary component) 


E® = (1/N sec) (4 /ur?)J OH (2.67) 
is large compared to the so-called “normal” value, 
J“H/N «ec, the resistivities of the materials under 
consideration are extremely large (~ 10° ohm cm) (cf. 
reference 4). What one is actually measuring is a 
change (due to the magnetic field) of the transverse 
conductivity, which, according to (2.62), is some 10-® 
times smaller than the ordinary conductivity and hence 
~10- ohm cm. Such conductivities are small 
indeed. 

It should however be remarked that the above 
numerical estimates of ordinary conductivity and Hall 
angle relate to conditions prevailing in an experiment 
(that of Pollak and Geballe*), which was not designed to 
measure Hall currents. It is to be hoped that the 
exploitation of a number of possibilities (such as more 
highly doped samples, and/or larger ac electric fields) 
may yield the sensitivity required for an experimental 
check of the theory. 


III. SIGN OF THE HALL COEFFICIENT 


In this section the sign of the Hall effect will be 
discussed. It should be remarked at the outset that 
the discussion will apply only to the case of large 
compensation, in which the number of electrons on 
donor sites is small compared to the total number of 
donors—this case, strictly speaking, is the one for 
which the theory has been developed. 

Referring back to the end of Sec. I, one sees [cf. 
(1.66) and (1.67)] that if, say, a three-site circuit 
i— j— k—T1is counterclockwise and if the component 
21 Such arrangements are characterized by the feature that 
each site has two nearest neighbors which are also nearest 
neighbors of each other (e.g., face-centered cubic). On the other 
hand, structures such as body-centered or simple cubic, in which 
a closed path connecting nearest-neighbor sites contains a minimal 
number of four sites, yield Hall mobilities which are considerably 
smaller than those provided by the three-site mechanism and 
which, for representative values of the parameters, are comparable 
in magnitude to the drift mobilities. 
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of the field parallel to the normal of the enclosed area 
is positive (i.e., H-%,;;>0), the sign of Py(i— k) 
coincides with that of W;,W j,W«;. If, as will be argued 
below, the W, are all negative, it follows that 
Py(i—k) is negative. Moreover, according to (1.66) 
and (1.68), Py(i— j)=—Pu(i—k) and is therefore 
positive. It is then clear that, in the presence of a 
magnetic field, P(i—>k) and P(i— j) decrease and 
increase, respectively, thereby providing a net flow of 
electrons from & to j. Since the nonmagnetic zeroth 
order electron current is, on the average, directed from 
i to some point between j and &, the Hall angle is 
negative, as might perhaps be expected for electrons. 

It remains to justify the above assertion that the 
W ;; are negative. The sign of a typical W ;; is determined 
by that of the “transfer potential” function w;,(r) 
[given by Eq. (1.12) ] in an ellipsoidal region containing 
the sites i and j, in which u(r—R,)u(r—R,) is maximal. 
The principal term in (1.12) is contained in the first 
parentheses; it is the one which appears in all overlap 
calculations, and is obviously negative in the intersite 
region. For the case of a hydrogenic ground-state 
wave function, its contribution to W;; is known to be 
—2é/«R;,Sj; [cf. H. Bethe, Handbuch der Physik 24, 1 
(1933), especially p. 539}. 

Turning now to the other terms in w,;(r), one notes 
that they each represent differences between the value 
of a potential function at r and an equally weighted 
average of its values at sites i and j. These differences 
will generally fluctuate in sign in such a way as to yield 
relatively small net contributions of the form 
(ye/«Ry)Sj and (y'e/«Ria)Sji, where Ria is the 
distance from site i to the nearest acceptor ion and 
where (as indicated by sample calculations) y and y’ 
may be expected to be small fractions of unity (apart 
from exceptional cases in which, e.g., the acceptor ion 
is abnormally close to one of the two donor sites under 
consideration). 

If the above (admittedly crude) estimate of the 
magnitudes of the different contributions to W,, be 
accepted (it may here be remarked that Miller and 
Abrahams’ discard the second and third terms in (1.12) 
entirely), it follows that W,, is negative ; from the above 
discussion, one then concludes that the Hall coefficient 
itself is negative. 


APPENDIX I 


orbital approximation 
three-site electronic 


In this appendix, the atomic 
to the eigenfunctions of the 
Hamiltonian, 


e 2 


H,=T+V.(r)— 


HOLSTEIN 


will be developed. The standard projection procedure 
consists in substituting the general atomic-orbital 
expression 


¥(r) = Coi(r) (12) 


into Schrédinger’s equation, multiplying on the left by 
a particular @$;, and integrating over r. Taking 
cognizance of the fact that the isolated donor functions, 
¢:, are solutions of the equations 


xir—R 


with Eq the negative of the donor ionization energy), 
one obtains the three equations (j=1, 2, 3) 


ES TiCi=>d; Hii, 


T 55=6 +S ji, 


Sy= (1-6, | ¢.% iv) 


A= EaT j:t+U; 9 


Jaw = Ead;(r) 


(14) 
where 
(15) 


(16) 
(17) 


. e 
U;= [+c] ve . 


K kei r— 


foour. (18) 


It is now expedient to multiply both sides of (I4) 
by the matrix 7,;~', inverse to 7 ;;; then, upon summing 
over the intermediate index /, 
approximation 


and going over to the 


1 ij'S61;—Si; (19) 


(applicable when the nonorthogonality integrals S,; 
are small compared to unity, as will here be assumed), 


one has 
(E— EC. =>E WWi- YS SiyV ile: 
i yl 


SS CU ui-SiVialCs (110) 


(the last approximate equality holding by virtue of the 
relative smallness of the terms, >) j.;.5.,,Wj;, which 
involve squares of overlap integrals). Equation (I10) 
may more conveniently be written in the form 

(E-—e)Ci= & SiC, (111) 
where 


€é;= Eat Ui 


lav, 


(112) 


=x | ¢;(r) | vale) : 


Aik  r— R, a 


and 
J = U5. —SjVig 


e 
= | e*@eo] vate > — je 
- k#i k' f— R, 


—S;U;; (113) 
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As in the treatment of Miller and Abrahams,’ it 
will here be assumed that the differences in the “local 
energies”, ¢;, are large compared to the “transfer 
energies” J;;. In this case (I11) may be solved by 
standard Rayleigh-Schrédinger perturbation theory. 
The result, to first order in J;;, is 


J ia 
C5 =biat -(1—6 ja). 


€a— €j 


(114) 


Inserting this result. into (12), one obtains for the 
eigenstates ¥. of H, the result 


Fi 
Ya= dat i a ’ 
xa €a—— &j 
or, more explicitly” 


J 21 I 31 
——$:+——, 
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(116c) 


It is now desirable to transform relation (113) for 
J; into a form which will be more useful for the 
extended treatment. Adding and subtracting the term 
(Uy+U,,;)/2 to the right-hand side and analyzing the 
first equality of (112), one has 


Ji | oi(noto] Ve ee ee Ss 


kx4i K r—R,; | 


Uist U3; i 
——— =}- (es— 


€;)Sj;/2. 
2 


(117) 


Further simplification is achieved by taking advantage 
of the fact that, in all cases of interest, the radii of the 
donor wave functions are small compared to intersite 
distances. Under such conditions, U’;; is well approxi- 
mated by the formula 


U; 
which, when inserted into (117), yields 
Jum | oblaeplQ)aV — (oe e)Su2 (119) 


2 The orthogonality (to first order in the J;;) of the y’s may be 
verified directly, if one takes account of the fact that the J;; are not 
Hermitian, but obey the relation J;;—Jj;* =Sijle—e;]. 
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where 


w;i(r) 


Vo(Ri)+V =) 


> 


Thi sthaantiblee ) (120) 
R,;—R, R;—R, 


APPENDIX II 


K r—R, 


In this appendix, the matrix elements of electron- 
lattice interaction 


(j| Hin |i) =E 1 [vst (r)n(py(r)dV (ITA) 


will be evaluated. From the form of n(r) given in Eq. 
(1.5), it is clear that (II1) consists of a superposition 
of matrix elements of the form 


t= [vr *eia Wid V. (112) 


Attention will therefore be focussed on these quantities. 

A guiding principle of the calculation is that, in 
view of the basic assumptions 

J 3i/\e—63|K1; S;<1, 

the nonvanishing terms of only the lowest order in the 
J;; and S;; need be retained. Thus, in the case of the 
diagonal matrix elements, A;;®, it is sufficient to 
approximate each ¥; by the corresponding ¢,;, so that 


Ay™= d;| "ed V, 


Following the procedure of Miller and Abrahams,’ one 
may in addition assume that the gq of interest obey the 
condition 


gna<< 1 


(113) 


(where a is the radius of a donor wave function); it 
then follows that 
Ay = eo Bi, (114) 

For the evaluation of the off-diagonal elements A ;;% 
it is necessary to go to the first order in J;; and Sj. 
Thus, one has, e.g., for 

J 12" 
Ag, =——eia R24. —___piaa Ri 

€1— €2 €o— €) 


+ | oste™-*6,aV. (115) 


oe 
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At this point, another approximation utilized by 
Miller and Abrahams will be introduced. It is, namely, 
that the distance between donor sites, |R,—R,;|, is 
large enough so that, for the g of interest, the condition 

g|R,—R,;|>1 (116) 
is obeyed. (Obviously, the condition can be satisfied 
for sufficiently low donor concentrations.) With the 
aid of (II6), one may show that the third term of 
(II5), namely, 


Ky_.™ = | o2*e™ ‘h.dV, 


is small compared to the others.” It will therefore be 
discarded in what follows. 
Introducing Eq. (1.23) into (IIS), one has 


Wo 
——T[eia ‘Re— pidr Ri |eien 
€1—~ €2 


Ay™ 


—$SqePm[eir R24 eiar-Bi), (117) 


In obtaining (117), use has been made of the 


relationships 

(18a) 
(II8b) 
(II8c) 
(118d) 


aij — Aji, 


85;= —Bji, 


which may, in turn, be verified directly from the text 
relations™ (1.24)-(1.29) (and which, incidently, must 
be valid in order that the y,; remain orthogonal in the 
presence of the magnetic field). The insertion of (II2) 


23 The reason is that the domain over which the magnitude of 

$2"; is of the order of its maximum value, is a prolate ellipsoid 
with minor axis ~(a|R:—R;,| )* and major axis ~|R,—R,| /2. 
Over this domain, the oscillations of the factor e*"* cause destruc- 
tive interference. 

* This verification is straightforward except for the aj;. In this 
case, it turns out that 0,;", as given by the text relation (1.26), 
is not equal to o;;“”. However, it will be noted that the difference 
between, say, 0;;"") and the obviously symmetrical quantity 


Pj =W x t fule—R, ye (r—R; [Se er 
é 1 é 


(ef. Eq. (1.20) of Appendix I] 
2 |r—-Bil  2le— By] Jur, 


which, in view of the symmetry of the donor functions, and of the 
term in square brackets, has the form 


Aoi?) =A Ri +Bj(R;—R,), 
where Ay=Aj; and B,;=B;; 
form it is seen that 
04 —94; = Ap — Api; 

=A 4 (Ri—R,;)+2B;;(R;—Ri)=Cji(R;—R, y 
which clearly makes no contribution to the triple scalar product in 
the text relation (1.25), which defines aj; 


is given by 


404) = Wy | u(r—R,)u(r—R, { 


are certain constants. With this 
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and the cyclic permutations of (II7) into the expression 


h ) 
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X (dA 6 — 


(j| Hint |i) =tE1 Do we 
r 


b*A 51) (119) 
yields the desired matrix elements of electron-lattice 
interaction. 


APPENDIX III 


In this appendix, the selection of those three-stage 
processes whose amplitudes are coherent with that 
of (1.54) will be carried out. This selection is governed 
by a number of conditions. One first notes (condition 1) 
that, since the final lattice state differs from the initial 
in that only a single phonon belonging to the A mode 
has been absorbed or emitted (V,.— N,\1), one of 
the three stages must involve this process, the other 
two must have to do with the absorption and re- 
emission (or emission and reabsorption) of phonons of 
another mode (Ny — Ny--F1—- --- > Ny-). 

Secondarily (condition 2), it is necessary that the 
energy of one of the two intermediate states coincide 
with (i.e., be contained in a continuum which overlaps) 
the energy of the initial state. This requirement is 
needed in order that the net zero-field phase difference 
of the two interfering amplitudes be +90° (as discussed 
in connection with the two-stage interferences [in 
particular in the text between Eqs. (1.45) and (1.46) }). 

Finally (condition 3), it is necessary [by virtue of 
inequality (1.48) ] that the “phonon” phase factors of 
the three-stage amplitudes coincide with one of those 
given by Eq. (1.54), ice., they must reduce to either 
ett Re or eta Ri These three conditions will now be 
used to select the relevant three-stage processes. 


A 


Let us begin by looking for those processes whose 
amplitudes are proportional to e+” -®*. Since the \ mode 
is (by condition 1) to be involved in only one stage, it 
is necessary that (in going from i to 7 to &) the A mode 
participate either in the transition j7—&, or in a 
“diagonal transition”, k-+k. The other stages, in 
particular diagonal transitions on either i or j, or 
transitions i—> 7, must “use” another \’ mode. 

The initial process could conceivably be diagonal 
(i, Ny. — i, Ny-1) giving rise to a phase factor 
e+i’ Ri Since this phase factor does not occur in the 
net three-stage amplitude, it would have to get elimi- 
nated in the next stage, which would hence be of the type 
(i, NyF1— 7, Ny), to be followed by (j,N,.—&, 
N,¥1). This possibility, however, would violate 
condition 2, in that the two successive intermediate 
states would have energies which differ from the initial 
by +4 and e;—«;, respectively. It then follows that 
the first stage must be of the form (4, Ny,» — j, Ny-¥1). 
Furthermore, from the phonon phase factor (e*#-*/ 
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—e*i Ri) in the matrix element [cf. text equation 
(1.39) ] only the first term, e**’-/, is to be retained. 
(The other phase-factor, e*’-®i, could never be 
cancelled out in the second or third stage, since site i 
will not participate in them.) 

Coming to the second stage, there are the two 
possibilities of a diagonal (j—> 7) or a nondiagonal 
(j — k) transition. These will be considered in sequence. 

(1) The diagonal (j— 7) transition cannot use the 
mode; by virtue of condition 1, which requires that 
this mode occur only once, its use must be reserved for 
the transition involving site k (so as to provide the phase 
factor e+‘ 8+). The diagonal transition must therefore 
be 

(j, Ny F1— j, Ny’). 


It then follows that for this case, the total sequence of 
transitions is 


(i, Ny, Nur > j, Na, NyF1— 7, Ma, 


Ny —e k, N,¥1, Ny). 


[One notes that the second intermediate state has the 
same lattice quantum numbers as the initial, so that 
it is necessarily virtual (with energy differing from the 
initial state by the amount, ¢;—e;). ] The amplitude for 
this three-stage process may now be written down, and 
is25 


(k, Nx¥1, Ny | T3™ | 2, 
= F3| Dy |?Dy@ 
WisW; 


ahem adiu- 


2) Let us now consider the remaining possibility 
for the second stage, namely a transition of the type 
(j, Ny F1— k, Ny-). The final stage is then necessarily 
diagonal, of the form*® (k, VN, — k, Ny=F1). The total 
sequence of transitions is thus 


(4, Ny, Ny: Jj, Na, Ny F1— k, Ny, 
Ny: ae k, N\\¥1, Ny, 


Ni¥1, Ny 


je* thi tai9) et igd ‘Rk 


——. (IIT1) 
€jthay +ihs) (€:— €;) 


the associated amplitude is 
(k, Ny¥1, Nar Ts | 4, 2 


= F,3| Dy. |2D, 


V\¥1, Vy.) 


WW jetertoes iqa ‘Re 


- ae eher~ailer csiliny +-ihs)(es—«s) 


25 In accordance with the above remarks, the relevant terms of 
the first, second, and third stages are those whose phonon phase 
factors are et 4a""Ri, et *4y"-Ri “and et 'an-Ra , Tespectively. 

26 An alternate order of phonon mode participation (for the 
second and third stages) such as 


(j, Nv Fl, My k, Ny Fl, NyF1 — k, Ny, NaF 1) 
would yield terms proportional to 
eta ‘Riet qa ‘Ry ot qa ‘Rij)gt qr Ry 


—, (II12) 


and hence incapable of interference with (1.54). 
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wherein the energy of the first intermediate state is 
[as in the case of (III1)] required to lie in the immediate 
vicinity of the initial energy, since that of the second 
intermediate state necessarily differs by the amount 
€x— &j. 


The superposition of (III1) and (III2) yields 
(k, Nx1, My | Ts |i, A 
= E}| Dy |2D, 


\¥1, Ny) 


W njW ji lhstelistail ‘Re 


(I113) 
(e:— €;)? ti inadl *anaate lies +ihs)’ 


wherein the superscript “‘(&)” is used to indicate the 
fact that the phonon phase factor is a function of the 
position R;. of the &th site. 


B 


Let us now consider the other contributing three- 
stage processes; according to the remarks at the 
beginning of this appendix, they must be such as to 
exhibit eventual proportionality to e**-®' (and to no 
other phonon phase factor). 

In order to realize the factor e+ ®*, it is necessary 
that the \ mode participate in either the first or second 
stages of the transition, since only factors of the form 
e+ia Ri or e+i9-Ré could be generated in the third stage. 
If the \ mode participates in the second stage, the 
transition must still involve the 7th site, i.e., hence, 
the first transition would have to be of the diagonal 
form (i, Vy’ — i, N\-F1), giving rise to the phase factor 
e+" Ri The required cancellation of this phase factor 
would have to occur in the next (second) transition, 
which would therefore have to be of the form 
(i, Ny. -F1— j, Ny) contrary to hypothesis. It there- 
fore follows that the \ mode must participate in the 
This stipulation still permits two choices, 
either diagonal (7, N\¥1) or nondiagonal 
(¢, N,— j, Na¥1); will now be considered in 
order. 

(1) With the first transition of the type (7, VY. i, 
N)¥1), the remaining two must be (in sequence) 
(4, Ny¥1, Ny = }; N)¥1, Ny ¥F1—k, Ny¥1, Ny:). 
Let us here observe that the first intermediate state is 
virtual ; in fact, from footnote 13, the associated energy 
denominator, /u, may be set equal to ¢,—e;. It then 
follows that the second energy denominator, 


Nj —- i, 
these 


€:— €jthayF hoy +ihs= €.— ej; thay: +ihs, 
must be of the “resonance” type, in which the 
continuum of intermediate energies overlaps the initial 
energy, thus requiring?’ 


ex— ejthon=0. (1114) 


27 The X’ mode is here obviously different from that participating 
in (III 3). As will be seen later, this difference is inconsequential, 
since the two types of amplitudes will never interfere. 
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The net amplitude of the above described three-stage 
transition may now be written down, and is 


(k, N,¥1, Ny: T; i, Ny, Ny) 
== —E; Dy |? DG 


W 4 jW je8* +aji) ptiqa ‘Ry 


(e:— €;) (€;— ex) (ex — 1) (a — egtcfhen-+iks) 
(IIIS) 


(2) Assuming the first transition to be of the non- 
diagonal type (i, N.— j, Na 1), one must then take 
the second transition to be diagonal. Otherwise, one 
would have (i, Ny, Ny. — j, Na¥1, Ny > Rk, Ny-¥1, 
Ny ¥1— k, N\¥1, N)-) in which, by virtue of footnote 
13 (and the basic presumptions ¢;+* ¢;~ €), both energy 
denominators are nonvanishing. One is thus left with 


(i, Ny, Ny j, NF1, Nye ji, MFI, 
Ny -¥1 —+ k, N,¥1, N°), 


in which the energy denominator of the second inter- 
mediate state, namely, 


€:— €j thon they: + ths = — esha + ths 
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is of the resonance form, as long as (III4) is satisfied. 
The net amplitude for this transition is 


(k, Ny 1, Ny | T3|4, Na, Ny) 
= E}*| Dy. |2D, 

W aj W 5:e*titii etion Ri 

x— a 


(€:— €;) (€;— €x) (ex— €;) (ex — egkctien 4th) 
(IIT6) 


wherein use has been made of footnote 13 in rewriting 
the first energy denominator. The superposition of 
(IIIS) and (III6) yields 


(k, Ny 1, Ny! T3 | a, Ny,Ny’) 
= —E;| Dy, |*D,> 


W aj W je ceitoit) et ian -Ri 





(117) 
(€:— €) (€;— ex)? (€x— €; Men +ihs) 


wherein the superscript ‘(i)’ has been used on the 
left-hand side to denote the fact that the phonon- 
dependent factor, e*”-®‘, depends on the location of 
the ith site. 


APPENDIX IV 


In this appendix the dimensionless quantity, 


-® 


j= {anf ———— ________. 
/ octant /0 1+£84(1+3(my!+n24+n5*) ]+9£9(nen2+nenge+nen?)? 


edé 


(IV1) 


given by the last equality of (2.47) will be evaluated. Here, as pointed out in the text subsequent to (2.47), the 
ni= &\/& are direction cosines in a Cartesian space, and #=£,?+ £,?+ €,2. 
The integration over £ may first be performed; the result is 


1 1 





Ah ~~ (1+6+[8(6—1)})#+(14+6—[8(6—1) 8 


where 


b=3 (n+ not+n3'). (IV2) 


The integrand of the expression for 9 can be simplified 
considerably by use of the algebraic relations 
{1+5+[8(b—1) }*}! 
+{1+5b—[8(b—1) }}}!=8!, 
{1+5+[8(b—1) }§}#+{1+6—[8(6—1)}}}! 
= 24(2!+ (3—b)#}! (IV3b) 


(each of which is readily verified by squaring both sides 
of the relation in question). One obtains 


(IV3a) 


T 1 
j= | | fo, (IV4) 
(4)23 J cotante (3—b)* [24+ (3—5)*}! 


1 
{1+5+[8(b—1)]}#}#+(1+6—[8(b—1) 14}! 


which, from (IV2) and use of the relation 
1—n?+n2+n? 


may be written as 


T 1 
ae 
(8)34 octant [nyne+nyne+nyn;? |} 
dQ 
x -, 
[1+3(nen2+nene+nin;?)! |! 





(IVS) 


At this point, the approximation of replacing the 
quantity, [1+33(nn2+n2n+n/n;)*}* by its maxi- 
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mum, namely 2!, will be introduced. One then has 


JZ Im= 





7 | dQ 
8(6)* J octane [rt1?ms?-+-n:2ns?-+-n2n;? }} 


(IV6) 


| w/2 [" 
8(6)' Jo Jo [cos’6+} sin’é sin?2¢]!" 


where @ and @ are polar and azimuthal angles, 
respectively. 
The integration over 9 now gives 


J = 
om 


- x/2 
= K((1—} sin*y)! ]dy, (IV7) 
8(6)4 Jo 


where y= 29, and where 


na/2 dé 
Ka= | sciahi eae 
Jo (1—k? sin’)! 


is a standard elliptic integral. 


IMPURITY 
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To proceed further, it is useful to express K(k) as a 
series in ascending powers of the argument 


k’= (1—&?)!=3 siny. 


One has (cf. Jahncke and Emde, Tables of Functions, 
(Dover Publications, Inc., New York, 1945) p. 73. 


4 |n(4/k’)—1 
K(k) =In—+— k” 
k’ 4 
g 
+—(In4/k’—7/6)k4+---, 
64 


which, upon insertion into (IV7), yields to a sufficient 
degree of accuracy*® 


9 


T° 1 
Sn=—— | int6+ 


16 
In |-o70 (IV8) 
16(6)! 32 @ 


28 The contribution of the third term of the series is left out. 
This omission again minimizes the result. 
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The rigorous methods of micromagnetics have been used to calculate nucleation fields and corresponding 
incipient-domain widths for a ferromagnetic film or plate with the applied field along its faces and with a 
direction of easy magnetization perpendicular to them. The calculation requires finding the largest zero of a 
fourth-order determinant whose elements depend on the roots of a cubic equation, and then maximizing the 
result by trial-and-error variation of the parameters that determine the period and direction of the sinusoidal! 
oscillation in the plane of the film. The calculation was therefore programmed for an electronic digital 
computer; and to narrow the area of search for zeros, preliminary calculations were done by use of two 
types of approximation, one of which set an upper and the other a lower limit to the correct zero. The 
results show that Muller’s approximate method of solving the same problem is satisfactory in the range 
of parameters for which it was designed. Experimental data of Huber and Smith agree satisfactorily with 


the theory. 


1, INTRODUCTION 


IGOROUS calculations in micromagnetics'* en- 
counter two obstacles. The first is that the general 
equations are nonlinear. This obstacle is not present 
when attention is concentrated on the determination of 
the nucleation field (defined as the value to which the 
applied field must be decreased in order that an initial 
uniform magnetization may become unstable). The 
second obstacle is the importance of “imperfections,” 
be they of geometry, of structure, or of homogeneity. 
The easy nucleation-field calculations relate to ideal 
specimens, difficult to realize experimentally; the easy 
experiments involve specimens subject to unknown 
random perturbations, difficult to include in the theory. 
An exception is the single-domain (or almost single- 
domain) particle; here imperfections apparently play a 
minor role, and nucleation-field theory and experiment 
agree satisfactorily.** In bulk material the difficulties 
mentioned have not yet been surmounted. 

The calculation to be presented relates to another 
case in which we expect the effect of imperfections on 
the nucleation field to be minor. This is the case of a 
film with a direction of easy magnetization perpendic- 
ular to the film faces, and with the applied field parallel 
to them. Some experimental data® have been taken on 
such films. In contrast to the usual films, where an easy 
direction is parallel to the faces and the nucleation field 
is negative, here the nucleation field is positive and may 
be quite large; it should therefore be comparatively 
insensitive to imperfections.*® 


* This work was assisted by a grant from the National Science 
Foundation. 

1 W. F. Brown, Jr., J. Appl. Phys. 30, 62S-69S (1959). 

? A. Aharoni, J. Appl. Phys. 30, 70S-78S (1959) 

*W. F. Brown, Jr., Phys. Rev. 105, 1479-1482 (1957). 

*E. H. Frei, S. Shtrikman, and D. Treves, Phys. Rev. 106, 
446-455 (1957). 

5 E. E. Huber, Jr., and D. O. Smith, J. Appl. Phys. 30, 267S 
-269S (1959). 

* Additional calculations were originally planned. After the film, 
other geometries were to be investigated, by modification of parts 
of the digital-computer program; and after determination of the 
nucleation field, the subsequent nonlinear process was to be 
investigated. It proved impossible to carry out these plans because 


2. GENERAL THEORY 


The theory* when applied to a film takes the follow- 
ing form. We take the film surfaces in xz planes at 
y=), and the applied field Ho along the z axis. The z 
axis is assumed to be a direction of (not necessarily 
stable) equilibrium of the anisotropy forces by them- 
selves. 

Starting with a large Ho, we decrease Hy. At any 
value of Ho, we consider the possibility of a small 
deviation (a,8) from the original uniform magnetization 
along z; here a and @ are the x and y direction cosines of 
the spontaneous magnetization M,. The free energy 
associated with such a deviation is, to the second order 
in a and 8, 


W=AC | [(Va)'+(V8)"r 
+ [ (ena?+2¢us08-+ g8°)dr 


[ h’dr, (1) 


1 
+3H\M, [ ee+ear + 


po 


in the notation of reference 3 (except that J, is now 
written M,). The four terms are, in order, the exchange, 
anisotropy, external magnetic, and internal magnetic 
energies. The first three integrals extend over the volume 
of the specimen, which must be supposed finite until the 
later variational procedures have been completed. The 
internal magnetizing force h=hit+h,j+hk=—VU 
must be computed from the transverse magnetization, 
the available computer, unlike that used in previously reported 
calculations [W. F. Brown, Jr., J. Appl. Phys. 29, 470-471 (1958) ], 
was not provided with flexible symbolic-programming routines or 
with fast input-output devices. Programming even of the calcula- 
tion reported here proved almost prohibitively laborious and time- 
consuming; transformation to a structurally similar program, 
differing only in the particular mathematical functions used, would 
have been almost as laborious as the writing of the original 
program; and attempting any calculations beyond those reported 
was out of the question with the time, funds, and staff available. 
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M u=M,(ai+j), by the methods of potential theory. 
In the numerical calculations to be discussed, gi1= gi2 
=0 and go2.= —g, with g>0. 

If W is positive for all vector functions u(x,y,z), the 
original state is stable. This is certainly the case if Ho is 
so large that the quadratic form }(gi.+M,.Ho)a*+g1208 
+43(g22+M ,H)8 is positive definite; for the exchange 
and internal magnetic terms in W are non-negative. In 
the special case under consideration, this sufficient 
condition for stability is satisfied if M,Ho>g. 

If W is negative for some vector function u, the 
original state is unstable with respect to a deviation of 
the form u. This is certainly the case if Ho is sufficiently 
small (algebraically). For corresponding to any partic- 
ular function u, there is a critical value of Ho, say H., 
for which W=0; and if Hy<H., this particular u makes 
W negative. From Eq. (1), 


M.H.= | —iC | [(Va)?+ (08)? ]dr 


1 
= ; [ Ceue?++2¢1:08-+ 42 Mr 


1 i+- 
_—— [ wear] /| [ te+enar|, (2) 
Sr. me 


space 


Our problem is to maximize H, with respect to the 
vector function u, i.e., with respect to the scalar func- 
tions a and §; the value thus obtained is the value of 
Hy at which the original uniform state becomes un- 
stable, and the corresponding functions a and # de- 
scribe the initial deviation from uniform magnetization 
(either a uniform rotation or an incipient domain 
structure). 

Standard variational procedures lead to the following 
pair of linear partial differential equations in the 
region inside the film, together with the boundary 
conditions da/dn=0d8/dn=0 on the surface: 


—CV'at (gu—M.Ho)at+gi8+M,0U/dx=0, (3) 
~CVB+g120+(g2—M.H)8+M,.aU/ay=0. (4) 


These differential equations also involve the magneto- 
static potential U, which is related to a and 8 by Pois- 
son’s equation V?U =44M ,V-u. The potential U’ in the 
external region satisfies Laplace’s equation; there are 
the usual two boundary conditions of potential theory 
at the surface and the usual finiteness conditions at 
infinity. One solution of this system of equations is 
a=B=0, VU=VU'=0; and if M,Ho>g (more gener- 
ally, if Ho is so large that the quadratic form mentioned 
above is positive definite), this solution is unique. 
Nonvanishing solutions in general exist only when Ho 
has one of a set of characteristic values or eigenvalues ; 
our problem is to find the largest of these eigenvalues. 

For the film, we may now allow the « and z dimen- 
sions to become infinite. We may then assume a depen- 
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dence on x and z through a factor e'“?*”*’, The partial 
differential equations thereupon reduce to second-order 
ordinary differential equations in y. For any given A 
and y, solutions exist only for certain discrete values of 
Hy; but \ and v may have any real values. Our problem 
is to find the largest eigenvalue of Ho» as a function of 
\ and », and then to maximize it with respect to A and »p. 

To solve the differential equations of the internal 
region, we may assume a dependence on y through a 
factor e¥; then 


az AetArtertre a B= Bei Qrteutrz ; 


U=C'eirtartes) ©) 
The constant » need not be real. The three differential 
equations reduce to three homogeneous linear equations 
in A, B, and C’; permissible values of u are found by set- 
ting the determinant of the system equal to zero. This 
gives, in general, a cubic equation in yw? and therefore 
six values of w: u41,-M@2, Ms, —M1, —M2, —u3. The general 
solution for U’ in the internal region is then of the form 


U=>o (Ciretiv+-C je iviv et Ort) ; (6) 
?=1 


the constant coefficients that appear in the equations 
for a and 8 can be expressed in terms of the C’s. The 
solution in the external region y>b is of the form 


U’= Dt exp[— (A°+*)!y+i(Axt+vz)]; (6a) 
in the external region y<—8, y is replaced by —y and 
D* by another constant D~. Thus there are eight con- 
stants to be evaluated by use of the four boundary 
conditions at y=+6 and of the four at y=—d. The 
resulting system of eight linear homogeneous equations 
has a solution only if its determinant vanishes; this 
gives the secular equation that determines the per- 
missible values of Ho for given A and ». 

The problem is considerably simplified by noticing 
that the solutions can be classified into two groups: 
solutions for which U is even in y (then a is even and 
8 odd), and solutions for which U’ is odd in y (then a is 
odd and 8 even). Separate treatment of even and odd 
solutions halves the number of constants and boundary 
conditions involved. The secular equation in each case 
is obtained by setting a fourth-order determinant equal 
to zero; it involves trigonometric functions whose 
arguments must be presumed, in general, to be complex. 

A particular problem is specified by giving the values 
of C, M,, and g (properties of the material) and the 
value of the half-thickness 6 (property of the specimen). 
By going over to dimensionless quantities, the number 
of parameters necessary to specify a problem is reduced 
to two: p=49n7M20°/C and g=gb?/C. When values of 
these two parameters have been given, the problem is: 
For given /(=\d) and n(=vb), find the largest eigen- 
value of h(=H»oM,0°/C, the dimensionless applied 
field) ; then maximize this / with respect to/ and n. The 
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numerical procedure for finding the eigenvalue, for 
given / and m, must consist essentially in computing 
A(A), the determinant which is to vanish, as a function 
of 4 over a sufficient range of values to locate the largest 
zero. For each /, the computation of A(/) requires first 
solving the cubic equation to find the permissible values 
m;, M2, and m; of m(=wub), then substituting these in 
the formula for A(z). 

The solutions of interest turn out to be those with U 
odd in y. In dimensionless form, the cubic equation is 


(m?+ n?) (m?— s*) (m?—s*?+9) 
+pm?(m?— s°+-9)+pP(m*?—s*)=0, (7) 
where’ 
S=9—h—>0, F=L+n?. (8) 


The determinant A(/) has elements Aj; (i, j7=1 to 4), 
where for 7=1 to 3 


Ay;=sinm;, 
Ao, = (m?Z—s°+p)m;(cosm,)/(m?—s?*), 
A3j= m?(sinm;)/(m?—s*), 
Ayj= m;(cosm;)/ ( m?—s*+9), 
and where 


Au=1, Aau= —7, Azs= Agg=0. (13) 


The procedure outlined is laborious, time-consuming, 
and costly. Therefore it seemed desirable to find pre- 
liminary calculation procedures that would locate the 
solutions approximately, and that preferably would 
place them between definite upper and lower limits. 


3. APPROXIMATIONS 


If the maximization of H, as given by Eq. (2) is 
performed under an additional constraint, the nucle- 
ation field so obtained will be equal to or less than the 
correct value. If, on the other hand, it is performed 
after a nonpositive term has been dropped from the 


Taste I. Overconstrained solutions for film with 
gu =g12=0, goo =—g<0. 


a=0, 38/ay=0 
n g—h 


0.327 0.8409 
0.518 1.514 
10 1.20 5.229 
20 ' 8.555 
100 ‘ 25.60 
200 40.70 
1000 119.1 
2000 189.0 





0.8409 
1.5135 
5.1964 
8.3971 
23.200 
34.802 
85.286 
123.86 


0.3272 
0.5178 
1.2128 
1.6364 
2.9860 
3.7609 
6.1471 
7.4798 





7 Physically, the inequality given in (8) states that there are no 
solutions sinusoidal in x and z for M,Hy>>g—C(d*?+*). To prove 
it, assume such sinusoidality in Eq. (1) and repeat the argument 
previously used to show that there are no solutions for M,/] >zg. 
The integrations are now extended over the film thickness and 
over an integral number of periods along x and z. 
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TABLE II. Underconstrained solution for film with 


h g—h 


0.76110 
0.90969 


0.23890 
0.09031 
<0 


~ 0.40068 
0.54763 


0.82446 
1.33640 


1.17554 
0.66360 
<0 


0.35010 
0.58241 


0.834 
1.43156 
9.51654 


2.166 
1.56844 
0.48346 


0.55929 
0.94143 


0.33404 
0.53955 


1.10221 


0.83633 
1.47596 
3.44180 


0.33082 
0.52814 
1.20711 


0.83882 
1.49777 
4.38268 


9.16118 
8.50223 
5.61732 


0.32925 
0.52312 
1.22313 


19.16009 
18.49375 
15.16750 


0.83991 
1.50625 
4.83250 


0.32808 
0.51948 
1.21894 


99.15929 
98.48785 
94.86850 


right member, the nucleation field so obtained will be 
equal to or greater than the correct value. Approximate 
solutions obtained by these two methods may be 
called overconstrained and underconstrained solutions, 
respectively. 

A number of such approximate solutions may be 
found, but not all are useful. For instance, if 8 is con- 
strained to be zero, the resulting problem is easily 
solved, but all the nucleation fields so obtained are 
negative; this solution is too severely overconstrained 
to be useful. 

The double constraint a=0, 08/dy=0 leads to a 
problem that requires only solution of the potential 
problem and evaluation of the average magnetizing 
force through the thickness of the film. The single 
constraint a=0 leads to a problem similar to the rigor- 
ous one except that only a quadratic equation has to be 
solved, instead of a cubic; in this approximation, the 
parameters / and m occur only in the combination 
n° =P+n?, and the eigenvalues of g—/ are independent 
of g. Thus this approximation requires specification of 
fewer parameters than does the rigorous calculation. 
Calculations were made of both of these overconstrained 
solutions; the results of the two (with, for the second, 
U odd and £ even in y) agree quite closely with each 
other until p becomes very large, i.e., until the exchange 
forces become very small. Representative results are 
given in Table I. 

Dropping of the nonpositive term in (Va)? in Eq. (2) 
leads to another problem that requires only a quadratic 
equation; in this case, however, unless /=0, g and the 
value of / (as well as the value of 7) enter explicitly. For 





RIGOROUS CALCULATION 


TaBLe III, Rigorous solutions for film with 
gu=gi2=0, go2=—g<0. 











n(=)) h g—h 





0.33694 0.16595 
<0 


0.83405 


0.33451 


1.16411 0.83589 
0.53668 1.47 


0.52609 47391 
<0 


0.83928 
1.50170 
4.65255 
6.46041 


0.84005 
1.50727 
4.90282 
7.25341 
11.91732 


0.32961 
0.52482 
1.18961 
1.45142 


9.16072 
8.49831 
5.34745 
3.53959 


0.32905 
0.52242 
1.21193 
1.56624 
2.04740 


19.15995 
18.49273 
15.09718 
12.74659 

8.08268 


0.32753 
0.51864 
1.21386 
1.62949 
2.72636 
3.09995 
3.51827 
3.58080 


0.84073 
1.51221 
5.13444 
8.13589 
18.70122 
23.26173 
29.27961 
30.28594 


99.15927 
98.48779 
94.86556 
91.86411 
81.29878 
76.73827 
70.72039 
69.71406 


200 1.63417 
3.38437 


191.73545 
172.59086 


8.26455 
27.40914 


22.61912 
64.55237 


1000 2.96277 


5.41001 


977.38088 
935.44763 


3.72236 
6.55185 


33.82000 
92.62000 


2000 1966.18 


1907.38 








l=0, this underconstrained solution coincides with the 
overconstrained solution a=0. This fact implies (as is 
easily verified directly) that for /=0, the rigorous solu- 
tion coincides with these, and the cubic equation re- 
duces to a quadratic. Results of calculations of this 
underconstrained solution are given in Table II. From 
physical considerations one expects (and the numerical 
results confirm) that when g is large, this undercon- 
strained solution and the overconstrained solution a=0 
will agree well; but that when @ is of order unity or less, 
they will differ considerably. 

The over- and underconstrained solutions were first 
explored by hand calculation and then programmed 
for the computer (a Remington-Rand Univac Scientific, 
model 1103). 

The rigorous calculation was then programmed. In 
it, selection of parameter values and of starting values 
was guided by the previous results of the approximate 
methods. 


4. NUMERICAL RESULTS 


Results by the overconstrained solutions are tabu- 
lated in Table I, by the underconstrained solution in 
Table II, and by the rigorous solution in Tables III and 
IV. The rigorous results of Table ITI are also plotted in 
Figs. 1 and 2. As was predicted, the overconstrained 
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and underconstrained values of # bracket the rigorous 
values, for given p and 9g. 

Muller® has studied this problem, but with emphasis 
on a thick slab rather than a film, and with approxi- 
mations appropriate to that case. To obtain dimension- 
less quantities, he uses the magnetic energy-density 
parameter M,? rather than the exchange energy-density 
parameter C/&* as denominator, and he assumes that 
the latter is relatively small. Table V shows a compar- 


TaBLeE IV. Calculated values of 4/p as a function of p? at 
constant g/p. (Values marked * are from Table III; the rest 
were calculated independently.) 





n(=)) 


1.585 
2.136 
2.477 
2.939 
3.638 


9/p p} h h/p 


100.00 0.096 0.0000096 
141.42 5.9827 0.0002991 
173.21 12.825 0.0004275 
223.61 27.818 0.0005564 
316.23 68.619 0.0006862 





0.001 


1.587 
2.136 
2.477 
2.938 
= 3.65 


0,0000226 
0.0006002 
0.0008564 
0.0011136 
0.0013730 


70.711 
100.00 
122.48 
158.11 
223.61 


0.1130 

6.0018 
12.846 
27.841 
68.652 


0.002 


1.592 
2.136 
2.476 
2.936 
3.633 


0.000076 
0.001512 
0.002150 
0.002790 
0.003436 


44.721 

63.246 

77.460 
100.00 
141.42 


0.1522 

6.0495 
12.898 
27.901 
68.721 


1.597 
2.136 
2.473 
2.931 
3.627 


0.000207 
0.003059 
0.004326 
0.005599 
0.006884 


0.2067 

6.1188 
12.977 
27.994 
68.839 


31.623 
44.721 
54.772 
70.711 
100.00 


1.604 
2.134 
2.456 
2.922 
3.614 


0.3030 

6.2449 
13.122 
28.169 
69.067 


0.000606 
0.006245 
0.008748 
0.011268 
0.013813 


22.361 
31.623 
38.730 
50.000 
70.711 
0.002812 1.618 
0.016474 
0.022542 
0.028660 
0.034857 


14.142 
20.000 
24.495 
31.623 
*44.721 


0.5624 

6.5895 
13.525 
28.660 
69.714 


0.009661 
0.035598 
0.047152 
0.058836 
0.070720 


10.000 
14.142 
17.321 
22.361 
*31.623 


0.9661 
7.1195 
14.1456 
29.4182 
70.7204 


0.034434 
0.080827 
0.101769 
0.123129 
0.145052 


7.0711 
*10.0000 
12.2475 
15.8114 
22.3607 


1.7217 
8.0827 
15.2653 
30.7823 
72.5261 


0.07304 
0.17698 
0.25913 
0.29838 
0.33978 
0.38369 


3.1623 
*4.4721 
6.3246 
7.7460 
10.0000 
*14.1421 


0.7304 
3.5396 
10.3652 
17.9025 
33.9784 
76.7383 





§M. W. Muller, Phys. Rev. 122, 1485-1489 (1961). 
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Fic. 1. Calculated values of reduced nucleation field 
h=H oM,?/C as a function of reduced magnetic energy 
p=4rM 7b*/C, for various values of reduced anisotropy energy 
g=gb?/C (C=exchange constant, b=half thickness, M,=spon- 
taneous magnetization, g=anisotropy constant, Hy»=applied field 
intensity at nucleation). Nucleation field has been maximized with 
respect to wave number and orientation of incipient domain 
structure. From Table III. Reduced wave number (n/27) increases 
from left to right along each curve. 


ison of the rigorous values with the approximate values 
calculated with Muller’s formula. 

For the overconstrained and underconstrained solu- 
tions the function 8(y) (with the factor e'®****) omitted) 
was calculated in some cases; it showed no sudden 
changes or other unusual features. For the rigorous 
solution, this calculation was not programmed for lack 
of time and manpower. The variation of 8 in the xz 
plane, in this incipient domain structure characteristic 
of nucleation, is sinusoidal; the more abrupt changes 
characteristic of a fully developed domain structure 
evidently depend in an essential way on the nonlinearity 
of the later stages of magnetization reversal. 

For given 9, p, and n, the maximum nucleation field 
occurs at =n, n=O over the range of parameters ex- 
plored. Physically this means that the incipient domain 
walls are parallel to the applied field. Examination of 
Eq. (2) shows that only the term containing h’ is 
sensitive to the angle 6=tan-'(//m) and that the 
orientation @=72/2 is favored if |hg|>>|h.|, where hg is 
the part of h due to 8 and h, the part due to a. In the 
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TABLE V. Test of Muller’s approximation. 











Rigorous Approximate 
0.09130 
0.32936 
4.47584 
11.50888 
79.1204 

169.88 

931.02 

1901.89 
4.16637 
76.61758 
0.36899 
12.58416 


81.29878 
172.59086 
935.44763 

1907.38 
3.53959 
76.73822 
1.16411 
15.09718 


range g>O explored, the anisotropy favors a relatively 
large 8 and therefore a relatively large hy. 


5. COMPARISON WITH EXPERIMENT 


It is possible to compare the predictions of the theory 
with a few experimental values of nucleation field given 
in Fig. 2 of Huber and Smith.® In the experiments, the 
thickness 26 was varied, and the nucleation field Hy (H, 
in Huber and Smith’s notation) was observed; pre- 
sumably the film properties, including the anisotropy 
constant g, remained constant during the variation of 
thickness. In terms of our dimensionless quantities, the 
experiment measures //p as a function of p! at constant 
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Fic. 2. Values of n(n/2x=reduced wave number = wave 
number Xhalf thickness) corresponding to the reduced nucleation 
fields shown in Fig. 1. 
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Fic. 3. Theoretical values of #/p=H»/44M, as a function of 
pt=2bM,(x/C)* for several values of 9/p=g/4xrM,*. The calcu 
lated points (circles) have been connected by curves. The crosses 
are experimental points of Huber and Smith, reference 5. 





G/p; for 
h/p=Ho/4eM,, p'=26M,(xr/C)}, 
(14) 
G/p=g/44rM -. 

Table IV gives values of h/p vs p' for various values 
of g/p. Some of these sets of values are plotted in Fig. 3. 
Also plotted are experimental points of Huber and 
Smith; these have been converted by taking 4rM, 
= 9.2 10* gauss, C=3X10~-* erg cm“ (C is twice the 
exchange constant A used by some authors). Agreement 
of experiment with theory is not expected at small or 
negative nucleation fields because of the tendency of 
imperfections to nucleate domains. The observed posi- 
tive nucleation fields agree reasonably well with the 
theoretical curve for 9/p=0.05 and deviate widely from 
the curves for 9/p=0.02 and 0.10. From g/p=0.05 we 
get g=3.4X 10° erg cm™*. 

Huber and Smith attribute the anisotropy to tension 
isotropic in the xz plane. For simplicity we assume, in 
the usual elastic notation, ezz=e,,=const=e, Y,=0; 
then the magnetostrictive contribution to the anisotropy 
energy is of the form const+ Be6?, where B is the same 
as the B of Huber and Smith. Therefore Be=—}g 

= —1.7X10° erg cm~*. The estimate of | Be| given by 
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Huber and Smith, and based on direct observation of 
the strain, is 10‘ to 10° ergcm™*. The agreement is 
satisfactory. 

By the Bitter pattern technique, Huber and Smith 
obtained a clearly developed domain structure in a 
field perpendicular to the film, but only a mottled 
appearance when the field remained parallel to the 
faces. This qualitative observation is consistent with 
the theory, which predicts a sinusoidal variation with a 
period of order 10-5 cm, about a thousandth the width 
of the domains observed in a perpendicular field. 

Kaczér and Gemperle® have observed domain struc- 
tures in magnetoplumbite after application of fields at 
various angles to the specimen surface, which is a basal 
plane and is normal to a direction of minimum uniaxial 
crystalline anisotropy energy. The present theory 
should be capable of predicting nucleation-field inten- 
sities and incipient-domain widths in such experiments. 
The published data include neither but do include 
detailed observations on the fully developed domain 
structure characteristic of the remanent state. Unfortu- 
nately, the values of p (10* to 10") lie in a range in which 
the computer routines gave large-number overflow 
alarms. Muller’s approximations, however, should be 
usable in this range. Calculations by this method and 
by rough extrapolation of the rigorous numerical re- 
sults both give domain widths that agree in order of 
magnitude with those observed. Observations of nucle- 
ation fields and of the structure at the instant of nucle- 
ation would provide a direct test of the theory. 


6. CONCLUDING REMARKS 


Micromagnetics can be important in two ways. 
First, it can produce some rigorous results that are of 
interest in themselves; I hope that the present results 
will be of some interest as further relevant film and 
plate data are obtained. Second, it can provide syste- 
matic methods of obtaining and assessing approximate 
calculation methods. The latter function may well be 
the more important of the two. In this respect, the 
method of overconstrained and underconstrained solu- 
tions, illustrated above for the film, may have general 
usefulness. No great originality is claimed for this; it 
goes back at least to Rayleigh. But it seems not to have 
been applied consciously and systematically in this 
field. Such systematic procedures should lead to more 
reliable approximations, and to more reliable estimates 
of their reliability, than can be achieved by the rather 
haphazard procedures of present domain theory. 
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Ceramics of Ca,Ba;_-TiO; and CazSri_zTiO; have been prepared and their dielectric and structural 
properties investigated. Firing conditions were adjusted to obtain sharp x-ray back reflections. The Curie 
point of Ca,Ba,_,TiO; increases with Ca concentration up to 136°C for x=0.08, and then decreases. Both the 
tetragonal-orthorhombic and the orthorhombic-rhombohedral transition points of Ca,Ba,_,:TiO; decrease 
monotonically with increasing Ca concentration. CazSr:;_zTiO; solid solutions with 0.01¢ x¢ 0.10 are 
ferroelectric at very low temperatures. SrTiO; assumes a tetragonal structure below about 80°K. 


IELECTRIC and structural properties of Ca, 
Ba,_zTiO; have been reported by several workers 
who found that Ca addition to BaTiO; causes a negli- 
gible change' or only a slight decrease of the Curie point.? 
This effect is somewhat puzzling, since in Sr,Ba,_ ,TiO; 
increasing Sr concentration decreases the Curie point 
systematically to 90°K, as observed by others,’ and to 
8°K as measured in this laboratory. This action is 
usually ascribed to the small ionic size of Sr’*. Any in- 
crease of Sr concentration causes a decrease of the unit 
cell volume, thereby lowering the Curie point in the 
same manner as the hydrostatic pressure.‘ 

This reasoning, however, cannot be extended to 
Pb,Ba,_zTiO;. Although Pb** has a smaller ionic radius 
than Ba**, the Curie point of (Pb,Ba)TiO; increases 
with Pb concentration.’ The usual explanation is that 
Pb**+ has a very much larger electronic polarizability 
than Ba** or Sr**; this polarizability intensifies the 
interactions between the Ti ions and thus raises the 
Curie point. 

These explanations, however, encounter another con- 
tradiction for Ca,Ba,;_,TiO;. Ca?* has a smaller ionic 
radius and a smaller electronic polarizability than either 
Ba?* or Sr**, but Ca,Ba,;—,TiO; has almost the same 
Curie point as pure BaTiO; up to about 25 mole % of 
Ca, above which an insolubility region extends to 90 
mole % of CaTiO;,? leading to the speculation that Ca 
ions are not uniformly distributed in the (Ca,Ba)TiO; 
solid solutions. In that case (Ca,Ba)TiO; might behave 
to some extent like a simple mixture of CaTiO; and 
BaTiOs, resulting in a lowering of the dielectric peak at 
the Curie point and in a broadening of the x-ray back- 
reflection lines with increasing Ca concentration. In 
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fact, DeVries and Roy’ reported very diffuse back- 
reflection lines for their solid solutions. 

We have examined whether this broadening is in- 
herent and studied the dielectric properties of these 
compounds over a wide temperature range. While 
Berlincourt and Kulesar' investigated the change of the 
second transition point (tetragonal-orthorhombic) in 
detail, there seem to be no published data on the be- 
havior of the third transition point (orthorhombic- 
rhombohedral). The nonferroelectric phase transition of 
SrTiO; (around 80°K) discussed by Griinicher and 
Jakits® was also investigated. 


EXPERIMENTAL PROCEDURE 


Solid solutions were prepared from cp CaTiOs, BaTiOs, 
and SrTiO; powders (supplied by Titanium Alloy Divi- 
sion, National Lead Company).’ 

CaTiO; and BaTiO; were mixed with a small addition 
of alcohol, dried, pressed after drying into pellets, and 
heated in air in a Globar furnace. Firing between 1350° 
and 1400°C resulted in good ceramics of Ca,Ba,_ ,TiO; 
for 0¢ x< 0.08. An additional firing cycle was required 
for greater Ca concentration (0.12 <x< 0.24). The pel- 
lets were crushed, mixed and pressed again, and fired at 
1450°C for 24 hr. Mixtures of CaTiO; and SrTiO; were 
prefired at 1300°C for 24 hr and then reground, pressed 
into pellets, and sintered at 1400°C for 24 hr. Carbowax 
was used to get dense ceramics. 

All samples had densities >0.90 of the theoretical 
x-ray densities; and half-widths <0.5° of 26 for the 
(422)a,° x-ray reflection. 

For dielectric investigations, circular disks (thickness 
~1 mm, diameter ~6 mm) were cut with a diamond 
saw. A capacitance bridge served for the determination 
of the dielectric constant x’, and a Sawyer-Tower type 
circuit® for the observation of hysteresis loops. The x-ray 
measurements were carried out on a Norelco diffrac- 
tometer with Cu Ka radiation. Lattice parameters were 

* H. Granicher and O. Jakits, Suppl. Nuovo cimento [9] 11, 480 
(1954). 

7 Manufacturer’s analysis lists as major impurities: 0.5% SiOz 
and 0.1-1% SrO in CaTiO;; 0.1% SiOz and 0.1% Sr in BaTiO;; 
and <0.03% SiOz, 0.01% ZrO:z and 0.01% BaO in SrTiO; (weight 
percent). 

®The (422)a, reflection appeared at 20139° ++ 145° for 


Ca,Ba,;_,TiO; and 150° + 152° for Ca,Sr;_zTiO; ceramics. 
°C. B. Sawyer and C. H. Tower, Phys. Rev. 35, 269 (1930). 
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Fic. 1. Dielectric constants of Ca,Ba,.,TiO; vs temperature 
(measured from low to high temperatures). 


determined using (422)a; and (224)a; reflections. In- 
strumental errors in 26 were corrected by referring to the 
(444)a; and (533)a; reflections of a silicon standard. The 
adapter of Calhoun and Abrahams” was used for low- 
temperature experiments. 

SrTiO; single crystals (from Titanium Division, Na- 
tional Lead Company, major impurity Si0.~0.06 
weight percent) were also investigated. 


RESULTS 
Calcium-Barium Titanates 


Figure 1 shows the dielectric constant of Ca,Ba;_,TiO; 
for x«=0, 0.08, and 0.24 at elevated temperatures. 
Cap,osBao.g2TiO3 has the highest and Cao,24Bao.7s TiO; 
the lowest Curie point of the compounds investigated 
(cf. also Fig. 3). Calcium addition causes a negligible 
change in peak height, but an increase in width. Meas- 
urements toward low temperatures (Fig. 2), taken with 
higher voltage in order to locate the transitions clearly, 
show that the two lower transition temperatures and 
peak heights are strongly affected by Ca addition. 

Figure 3 shows the transition temperatures of 
Ca,Ba,_,TiO; as functions of Ca concentration. The 
first transition point (cubic-tetragonal) (the Curie 
point) was previously reported! to be practically un- 
affected. In fact, the Curie point is not very sensitive to 
Ca concentration, but it does reach a maximum at 8 
mole % of CaTiOs, and then decreases. The transition, 
for rising temperature, lies at 130.7°C for pure BaTiO; 
and at 136.1°C for Cao.osBao.92TiOs. 

The lowering of the second transition (tetragonal- 


10 B. A. Calhoun and S. C. Abrahams, Rev. Sci. Instr. 24, 397 
(1953). 
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Fic. 2. Dielectric constants of Ca,Ba,_,TiO; vs temperature 
(measured from high to low temperatures). 


orthorhombic) agrees well with the results obtained by 
Berlincourt and Kulesar.! The third transition point 
(orthorhombic-rhombohedral) similarly decreases mono- 
tonically with increasing Ca concentration. 

Figure 4 gives the lattice parameters of Ca,Ba;_,TiO; 
in the tetragonal phase at room temperature as func- 
tions of Ca concentration (experimental error <5 
X10-* A). For pure BaTiO;, the values a=3.992; and 
c=4.036,A compare well with a= 3.994 and c= 4.038 A, 
as measured by Swanson and Fuyat." Similar results 
have been reported elsewhere; the close spacing of our 
points, however, reveals a definite deviation from 
Vegard’s law,” in contrast to the observation of 
McQuarrie and Behnke.” The straight line for Vegard’s 
law is based on the parameters of CaTiO; reported by 
Kay and Bailey.* 
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Fic. 3. Transition temperatures of Ca,Ba;_,TiOs vs molar ratio ~. 
(Shaded areas represent temperature hysteresis.) 


1! H. E. Swanson and R. K. Fuyat, National Bureau of Stand- 
ards, Circular 539, 1954, Vol. 3, p. 45. 

12. Vegard, Z. Physik 5, 17 (1921). 

13H. F. Kay and P. C. Bailey, Acta Cryst. 10, 219 (1957). 
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Fic. 4. Lattice parameters of Ca,Ba;_:TiO; vs molar ratio x 
(room temperature). 


Calcium-Strontium Titanates 


Dielectric-constant measurements of Ca,Sr,_,TiO; 
compounds as function of temperature are shown in 
Fig. 5. Grinicher and Jakits® reported a dielectric 
anomaly for Cao.2eSro.soTiOs; near 116°K; it appears in 
the lowest curve near 120°K. This anomaly becomes 
more pronounced with decreasing Ca concentration. The 
peak dielectric constant of Cao.ogSro.9sTiOs is as high as 
that of BaTiO; at its Curie point (cf. Fig. 1). The 
dielectric constant of pure SrTiO; ceramic increases 
monotonically down to 4.3°K, as previously reported." 

At 4.3°K, Ca,Sr,_-TiO; ceramics with 0.01 < x<0.10 
exhibit a hysteresis loop (Fig. 6) characteristic for 
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Fic. 5. Dielectric constants of Ca,Sr;_zTiO; ceramics as functions 
of temperature (measured with decreasing temperature). 


“J. K. Hulm, Proc. Phys. Soc. (London) B63, 1184 (1950). 
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ferroelectric ceramics.'® With increasing temperature the 
remanence polarization decreases (Fig. 7), but the loop 
does not disappear at the temperature where the 
dielectric constant reaches its maximum. The observed 
remanence polarization depends on ac field strength. For 
an applied field of 1.7 kv/cm, the loop of Cao.o4Sro.9sTiOz 
disappears near 37°K, but the polarization-vs-field 
(P—E) characteristic is still nonlinear at 40°K. The 
curvature of P—E is convex for increasing field strength, 
as in rochelle salt or TGS just above the Curie point, 
suggesting that dc bias decreases the dielectric constant. 
Figure 8 proves this to be so and shows that the effect of 
the biasing field is much more pronounced than in the 
case of BaTiO;. With the bias of 6 kv/cm, the shift of 
dielectric peak temperature is 21°K for Cao.ogSro.9¢TiOs 
and 2.9°K for BaTiOs. 

Although a clear-cut hysteresis loop was not observed 
in SrTiO; ceramics, a loop similar to that of Fig. 6 was 
observed in single crystals, as reported by Griinicher.'* 
The temperature dependence of the remanence polariza- 
tion is shown in Fig. 7. With increasing temperature the 
loop collapsed, but a nonlinear P—E relation, similar to 
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Fic. 6. Hysteresis loop of Cao.osSro.9eTiO; ceramics at 4.3°K. 


that just discussed, was maintained over a temperature 
range. The remanence polarization depends on ac field 
strength (Fig. 9). The hysteresis loop was observed for a 
field as low as 150 v/cm. Its shape was definitely not 
elliptical. 

The dielectric peaks of Fig. 5 prove the existence of a 
ferroelectric phase transition in Ca,Sr;_,TiO; at a low 
temperature. An additional phase transition without 
dielectric anomaly is described below. 

Figure 10 summarizes lattice parameters of (Ca,Sr)- 
TiO; at room temperature (296°K) and near 110°K, the 
lowest temperature at which our equipment allowed 
systematic x-ray measurements (experimental errors 
<5xX10~ A at 296°K and < 10-* at 110°K). The lattice 
constant of pure SrTiO;, 3.905, A at room temperature, 
agrees with Swanson and Fuyat’s value." At 296°K, 

16 A. von Hippel ef al., Ind. Eng. Chem. 38, 1097 (1946); A. von 


Hippel, Revs. Modern Phys. 22, 221 (1950). 
‘6H. Granicher, Helv. Phys. Acta 29, 210 (1956) 
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Ca ,Sr,;—zTiQ; is cubic up to x=0.10 and tetragonal for 
larger values of x in the composition range investigated. 
The existence of this tetragonal phase was already re- 
ported by Grinicher and Jakits* and by McQuarrie.’” 
Our phase boundary agrees better with that found by 
the former authors. No superlattice lines were seen in 
x-ray powder patterns of these tetragonal compounds, 
and no ferroelectric effect could be observed above 
liquid-nitrogen temperature. There is again a deviation 
from Vegard’s law (cf. Fig. 10). 

X-ray powder patterns of Cao.20Sro.soTiO3 revealed 
that it changed from tetragonal to a different structure 
near 110°K. This low-temperature phase seems to be 
the “nearly cubic” one reported by Griinicher and 
Jakits.® 

Figure 10 shows that the high-temperature cubic- 
tetragonal phase boundary is lowered from 296°K for 
x=0.10 to 110°K for x=0.01, suggesting that pure 
SrTiO; becomes tetragonal near liquid-nitrogen tem- 
perature. Linz!’ of our Laboratory observed a laminar 
structure of fine cracks in SrTiO; after dipping the 
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Fic. 7. Remanence polarization of a Cao.o«Sro.9sTiO; ceramic 
and an a-cut SrTiO; crystal vs temperature. Arrow = dielectric 
peak temperature of Cao.osSro.9¢TiOs. 


crystal into liquid nitrogen and warming to room tem- 
perature, a fact indicating the occurrence of a transition. 
We now have observed this transition optically. An 
a-cut crystal plate of 0.45 mm thickness was suspended 
in liquid nitrogen and inspected between crossed 
polaroids. A fine twin structure appeared with laminae 
parallel to the [011] direction of the cubic axes, similar 
in appearance to the 90° domain structure in tetragonal 
BaTiO. The width of the laminae was about 50 u. After 
warming to room temperature, no cracks were observed 
in this case. Obviously, SrTiO; is tetragonal below about 
80°K. 

The dielectric constant x’ of SrTiO; does not show any 
anomaly at this temperature (Fig. 11),!* but the devia- 
tion from the Curie-Weiss law becomes appreciable 


17M. McQuarrie, J. Am. Ceram. Soc. 38, 444 (1955). 
'8 A. Linz, Jr. (private communication). 
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Fic. 8. Effect of a dc bias field on x’ of Cao.osSro.9¢TiO3 com- 
pared with that of BaTiO; (measured from high to low tem- 
peratures). 


below about 80°K. The very gradual departure suggests 
that the cubic-tetragonal transition is of higher order. 
Weaver” has measurements to 1.4°K, also showing 
deviations which he suggests may be caused by quantum- 
mechanical effects at low temperatures, as discussed by 
Barrett” in extension of Slater’s*! theory. Recent meas- 
urements” in this laboratory on KTaO; crystals in the 
same temperature range have shown no deviation. 

The phase diagram of the Ca,Sr;_ TiO; solid solution 
is given in Fig. 12. The nonferroelectric dielectric peaks 
of CazSri_zTiOs (cf. Fig. 5, the peaks for x20.12) seem 
to appear at the boundary between the tetragonal and 
the nearly cubic phases. It is not certain whether or not 
a distinct boundary exists between the ferroelectric and 
the nearly cubic phases. The shaded area represents the 
extension of ferroelectricity observed in ceramics for the 
applied field of about 2 kv/cm. 
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Fic. 9. Remanence 
polarization of an a- 
cut SrTiO; crystal as 
a function of the ac 
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Fic. 10. Lattice parameters of CazSr;_,TiO; at 296° 
and at ~110°K. 


DISCUSSION 
Calcium-Barium Titanate 


Sharp x-ray back reflections were obtained for 
Ca,Ba,_-TiO; up to x=0.24. The half-width of the 
(422)a, reflection was <0.4° for x=0.20, 0.16, and 0.24; 
that of pure BaTiO; was 0.28°. The increase of the half- 
width due to Ca addition is therefore of the order of 0.1° 
for our best ceramics. The very diffuse x-ray back- 
reflection lines observed by DeVries and Roy?’ are thus 
not characteristic of Ca,Ba,;_,TiO; as such, but ap- 
parently caused by incomplete reaction or too small 
grain size. The sharpness of the dielectric peaks near the 
Curie point (cf. Fig. 1) also supports this conclusion. 

In a lattice of the perovskite type, each Ba or Ca is 
coordinated to twelve oxygens. Since Ca?* has a smaller 
ionic radius than Ba**, the space available to Ca** in 
Ca-zBa;_-zTiO; solid solution must be larger than in 
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Fic. 11. Dielectric constant of an a-cut SrTiO; crystal 
as function of temperature. 
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Fic. 12. Phase diagram of CazSr_zTiO;. © =dielectric peak 
temperature; C=cubic, T=tetragonal, and NC=nearly cubic, as 
determined by x rays; T enclosed in a square indicates tetragonal 
as determined optically. 


CaTiOs;, and that for Ba*+ smaller than in BaTiO;. The 
observed deviation from Vegard’s law (cf. Fig. 4) proves 
that a compromise is made in favor of the BaTiO; 
lattice, i.e., the space for Ca** is increased beyond that 
of an ideal solid solution. In Ca,Ba,_,TiO; the Ca ion 
therefore seems to have greater atomic polarizability. 
The Curie point of Pb,Ba,_ TiO; increases with the Pb 
concentration,® presumably because of the large elec- 
tronic polarizability of Pb**. Similarly, the increased 
atomic polarizability of Ca** might raise the Curie point 
initially, but the marked shrinkage of the unit-cell 
volume of Ca,Ba,_,TiO; due to Ca addition later lowers 
the Curie point, as hydrostatic pressure would.‘ The 
behavior of the Curie point in Fig. 3 seems to be a com- 
promise between these two effects. 


Calcium-Strontium Titanates 


The above arguments hold also for the Ca,Sr,;_,TiO; 
system. The ferroelectric phase produced by the small 
Ca addition could be ascribed to the enlarged atomic 
polarizability of Ca** in the compound. 

The hysteresis loop in Ca ,Sr;_zTiO; did not disappear 
at the temperature corresponding to the peak of dielectric 
constant but persisted over a wider temperature range 
(cf. Figs. 7 and 12). (The remanence polarization of 
BaTiO; drops sharply at the Curie point and survives 
only within 2 or 3°K above the Curie point.) Sawaguchi 
and Charters* observed an extended ferroelectricity in 
Cao.s0oPbo.501 i103 above its Curie point (303°K). The 
dielectric peak of their specimen was, however, rather 
low (x’= 3000 at 303°K) and nonuniform distribution of 
the Ca** ions may be, at least in part, responsible for the 
extended range of ferroelectricity. This explanation does 


3 E. Sawaguchi and M. L. Charters, J. Am. Ceram. Soc. 42, 157 
(1959). 
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not fit here since even pure SrTiO; crystals exhibit 
remanent polarization up to about 70°K, a temperature 
slightly below the cubic-tetragonal: transition point 
(~80°K). 

The dielectric properties of SrTiO; reported by other 
authors'*-!%*4 have the same trend as ours, except for 
those of Smolenskii,”> who observed a dielectric constant 
peak between 20° and 30°K on ceramic SrTiO3. One 
possible explanation for this conflict seems to be that his 
sample was not very pure. Figures 5 and 12 show that a 


*4 A. Linz, Jr., Phys. Rev. 91, 753 (1953). 
26 G. A. Smolenskii, Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 20, 
149 (1956). 
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small addition of Ca*+ (for example) can change the 


dielectric properties of SrTiO; drastically. 
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A study of the spin absorption lines of all orders was made. Rules for obtaining the absorption operator 
of any line were found. With magnetic dipole-dipole and exchange interactions taken into account, and with 
the assumption that the Zeeman energy is dominant, the zeroth and the second moments of the following 
four lines were evaluated for powders: (1) first Larmor line, parallel field, (2) second Larmor line, parallel 
field, (3) second Larmor line, perpendicular field, (4) low-frequency line, perpendicular field. The contribu- 
tion of exchange to the second moment was found to be the same for the four cases treated, while the total 
intensity has the ratio 1:1:1:3/2. Agreement with existing experimental data is good. 


I. INTRODUCTION 


HE first Larmor line of a solid in a strong, con- 

stant, and perpendicular magnetic field, with the 
magnetic dipole-dipole and exchange interactions taken 
into account, was first studied by Van Vleck,’ who 
calculated its shape function up to the fourth moment. 
Later, Wright? extended the moment method and ap- 
plied it especially to low frequency lines. In recent years 
other satellite lines have also become of experimental 
interest. Furthermore, in general, the Hamiltonian of 
a single molecule is not necessarily the Zeeman energy, 
and the method Wright developed cannot be applied 
directly. It is the purpose of this paper to cope with 
this situation. Rules will be given for obtaining mo- 
ments of all lines, thus avoiding the elaborate deriva- 
tion necessary in the previous method. The rules are 


*The work reported here was submitted to the California 
Institute of Technology in partial fulfillment of the requirements 
for the doctoral degree. 

' J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

2 A. Wright, Phys. Rev. 76, 1826 (1949). 

3 A. G. Anderson, Phys. Rev. 115, 863 (1959). 


applicable to Hamiltonians of all kinds, provided that 
the perturbing part of the Hamiltonian is small enough 
for the perturbation method to be valid. 


II. ABSORPTION OPERATOR 


Let us assume that the Hamiltonian of a system is 
described by 
H=HotHK’, (1) 
where 3’ is the perturbing potential small compared 
with Io. 
Let us represent 3’ as an integral over its spectrum, 


> 6 
x’ = | KH’ (w)dw, 


20 


(2) 


where 
[3o,5C’ (w) = hw’ (w). (3) 
Under an extremely small perturbing potential N(¢), 
ym (t)<«K’, the probability of transition from one state 
to another, both eigenstates of 30 when ¢=0, is propor- 
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tional to the square of the matrix element 


T 
(exp(—iKXT/h)y,| exp[—13¢(T—1)/h ]M(t) exp(—i5Ct/h) | Wm )dt 
0 


~ 


T 
=(v. [ exp(i5C1/h)M (1) exp(—iKt/h)dt|\Wm ). (4) 
'/J 0 


Physically, expression (4) says that the wave function, initially in state Ym, propagates to time / with the pro- 
pagation factor exp(—i3¢t/h) ; there it is scattered by the potential SM(#), and then propagates to time T with the 
propagation factor exp[ —i3¢(T—?)/h]. The matrix element is then taken between this wave function and the 
wave function initially in state y,, which is exp(—i3(T/h)y, at time T; and, since the system may be scattered at 
any time ¢ in the time interval (0,7), a time integral is taken from zero to T. 

Now, we know that 


exp (iKt/h) =exp[i(Hot+X’)t/h ] 


i rt int pt pt 
= fi 4 | x iai-+(-) | dt, | 5 (te)5C' (ty )dte+--- 
Lado hl 


0 ~ 0 


i n t ft tn-1 
+() [af dt.-- | H(tn)- + HC’ (to)HC' (ty)dt,zt+--- | exp(iHot/h), 
h 0 0 0 


where | 
KH’ (t)=exp(iHol/h)K’ exp(—iKot/h), 


and 


exp(—i3t/h) = exp[—i(Hot+K’)t/h } 


sr’ i\? ¢* 1 
=exp(—1Wol iy} 1- [ x7cyan+(—) [af KH’ (t1)5C’ (to)dtot+- - - 
h. r h /0 / 0 


ix rt eth , etn—1 
+(-2) [ a dty:-- 5’ (t1)3C’ (te) - + -3C' (t, dt. 
hk} Jo Jo Jo 


We have, from (5) and (7) 


-T 
| exp(iKt/h)M(t) exp(—15Ct/h)dt 


at t 


-T i -T i 2 T > ati 
oi | am’ (at+( ) | at| [x(n (r+ (-) [ at | dt, | [3C’ (ta) [5C’ (1) ov’ 
h/. Jo A/ Jo 4 0 


atl at 


i n -T at nl 
+() at| ats | dlty:+- | [5C’(tn),<  L5C" (ty), (2 
h /“ OU 0 #7 0 


where 
IM’ (t)=exp(iHot/h)M(t) exp(—Hol/h). 
Let us decompose M(t) into its Fourier components: 
at 
m(t) = | Meo exp(— twot)dwo, 
and then further decompose ‘Mu into its spectrum: 


ak 


VWleog = | Mo (w) dw, 


a) 


[Ho,IMwo(w) J = hoy (w 3 
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Then 
exp (1Hol/h)Muwo(w) exp(—i3Cot/h) = e* Mao (w). 


am'()= | | Mw (wet #0) ‘dada. 


Similarly, from (2), (3), and (6), we have 


We then have 


x'()= | 5’ (w)e'*'dw. 


a0 


The mth term at the right side of (8) is therefore equal to 


i n *” © ~ 
(*) wae / [5C’ (wn), LHC’ (Wn_r),* + * L5C’ (wi), Mwo(w) ] ++ | dwn: + -dwidwodw 
7 ~~ —O~ 2) - 2 


T t ptn—1 
{[ auf ay | expLiwntn+::: +-iw ti +i(w—wo)t |dt, ° (15) 


The dominant term of (15) is equal to, as T— «, 


(‘) fon ® [se’ (wn),[3C" (wn_1),** *LH’ (ws), Meow) J: + [rb(otort +> +w,z—wWo) 


a : dwdw°: . ‘dwn 
h 


Pbatoviisd-- are its: -+wo +w1) 


etches - dwduy+++dw,. (16) 
‘Qittie. 4)-° ‘ies, rray it::- tials) 


[ [ [ [sc’ (wn), Lsc"( Wn—1),** “[se’ (w1), Mwo(w) ‘fs ‘[botert-: -+wn—wo) 
>= ee 


The physical meaning of (16) is clear: 3C’(w;) changes the system to a state the energy of which is higher by an 
amount of fw; than that of the initial state; therefore, the successive applications of 5C’(wn), IC’ (wn_1): - -IC’ (we), 
5C’ (w1), Mwo(w) change the system to a state with an energy higher by an amount of h(w,++-wn_1+* : *+@2+@1+) 
than that of the initial state, and the law of the conservation of energy demands that this should be equal to the 
energy absorbed from 91 (t) which is Aw. There are many alternative ways to apply a given group of 3C’(w;)’s and 
IMwo(w), and (16) indicates that all should be taken into account, with the weighting factor 


[ (Fn) hwnthwn—r)+ + + han hon at ++ +ho) P 
for each. 
In most cases, the spectrum of 5’ is discrete; i.e 


x 


“5 KR’ (wa)d(w— Wa )dw= >> KH’ (wa). 
-20 


a a 


Let us assume that the external field also has a discrete spectrum and further has a definite frequency; i 
M(t) =e *0# F* MN (ws) = e~ “oot | IM (ws )d(w—we)dw. 
B 6 J_, 


With the omission of the factor 7, expression (16) is then reduced to the form 


[se’ (wan), [3’ (wan 1)5" * Lae’ (war), MM (ws) ]-- ‘JB @an+:- * Fon rwsp— wo) 
PS ES I ERE GT RT SE 


y--£E (19) 


With proper choice of the a,’s, expression (19) will account for the absorption of the line we are interested in, 
and henceforth expression (19), with the delta function omitted and with the correct a;’s chosen, will be called the 
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absorption operator of the line. Expression (8) is now reduced to, aside from a factor of x, 


. _ — Lt" (war), I (wp) ] 
L M(ws)d(ws—wo) +O ES — — 
6 


= 2 hiway 


(we tw cee wy) 


[5C” (was), [5C’ (war), (ws) J) 





+222 


@i az 8 


6 (way +wae +ws ai wo) 


(hwa2) (hwas +hwa 1) 


[5C" (wan), LIC” (wan—r),** *[5C’ (war), IM (wg) J + - J] 





fee tS... FF 


al a2 an 


The terms neglected in (15) give higher order cor- 
rections to the absorption operator, line shifts, and 
broadening of the absorption lines. We shall neglect 
the higher order corrections to the absorption operator, 
and take care of the broadening by the moment method 
of Van Vleck.! 

As an illustration of the use of (19), let us consider 
a spin system in a strong, constant magnetic field, with 
magnetic dipole-dipole and exchange interactions be- 
tween the spins. This is the case investigated by Van 
Vieck' and Wright.” 

The Hamiltonian of this spin system is given as 


R=HotH’, 
where 
KHo= —HgB>d: S:i, 
and 


KH’=K’' (0) +5’ (—2g8Hh- 
+5’ (2g8Hh™) +35’ (— gBHh) +H’ (gBHir-") 


=Ho' +H! +H +H +H, 


K’ (—2g8Hh)=K_.’= ¥ D,jS4584;, 


5" | 2eB8Hh |j=K A = > dD; *S Pare 


K’ (—gB8Hh") =: 


KH’ (gBHi)=K,'=>) E;;*S_S;;, 


KH’ (O)=KHo' = D> C; SSit>d A ijS+S-_;. 
= ed 


One readily may prove that [3€,5C’(w) ]=hw3C’ (w), 
and the definition here is therefore in agreement with 
(3). A physical way to see this is to notice that S,, S,, 
and S_ change the z component of the spin by the 
amount of 0,+1,—1, respectively. Therefore, 3’, 
H_s', Ho’, Hs’, Hy’ change the z component of the spin 
of the system by the amount of 0, +2, —2, +1, —1, 
respectively; hence the energy changes are 0, —2g8H, 
2g8H, — g3H,"¢8H," respectively. 


EO SE Rie SA ET OSL 


—6(wan+ ne + wa; +ws—wo) + . oe (20) 





The coefficients A, B, C, D, and & are defined as 
A= BA +h g6ris* Bri? —1)]= 4 (As + 4B,), 
By= 887i (37i2—1), 

Cu= 3A 5-25 (31:21) J=3(As— Bis), 
Dyj= 38-7557 (ai? — Bie — 2iai38:;)/8, 
Eg= — 9 8B ri5*V ij (@i5— 1855), 


where a;;, 6:;, and yi; are the direction cosines of rj; 
(see Fig. 1) and A;; is the exchange constant defined 
by Van Vleck.! The reader should notice that the 
Hamiltonian used here is the same as that used by 
Van Vleck and Wright, with a slightly different nota- 
tion. The truncated Hamiltonian defined by Van Vleck 
is the part of the complete Hamiltonian which com- 
mutes with 5p, and is therefore the sum of Hy and Hy’, 
so we have 


(24) 


Hoo=HotHy’. (25) 

The absorption lines centering at g8Hh', 2g8Hh-*, 
and 3g8Hh™ will henceforth be called the first, the 
second, and the third Larmor line, respectively. We 
will find the absorption operators for these lines when 
M1 (#) is an oscillating magnetic field both in the x direc- 
tion (perpendicular field) and in the z direction (parallel 
field). 


For perpendicular oscillating field, 


M(t) = e— 04 gBS = Fe *0' BS, + Fe ‘'pBS_. (26) 
It is easy to identify }g8S, and }g8S_ as N(—g8Hh-") 
and IN(g8Hh-"), respectively. 

For the first Larmor line in a perpendicular field, 
wo g8Hh—, and the lowest nonvanishing term in (20), 


Fic. 1. Coordinate 
geometry used. 





SPIN 
which is called the absorption operator OQ, is 
O=M(g8H) = $¢8S_. (27) 


For the second Larmor line in a perpendicular field, 
the lowest nonvanishing term in (20) is 


_ Catv’, n(g8H)] _ [5¢1',3g8S_] 
g8H gsH 


For the third Larmor line in a perpendicular field, 
the lowest nonvanishing term in (20) is 


es ABST] Cs Les eS) 
a (2g8H) (2g8H) (4g8H) 
[5 He ‘sL5e0! 5288S ij 
-f 5 





(28) 


(2g8H) (2g8H) 


For the low-frequency line in a perpendicular field, 
the lowest nonvanishing term in (20) is 


_ HAWS] [9e'Ae 5-1 
—e 
Next, let us consider the parallel field case, i.e., 
MM (t) = e~*#'gBS,. 
It is easy to see that 
gBS,=IM(0). 
For the first Larmor line in a parallel field, 
_ [ser 68S iF. Hy’ 
gBH a 


(—1) ” Tr‘ (L300, [Ho0,- « 


(p?" ‘= 


ABSORPTION OF 


[00,0 ]- 3 
ieee ao pe SR (38) 


SOLIDS 


For the second Larmor line in a parallel field, 
_ Lit’, 982] He! 
pH =o 
For the third Larmor line in a parallel field, 
_ Lats’ [5¢2', 985, J], [see L968. 1) 
(g8H) (3g8H) (2g8H) (3g8H) 
_ sBLIC Ke J 
2(g8H) 

For the low-frequency line in a parallel field, 
(3¢1',[9C1',g8S.]}  [9C',[5Cr',g8S.]] 
(Fieas) (Theos + Too 1) (Iwo) (rary the 1) 

[52’,[5C_2’,g8S; |] =< 2 [5C2',g8S.}] 
F Gos) hab Iex_s) eas) (ea_a-+ an) 
(36) 
— gBL5C1',ICa’] 2g6L Ha’ HC_2'] 
(hw) (hoo. :) (hare) ( (hw 2) 
_ BLIGE") | gBL C2’ 5C_2'] 
2(g8H)? 


O= 


As is well known, and included here only for the 
sake of completeness, the zeroth moment of a line is 


0;; t=) O40 ji" 


/ f(v)dv=>5 37) 
J0 7 i] (3/ 


- Tr(OO*). 


where O* is the Hermitian conjugate of O. 


In general, the 2nth moment of the absorption line is 


* Jibs oo, |. Hoo, : -+[ Hoo,C ye |: Lhe 1) 


i Tr(00*) 


where there are ” Hoos in the above multiple commutation bracket. 

Let us summarize the foregoing by formulating the rules for obtaining the absorption operator as follows: 

(1) Choose the fewest number possible of 5¢’(w.)’s, the successive applications of which together with the chosen 
Jt(wg) will give an energy change equal to the energy of absorption of the line of interest. (If there are several 
ways of achieving this, all of them have to be taken into account.) 


(2) The absorption operator is the sum of all the multiple commutators of the 3C(w.)’s with IT (ws) 


(want hwan it oe + hwa) : 


the weighting factor (Awan) (hwant+hwan—1)+*- 


O=E--LE- 


Jan TT »+ +wai twg= = Wo 


[3c (wan) sLae (wan 1), 


an a a, aT +: os 


, divided by 


**[5C(war), MM (wa) J 


(39) 
(hwan+ nt 


hy 


(3) The moments of a line can then be obtained by employing (38). 
In the following four sections, moments of four absorption lines will be computed for a powder. 





HUNG CHENG 


Ill. SECOND LARMOR LINE, PERPENDICULAR FIELD 


The zeroth and the second moments of this line are given as 


/ f(v)dv=Tr([ 31’ 8S] e8S,5¢_1']) 4°22, 


2) Tr([5o0,[5C1’,g8S_]][Ho0,[H_1’,g8S+]}) 
(y?)= ———— initiates ; 


h? Tr([3ey’, BS_ \[gBS,,5_1']) 
Now, 


[3e)’,S_]= = z E,;*S_S_;, 


i,jx* 


[Hoo,[ 3C1’,S_]]=4 >. (CE? — AyEm™) S05 ~p—mat4 >» CEs? SeSS_j;—4 > A /E;* SiS rs 


1,7 ij 


+235 CijE,*S_S_;—2Hg8B > E;;*S_iS_;, (43) 
ij 
and 


i,j 
Tr(L3o00,[5C1’ S_]][5o0,[5C_1’,S4 J) 


= 32H 8S(S+1)? DO | Fy |2/9+32S2(S+1)128(S+1)/3—}] 


X(X (CiF+2A442)| Eaj|2)/15+6497(S+1)? EO |CyjEim*—AgEim® 
i,j# i,j7,m= 
+ 64.8% (.S+1)* 


(Ci; Ej.*— A j;Eim*) (CimEjn— A imE;) (44) 
27 


i,j,m# 
The details of the calculation are omitted and only the result is given here*: 
[125(S+1)—9] 


1 8cos’é; 15 cos*#, 
(Av? —_ ) Vij P49(§+1 | , a rij a{ +—— _— ) 
35 ij 2 


i,7m#, 


] 14 


8 8 cos’@; 6 cos’; cos’6; 
+> Vs Vin Via —-+2 cos,,+- aged ae ‘)] / 1B-4h? > 7;;-*) 
5.7. / 7 / iF 
+{[1.2(S+1)—0.9] © Avjrij-°+S(SH1) EX AGA whim rij*(—4+008°,) +45 (S +1) 
1.J* i,j,m= 
—S(SH1) XS AsPrim rim *(2 COS*%m—3)—S(S+1) X A mA ist im*nj4(2 cos*0;— 3 
i,j,mx 


i,7,me 


+25(S+1) ¥ AyA ifm? 


t,7,.m* 


3}/(#? > 37%). (45) 
ij# 


The first bracket of the right-hand side of (45) is the dipole-dipole interaction contribution and the second bracket 
is the exchange contribution, and (Av*) is the second moment about the mean frequency. 


With the usual assumption that the exchange constant A ,; is zero except when i and j are neighbors, and is equal 
to A in that case, we obtain for a simple cubic lattice 


(Av*) = {1.08—0.038S— (S+1)'+[1.07 —0.13S—! (S+1)— JA2d8B-4g4} Avy? 


D 


(46) 
| f(v)dv=0.56S7(S+1)°N gistd*H~, 


(47) 


*H. Cheng, IBM Research Rept. RJ-189, San Jose, California, 1961 (unpublished). See also H. Cheng, thesis, California 
Institute of Technology, Pasadena, 1962, for the most complete treatment. 
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and for a body-centered cubic lattice, 


(Av?) = {1.13—0.03S—(S+1)7+[1.14—0.085-1(S +1) ]A*d9B-4g-4} Av,?, (48) 
[ f(v)dv=0.82S7(S+1)?NV giBid*H~. (49) 
/ 0 


The term d is the distance to the nearest neighbors and Av, is the second moment of the first Larmor line for 
perpendicular field, 
Ave?=3gtsthS (S+1) >>: rij-*/5. (50) 
For a simple cubic lattice, 
Ave? =5.04g18*h-S (S+1)d-*, (51) 
and for a body-centered-cubic lattice 
Ave =7.37d'Bh-S (S+1)d-®. (52) 
It is interesting to note that the cross terms between the dipole-dipole energy and the exchange energy, or the 


terms linear in -!, drop out after averaging over the whole solid angle. 
Incidentally, the mean value of », 


(py | ritoyde / f f(v)dy 


= Tr(L3o0,[5C1’,S TIES, IL iP |) h Tr( [3e’,S _ LS, BG 


is calculated to be 2g8Hh-, and the absorption is truly of the second Larmor line. 


IV. FIRST LARMOR LINE, PARALLEL FIELD 


The zeroth and the second moments of this line are given as 


[ s(e)dr="Tr(a0/'5e-4) H?, 
/0 


and 
(?)= Tr([5o0,5C1' LIC 1’ Hoo ])/h® Tr (5Cy'5C_1’). 


After averaging with respect to the whole solid angle, we get 


9 
(Av? {| ossis-+1)- lz ri ?+S(S+1) 8 (3—cos*6;+ 3 cos’; )r55- rim © 
70 


i,j* i,j,m# 


+S(S+1) ¥ 


1,7,m~ 


1 2 cos’6; 2 3cos*@; cos’6, 
( cos”6,,-+———------ yr Fy Fe +} 8-4 757-*)"+(Ava?). (55) 
2 7 7 14 i,j# 


Here (Av?) is the contribution of the exchange energy to the second moment of the second Larmor line for 
perpendicular field. This means that the contributions of exchange to the second moments for these two cases 
are equal. 

For a simple cubic lattice, 


(Av?) = {0.90—0.02S—1(S+1)7+[1.07 —0.13S-(S+1)-' JA2d§B-4g-4} Av’, 
[ fordo=0.565%(5-+1) Nesta oir. 
and for a bec lattice 
(Av?) = {0.77 —0.01S—1(S+1)-'+[1.14—-0.08S71 (S+1)7 JA*d*B-4g-4} Av,?, 


et 


| f(v)dv=0.82S7(S+1)*N gpd *H-. 


“0 
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Incidentally, (v) is evaluated to be gyHh-. Notice that the total intensity (57) and (59) are equal to those of the 


second Larmor line in a perpendicular field. 


V. SECOND LARMOR LINE, PARALLEL FIELD 


The zeroth and the second moments are given as 


ne Tr([g8S.,52' |[H_2’,gBS; ]) 


| f(v)dv=— 


Ie 4p93 EP 
‘ Tr([3o0,5C2" J[5C- 2’ Coo |) 


(y —<—<$<$_— 
Averaging over the whole solid angle, we get 


(Av?)=S(S+1)gi3! 


Lf 


i,j,.m= 


(1+9 cos*@; cos’6;— 10 cos*6;+8 CcOS*An) 


m Tim — 


/ 


Again the exchange second moment is the same as 
that in the previous cases. 

The total intensity, /o*/(v)dv, is also equal to that 
in the previous cases, and the dipolar second moment, 
for simple cubic lattice, is 
(Av?)= {1.38—0.045-1(S+1)" 

+-[1.07 —0.13S-'(S+1)— ]A*d*g*84} Ave, (63) 
and for bec lattice, is 
(Av*)= {1.39—0.03S-"(S+1)“ 


+[1.14—0.08S-1(S+1)] 42d%g-48-4}JAv?. (64) 


VI. MOMENTS OF THE LOW FREQUENCY LINE 
IN A PERPENDICULAR FIELD 


The absorption operator for this line is 
0 [501',3¢8S,} [5C1',3g8S_] 
g8H g8H 


=(—> FiS.Sy54+}3 LD FiS_S,;)/H, 
ij i,j* 





(65) 


where F,;= E,;+E;;*. 
After the averaging process, the second moment for 
this line is obtained as 


Av?) =[3S(S+1)g484 SY rim *r;;-8 


i,j,m# 


X (1+8 cos*#;—9 cos'@;)/14](? O 145-8) 
i,j# 
+(Av,4?). (66) 


Again (Av,4*) is equal to that of the previous three 
cases. 


h? Tr(3./5C_2’) 


=H Tr(Ky’K_2’), 


23 11 cos’@; 15 cos‘, 
Ven ( nee + » ) 
28 14 28 


-+-[12—9S-'(S+1)7]> v7-*, 35 | 


x (hE 15j-8)+-(Ava2). 





For a simple cubic lattice, it is evaluated that 


[ f(v)dv=0.8457(S+1)?Ngistd"*H~, (67) 
and 
(Av*)= {0.47+[1.07 —0.13S-'(S+1)-"] 
X A*d'g4#B-*} Ave?, (68) 


and for a bcc lattice, it is 


[ sordr=1.239(s-+1)-N¢9 ‘H-, — (69) 
0 


and 


(Av*)= {0.64+[1.14—0.085-1(S+1)] 
XA*d8giB-}HAv?. (70) 
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APPENDIX 


The following calculated results were used extensively 
in the paper. Expressions (8)—(25) give the mean values 
after averaging over the direction of the crystal axes 
with respect to the magnetic field, and therefore are 
useful for powders. The coordinates used are defined 
in Fig. 1. 

Tr(S,S,)=Tr(S_S_)=Tr(SzS_S_) 


Tr(S,S,5,)=0, (A1) 


Tr(S,S_)=35S(S+1), (A2) 





SPIN 


Tr(S,S_S,)= —Tr(S_S,S,)= $5 (S+1), 
Tr(S,2S_*) = 2S(S+1)[4S(S+1)—3]/15, 
Tr(S;S_S,S_)=4S(S+1)[2S(S+1)+1//15, 
Tr(S2S,S_)=S(S+1)[2S(S+1)+17/15, 
Tr(S,S_S,S,)= 2S (S+1)[S(S+1)—27/15, 
(Yim V jm av = § COSA, 
(Yim i77 im) av = 0, 
(Yim? jm? av = (14-2 cOS*n)/15, 
(Yim? i7V im av = (COS8;+2 cosO; COSOm)/15, 
(Yim? ii” jm? aw 

= (2 cos*6;+2 cos*0;+2 cos’@n—1)/35, 
CY im* jmav = COSA n/'5, 


(A3) 
(A4) 
(AS) 
(A6) 
(A7) 
(A8) 
(A9) 
(A10) 
(A11) 


(A12) 
(A13) 
(Yim iY jm av = (2 COS*O; COSA m+ COSOm 
+2 cos6; cos6;)/35, 
(Y im jm? av = (2 COS*Om+3 COSOm)/35, 
(vim im? dav = (144 cOS*On)/35, 
(Y im*Y i7V im)av = (COSO;+4 COSA; COSOm)/35, 
(Yim Vi? jm? av = (12 cos?0;+12 cos?@,+10 cos?6; 
—7+8 cos*0; cos*@m)/315, 
(Y im*Y jm' av = (8 COS‘Am+ 24 cos?O,+3)/315, 
( (ai38jm—Bij0tjm)* av = } sin’O;. 
(Yim? (0:58 jm — Bij0tjm)” av = (sin?6;)/15, 
(¥ im (CimB jm — Bint jm)? av = (Sin*Om)/15, 
(Y im! (2:38 jim — BijQtim)” av = (sin?;)/35, 
Cy im? i? (ai iB jm — Bij0tim)* av 
=[(1+2 cos*@,) sin6; 1/105, 
(Yim iz? (0:38 im — Bij0tim) av 
=[(1+2 cos*@;) sin?@;]/105. (A25) 
Four series over a simple cubic lattice were computed 
to within one percent of accuracy : 
> rj *=8.4Nd--, 


1,77 


147-2 =6.2Nd-, 


i,j# 


L ris *rin* c0s9,= 17.32NE-®, 


i,7,m* 


(A14) 
(A15) 
(A16) 
(A17) 


(A18) 
(A19) 
(A20) 
(A21) 
(A22) 
(A23) 


(A24) 


(A26) 
(A27) 
(A28) 


DX 135 rin~* cosO; = 12.16 Nd-”, 


i,7,m* 


(A29) 


where J is the total number of lattice points in the 
lattice and d the lattice constant. 

The following four series were obtained by summing 
all the terms from the lattice points within distance 2d 
from the origin. The error is admittedly large, and is 
estimated to be around 25%. However, in the calcula- 
tion of this paper, the contribution from terms involv- 
ing these sums tends to cancel, and as a result, the 
over-all accuracy is not greatly affected. 
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D 5 im 87 i * COS*?Om = 14.74Nd-”, 
i,7,m# 


DX 65 rin 87 jm? COS°O;= 10.37 Nd-”, 


i,7,m# 


DX rij rim *¢ im * COS*O,; COS*O; = 3.17 Nd”, 
i,j,mx 


pa 155 °f im *¥ jm ° = 29.9Nd aa 
i,7,m# 


(A30) 
(A31) 
(A32) 
(A33) 


The following four sums involving the exchange con- 
stant were evaluated. With the usual assumption that 
A; is zero unless i and j are nearest neighbors, all the 
four sums were obtained exactly. 

LX AA inti *=3.09A*Nd-, 


i,7,m~# 


¥ A imA vimj?=9.23A2NE-, 


i,7,m#* 


(A34) 


(A35) 


LA mA iitmi* c0s0;=4.99A2Nd-, 


i,7,m* 


YX AiPrim*=44.4N A2d-*, 


7,7,m~* 


(A36) 
(A37) 


The following sum was also computed. Owing to the 
slowness of convergence the accuracy is not good, but 
again its contribution to the total sum is small and the 
over-all accuracy is not greatly affected, 


A ’ iVen ’y m . (3 COS*O,, — 1 ) _ 22.8N. 1°d 6. 
J J 


i,j,m~ 


(A38) 


With the same accuracies discussed previously, the 
following series for a bcc lattice were also computed : 
D rej 8=12.29Na-*, (A39) 


i,7# 


LD rj? =9.11Nd-2, 


i,7# 


Dd 1577*rim* cos?6;= 41.2Nd-”, 


i,7,m# 


> 14j-*rim-® cos8; = 22.3Nd-”, 
i,7,m# 


7 La oe 


i,7,m# 


(A40) 
(A41) 
(A42) 


37 +m * COS"O, = 36.57 Nd-®, 


(A43) 


87 im * COS*A;= 27.46Na-®, 


(A44) 


3 —3 e-nc2 . 20) . <= "7 T 12 
nF jm * COS*O; COS*O;=9.78Nd-”, 


(A45) 


375, = 79,27Nd-2, 


(A46) 


AA int mi $= 11.52 VA'd 6 (A47) 


A md ism = 22.08N Ad, (A48) 


A imA ij%mj* €08"0;= 9.865 N A*d, 
i,7,m~ 


A Prim ®=90.32N Ad, 


i,7,m# 


Ai Prim rim *(3 COS°0m— 1) = 35.8N A2d-6, 


i,7,m# 
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From the splitting of the nuclear magnetic resonance line in polycrystalline BeO, the quadrupole coupling 
constant of Be’ in BeO has been determined to be 41+4 kc/sec with zero asymmetry parameter. The effects 
of anisotropic distribution of crystallites were observed and used in the analysis of the data. 


I. INTRODUCTION 

HE splitting of nuclear magnetic dipole resonances 

by quadrupole interactions in solids was first 
investigated by Pound.! Since then, many solids have 
been studied in both single crystal and polycrystalline 
form. Results of these studies are reviewed by Cohen 
and Reif? and Das and Hahn.’ Methods of determining 
quadrupole coupling constants e*gQ/h and asymmetry 
parameters 7 from data obtained from single crystals 
are reviewed by Cohen and Reif.? The determination of 
e*gQ0/h and 9 from resonance patterns obtained from 
polycrystalline samples wherein there is an isotropic 
distribution of crystallite orientations with respect to 
the polarizing field is discussed by Cohen and Reif? and 
Hon and Bray.‘ Interpretation of resonance patterns 
obtained from samples in which the distribution of 
crystallite orientations is anisotropic with respect to the 
polarizing field has not previously been discussed. 

There exist possibilities of ambiguities in the inter- 
pretation of resonance patterns obtained from poly- 
crystalline samples having isotropic distributions of 
crystallite orientation. As an example, consider a case 
in which the crystal structure of the sample is not known 
and a complex resonance pattern is obtained. The com- 
plexities in the resonance pattern could arise because 
there are inequivalent sites, because the asymmetry 
parameter is nonzero, or a combination of both of these. 
For reasons such as these, data obtained from poly- 
crystalline samples are not so definitive as data obtained 
from single-crystal samples. 

This paper reports measurements made on the Be® 
resonance in polycrystalline beryllium oxide (BeO) in 
samples which displayed marked anisotropy in the dis- 
tribution of crystallite orientation. The theoretical 
resonance pattern to be expected from the particular 
distribution displayed by the samples is derived. Com- 
parison of the observed resonance patterns with the 
theoretical patterns reduces considerably the possi- 
bility of ambiguity and leads to values for the quad- 
rupole coupling constant and the asymmetry parameter 
in which a fair degree of confidence is justified. 

* This research was supported by the U. S. Atomic Energy 
Commission. 

1R. V. Pound, Phys. Rev. 79, 685 (1950). 

2 M. Cohen and F. Reif, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 5. 

*T. P. Das and E. Hahn, in Solid State Physics, edited by 
F.. Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 


Suppl. No. 1. 
‘J. F. Hon and P. J. Bray, Phys. Rev. 110, 624 (1959). 


II. THEORY 


A. Shape Functions for Resonance Patterns 
Obtained from Polycrystalline Samples 


The theory of quadrupolar splitting of nuclear mag- 
netic resonance lines is covered quite comprehensively 
in references 1, 2, and 3. Therefore, our attention will 
be confined to that part of the theory which is pertinent 
to the measurements reported here. Be® has a spin of 
$ and the quadrupolar coupling is small enough so that 
only first-order effects are important. Shape functions 
for the resonance absorption in polycrystalline samples 
are shown in Figs. 1 and 2 for the cases n»=0 and #0, 
respectively, when all crystallite orientations are 
equally probable (isotropic distribution of crystallite 
orientation). The resonance pattern is obtained by 
superimposing dipolar broadening on the shape function 
curves as displayed in Fig. 1, where the dotted lines 
represent the shape function for the m=+}— +} 
transition and the solid line, the resonance pattern. All 
subsequent figures display only the shape function 
curves for the m= +}-—> +} transition. The manner 
in which these shape functions are derived can be found 
in reference 2. In the case to be considered below, how- 
ever, the distribution of crystallites (and therefore, 
electric field gradients) was anisotropic in a rather 
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Fic. 1. First-order nuclear magnetic resonance powder pattern 
for [=} and »=0 with ve=e’gQ/2h. The dotted line represents 
the shape function, and the solid line gives the absorption pattern 
including dipolar broadening. 
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. special way. The shape functions corresponding to this 
particular distribution are derived below. 

The distribution of crystallite orientation in the 
samples studied was such that the c axes of the crystal- 
lites were preferentially confined to a plane. From the 
crystal symmetry of BeO, which, according to x-ray 
data,® has the wurtzite structure, we expect the electric 
field gradient tensor to be diagonal in a coordinate 
system which has one axis (z’ axis) normal to the hex- 
agonal planes (parallel to the c axis) and the other two 
axes in the hexagonal plane (perpendicular to the 
c axis). With the polarizing field in the z direction, we 
consider the case when the 2’ axis of the principal axes 
coordinate system of the electric field gradient (c axis 
in the crystallites) is confined to a plane. The particular 
geometry used in the experimental procedures is shown 
in Fig. 3. The sample is rotated in the polarizing field 
about the x axis which lies in the plane containing the 
z’ axis. This plane is depicted in Fig. 3 by the solid and 
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Fic. 2. Shape function of first-order powder pattern 
for J=} and n#0(n=}3). 


dotted ellipse. The solid portion represents that part of 
the plane above the x-y plane (towards the reader) and 
the dotted portion represents that part of the plane 
below the x-y plane. Rotating the sample about the 
« axis places the 2” axis, which is the normal to the 
plane containing the 2’ axis, at an angle y with respect 
to the polarizing field. The angle ¢ is the angle between 
the x axis and the 2’ axis for a particular crystallite. 
These two angles, @ and y, determine two of the 
Eulerian angles,® a and 8, which specify the transfor- 
mation from the space coordinate system to the prin- 
cipal axis coordinate system of the electric field gradient. 
The x” axis is the line of nodes for the Eulerian trans- 
formation from the space coordinate system to the 
principal axis system of electric field gradient. 

Using the notation of reference 2, the first-order 
quadrupolar splitting of the nuclear magnetic resonance 
is given by 


(m—}4)ve{3 cos*8—1—n sin’B cos2a}, (1) 


5G. A. Jeffrey, G. S. Parry, and R. L. Mozzi, J. Chem. Phys. 
25, 1024 (1956). 

6 H. Goldstein, Classical Mechanics (Addison-Wesley Publishing 
Company, Reading, Massachusetts, 1951), p. 107. 
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Fic. 3. Geometry for sample cut so that the axis of rotation (x) 
is in the plane containing the c axes of the crystallites. The angle 
a is determined by the requirements that the x” axis lie in the 
x-y plane and be normal to the z-2’ plane. 


where 


ve= 3e*gQ/21 (27 —1)h. (2) 


From Fig. 3, relationships for a and 8 in terms of the 
angles ¢ and y are found to be 


cos$ = sing siny, (3) 
and 


cosa sin8 = sing cosy. (4) 


Substitution of Eqs. (3) and (4) into Eq. (1) gives the 
quadrupolar splitting as a function of the angles @ 
and y: 
Vm=4(m—})ve{3 sin’ siny—1—7 

xX [sin’*¢(1+cos*y)—1]}. (5) 


Letting w be defined by 
w=2ym/ve|m—34', (6) 


we can calculate the probability, P(w), of splitting after 
the fashion shown in Reference 2. P(w) is related to 
P(@), the probability of occurrence of an angle ¢, by 


P(w)=P(¢) | dd/dw) . (7) 
Assuming all angles ¢ are equally probable, 
P(¢)=1/2r. (8) 
(Examination of the samples under a polariscope re- 
vealed that the c axes of the crystallites were oriented 
at random in the plane containing them.) From Eq. (5), 
do/dw= {2 sing cos¢[3 sin’*y—n(1+cosy)]}}-, (9) 
and 
P(w)= | {4x sing cosd 
X[3 sin*y—n(1+cos) ]}—]. (10) 
Using Eq. (5), Eq. (10) could be written in terms of w 
giving the shape function for any angle y. However, 
for our purposes it will be sufficient to consider two 





Fic. 4. Shape function 
of first-order powder 
pattern for J=} and 
n=0 when polarizing 
field is normal to the 
plane containing the 
c axes of the crystallites. 














special cases: Y=0 and y=2/2. When y=0, the po- 
larizing field is normal to the plane containing the 
c axes. For n=0 all splittings are the same so that if 
vz is the unsplit resonance (Larmor) frequency, P(w) 
is infinite at the frequency vz+v@/2 and zero elsewhere. 
This shape function is shown in Fig. 4. For 9 not zero, 
P(w) is given by 


P(w) = | { —827 sing cos} |-, (11) 
and w, by 


w= —[1+n(2 sin’¢—1)]. (12) 


These two equations define the shape function which 
is shown in Fig. 5. When ¥=2/2, the polarizing field is 
in the plane containing the ¢ axes. For 7»=0, P(w) is 
given by 

P(w) = | {12 sing cosd} |, (13) 
and w, by 


w=3 sin’o—1. (14) 


These equations define the shape function drawn in 
Fig. 6. For 7 not zero, P(w) is given by 


P(w)= | {4x sing cosp(3—n)}|—, (15) 
and w, by 


w= (3—n) sin’*@—1+7. (16) 


The shape function for this case is shown in Fig. 7. The 
experimental results will be compared with these special 
cases. 
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Fic. 5. Shape function of first-order powder pattern for J=j 
and 7#0(n=4) when polarizing field is normal to the plane con- 
taining the c axes of the crystallites. 


B. Ionic Electric Field Gradient 


The electric field gradient that would exist if the 
bonding were purely ionic can be calculated by summing 
over the lattice the field gradient from point charges.’ 
This has been done by considering the lattice to be com- 
posed of four interpenetrating simple hexagonal lattices, 
two of which are composed of oxygen ions while the 
other two are composed of beryllium ions. The electric 
field gradient at the nucleus is different from the electric 
field gradient outside the ion core by a multiplicative 
factor, 1—+.., which takes into account the antishielding 
properties of the ion core. This factor has been calcu- 
lated for Be*+* by Das and Bersohn* for a free ion, with 
the result that 1—y., is 0.815. Structure parameters 
used in the computation are those given by Jeffrey et al.® 
The computed value of electric field gradient, g, for 
doubly charged ions including the factor 1—y,, is 
0.0023 X 10% v/cm*. This computed value of g involves 
the difference of nearly equal quantities so that small 
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Fic. 6. Shape function of first-order powder pattern for =} 
and »=0 when polarizing field is in the plane containing the c axes 
of the crystallites. 


errors in lattice parameters would be reflected by ap- 
preciable differences in the computed value of gq. 


Ill. EXPERIMENTAL PROCEDURES 
A. Apparatus 


The resonance patterns were observed using a Pound- 
Watkins type spectrometer which records the first de- 
rivative of the absorption signal. The polarizing field 
was produced by a Varian 12-in. electromagnet system. 
Satellite frequency separations were determined by 
superimposing 10-kc/sec markers from a General Radio 
unit crystal oscillator (type 1213-C) on the recording 
trace. A simple goniometer to which the sample was 
glued allowed rotation of the sample in the rf coil about 
an axis normal to the polarizing field. 


7R. Bersohn, J. Chem. Phys. 29, 326 (1958). 
* T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
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B. Samples’ 


Samples were prepared by pressing powdered BeO 
in a hot die having the shape of a right-circular cylinder. 
A density of better than 99% of theoretical was ob- 
tained. This preparation procedure yielded polycrystal- 
line samples with crystallization taking place prefer- 
entially in the ¢ direction. Furthermore, most of the 
crystallites were aligned with the long dimension (c axis) 
perpendicular to the axis of the cylinder. This gives rise 
to samples having a distribution of crystallite orienta- 
tions which is to a good approximation that described 
in the theory section. Samples were cut from the hot- 
pressed blank in such a way that the plane containing 
the ¢ axes could be rotated with respect to the polarizing 
field in two ways. One sample was cut so that the axis 
of rotation was normal to the plane containing the 
c axes, and a second sample was cut so that the axis of 
rotation was in the plane containing the c axes. 


' 
' 
‘ 
' 
' 
' 
' 
‘ 
‘ 


‘ 
' 
4 








7 


V, VY, 
Q UL Q 
y-Y% yi-M>- yri-m)> yt+Y% 


Fic. 7. Shape function of first-order powder pattern for I=} 
and 7#0 (n=$) when polarizing field is in the plane containing 
the ¢ axes of the crystallites. 


F The spin-lattice relaxation time of the Be® resonance 
in these samples was found to be quite long (estimated 
to be several minutes) and the resonance saturated even 
at the lowest rf levels obtainable to the extent that only 
half of the line could be observed. However, y irradia- 
tion (see reference 4) to a dose of about 10’ roentgens 
by means of a cobalt-60 source reduced saturation 
effects sufficiently to allow the resonance to be easily 
observed. 


IV. RESULTS AND DISCUSSION 


Resonance patterns obtained with the sample cut so 
that the axis of rotation was in the plane containing the 
c axes (this is the geometry corresponding to Fig. 3) 
are shown in Figs. 8 and 9 for the two cases Y=0 and 
y =71/2, respectively. Resonance patterns obtained with 
the sample cut so that the axis of roation was perpen- 
dicular to the plane containing the c axes were of the 
type shown in Fig. 9 for all angles of rotation. 


° These samples were supplied by J. D. McClelland and 
P. D. Johnson of this Laboratory. 
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Fic. 8. Recording of 
the derivative of the 
Be® nuclear magnetic 
resonance _ absorption 
when the polarizing field 
is normal to the plane 
containing the ¢ axes of 
the crystallites. 





The shape function for the resonance pattern dis- 
played in Fig. 8 (¥=0) should be that shown either in 
Fig. 4 or Fig. 5, depending on whether »=0 or 7X0. 
Comparison of the resonance pattern with these two 
shape functions indicates that two possibilities exist. 
Either 7=0 or »=1, which would result in single satel- 
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Fic. 9. Recording of the derivative of the Be® nuclear magnetic 
resonance absorption when the polarizing field is in the plane 
containing the c axes of the crystallites. 





F. 


Fic. 10. Two views of the structure of BeO (wurtzite structure). 


lite responses at vp+ve@/2 or v_+ve, respectively, with 
the satellites having a “width” close to the width of the 
central line. If » were nonzero but had some inter- 
mediate value there would be a broad response centered 
at about vz+ve/2. Since this is not observed, 7 must be 
either zero or one. The shape function of the resonance 
pattern displayed in Fig. 9 (¥=2/2) should be that 
shown either in Fig. 6 or Fig. 7. If 7>=1 were the case 
there would be satellites only at y,+ rg since the re- 
sponses at vz+(1—n)vg/2 would be hidden in the 
central line. Therefore, 7 is not one and must be zero 
or quite small. If 7 were not zero but small the frequency 
splitting, as measured at the peak response, of the satel- 
lite at y,-+(1—n)ve/2 would be less than half of the fre- 
quency splitting of the satellite at vz+vg. It is observed 
experimentally that the splitting at v,+(1—7n)v@/2 is 
somewhat more than the splitting at vz+vg. This is 
probably due to the fact that the maximum derivative 
will not occur at exactly the frequency splitting given 
by the shape function, owing to dipolar broadening 
effects. This observation and the fact that the width of 
the satellite response in Fig. 8 is nearly that of the 
central line both indicate that n is zero. Assuming 7 to 
be zero the quadrupole coupling constant is obtained 
by averaging the measured frequency splitting of the 
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single satellite response in Fig. 8 and the pair of satellite 
responses in Fig. 9. This average gives a value for 
egQ/h of 41+4 kc/sec. The error of 4 kc/sec is an esti- 
mate of errors due to shifting of the maximum deriva- 
tive from the shape function positions by dipolar 
broadening effects. 

According to x-ray measurements’ BeO has the 
wurtzite structure as shown in Fig. 10. The view on the 
right, which is almost in the direction of the c¢ axis, 
shows threefold symmetry about the c axis. From this 
consideration 7 is expected to be zero,' in agreement 
with the interpretation above. 

Assuming the bonds between beryllium and oxygen 
atoms to be purely ionic, the quadrupole coupling 
constant can be calculated using the computed value of 
g and a value” of 0.03 10-** cm? for the quadrupole 
moment, Q, of Be’ determined from hyperfine structure 
measurements. This gives a coupling constant of 4 
kc/sec which differs considerably from the value 41+4 
kc/sec deduced experimentally in this study. However, 
as pointed out previously, the calculated value of g in- 
volves the differences of nearly equal quantities so that 
small changes in lattice parameters could make appre- 
ciable differences in the value obtained. Also, the value 
of the quadrupole moment determined from the hyper- 
fine structure measurement is uncertain. 
Because of this, a comparison of the calculated coupling 
constant with the experimentally determined coupling 
constant should be interpreted cautiously and might be 
taken to indicate only that the bonding is probably 
more covalent than ionic. 


somewhat 
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In an anisotropic ferromagnet the Curie temperature is a function of the direction of the magnetization. 
The Curie temperature is high in easy directions, and can drop quite low in harder directions for an ani- 
sotropy energy comparable to the exchange energy. Magnetization curves as a function of temperature 
also depend upon the orientation. In sufficiently hard directions, the magnetization drops from a large value 


precipitously to zero at the Curie temperature. 


I. INTRODUCTION 


N another paper,’ there is discussed from a per- 

turbation theory viewpoint the variation of the 
magnitude of the magnetization as it is rotated with 
respect to the crystal axes in an anisotropic material. 
Briefly, it results that at constant temperature the 
magnetization is larger in easier directions than in 
hard, because the anisotropic forces tend to compress 
the spin cone in easy directions, and spread it in hard 
ones; in an easy direction the magnetization will drop 
off from saturation more slowly (as a higher power of 
the temperature) than in an isotropic material and in 
a hard direction somewhat faster. However, when 
perturbation theory is employed, the Curie temperature 
is independent of the orientation of the magnetization. 

In this paper we consider a case in which the ani- 
sotropy energy can be comparable to the exchange. 
Our model is a quantum-mechanical internal field 
Hamiltonian with a one ion anisotropic term of uniaxial 
symmetry, which we treat exactly. 

To simplify evaluation of our final equation and to 
avoid an additional parameter we do not keep an 
external field term in the Hamiltonian, and this requires 
some explanation. To rotate the magnetization away 
from the easiest direction, an external field is required, 
a very large one in highly anisotropic materials. This 
field of course will markedly affect the magnitude of 
the magnetization at high temperatures, and will 
eliminate the Curie point entirely, if the magnetization 
has any component along the field. In any case, because 
of domain and saturation effects it is practical to use 
strong aligning fields. One then makes measurements 
at a number of field strengths, and extrapolates to zero 
field. 


II. CALCULATION 


Consider the magnetization to lie in the ¢ direction 
at an angle @ with the z axis. The component of the 


(S;) cosd— 4 


Bh oe 
=————=e (Sz) (cosQes+i cosQyy)/ v2 
a | 
| 0 


(S;)(cosQy2+i cosQyy)/V2 


moment of an ion along the magnetization is gupSy. 
The magnetization per unit volume is mgup(S;) and the 
internal field is yM, if ” is the number of ions per unit 
volume and y the internal field constant. In a uniaxial 
material the anisotropic term can be conveniently 
expressed in the form 


v= (Aa/8) LS 2—4S(S+1) ]. (1) 


\a/8 is the microscopic anisotropy coefficient of the 
term with P2 symmetry; if it is positive the z axis will 
be the hard direction. Let 


a=8(gup)’ny, (2) 


with B=1/kT, and (gus)°’ny the exchange energy. Then 
the Hamiltonian per ion is 


h= — (a/8) (S;)S¢+ (Aa/B) (S2—3)+ (a/28)(S;)*. (3) 


The constant part of the anisotropic term serves to 
give the Hamiltonian a vanishing trace. Because it is 
temperature-dependent, the Hamiltonian must contain 
the third term (a/28)(S;)*. The origin of this term is 
discussed in reference 1. This term is important in the 
free energy ; however, insofar as we use the Hamiltonian 
only to calculate thermal expectation values, this term 
is a constant which factors out and cancels in the density 
matrix. We consider a spin-one system, as this is the 
lowest order spin algebra that can support P2 symmetry. 
The magnetization is determined implicitly by 


so tr(e-F*S;) 
(S;)= : (4) 


r(e—8") ‘ 


Equation (3) for / is to be substituted into Eq. (4). 
It is convenient to work in a basis in which S, is 
diagonal. The operator to be diagonalized is 


(S;)(cosQ;2—i cos®;,)/V2 0 


2y (Sz) (cosQr2—i cosQ;,)/V2 |. (5) 


— (Ss) cosd— 4d 


* A preliminary report on this work was presented at the Sixth Annual Conference on Magnetism and Magnetic Materials, New York, 


1960 [J. Appl. Phys. 32, 221S (1961) ]. 


1 E.R. Callen and H. B. Callen, J. Phys. Chem. Solids 16, 310 (1960). 
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The eigenvalues are the roots of the cubic 
e@—cyx+co=0, 
in which the quadratic term vanishes because 


> x,.=0. 
The coefficients are 
co=4A(3 cos?@—1)(S;)2— (2/273, 
C= (S 2. $r?. (8) 


As the operator of Eq. (5) is hermitean, the eigenvalues 
are real, the discriminant of the cubic is negative, and 
the roots are given by 


Ci i 
x,.= (=) cox( 
3 3 


where 


(10) 


To evaluate the numerator of Eq. (4), rather than 
rotate S; to the diagonal basis, it is simpler to rewrite 


Eq. (4) in the form 
Ox, 
‘ on |X. ett, 
HS) : 


(S)=L 
k 
It will be seen that if A\=0, this expression reduces to 
the familiar spin 1 Brillouin function. Equation (11), 
together with the expressions for the roots, specifies 
the magnetization ((S;)) as a function of the tempera- 
ture (1/a), for all values of the ratio of anisotropy to 
exchange energy (A) and the orientation of the mag- 
netization (cos@). 


(11) 


A. Magnetization Along the z Axis 


It is helpful to consider first a special case in which 
Eq. (11) simplifies. When cos@=1, the roots of the 
cubic are 


—$r\+(S;), 2X, and —4}\—(S;). (12) 


Equation (11) then becomes 


eX oy —¢4 Sy 


QQ —__.. 
e% St) +-@2-+- ¢—% Sf 


(13) 
It is convenient to consider the right side, r, of Eq. 
(13), as a function of (S;). The solution of Eq. (13) is 
that value of (S;) for which r=(S;). (S;)=0 is a solution 
for all \ and a. 


e% Sy 


limr = ——_—_, 
an eX Sr) + ¢2 


(S;)¥0. (14) 


Here, for \<1i, there is a self consistent solution 
(S;)=1, but for 21 the only solution is (S;)=0. Thus 
for \>1, the only solution of Eq. (13) at all tempera- 
tures, is (S;)=0. And for A<1, (S;) starts out as 1 at 
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= and drops off to zero at some finite @,. Expand r 
for small (S;): 


a a’/l 1 
re s+ : sur] (15) 
1+}er 2\3 1+4e% 


Equation (15) suggests several regions of behavior of 
Eq. (13). 


At large a the function r((S;)) starts at small (S,) 
with slope a, and with positive third derivative. As a 
decreases, the crossing moves downward. At a=3, the 
initial slope of r is still greater than 1, and the third 
derivative becomes negative. The Curie point is reached 
when the initial slope of r is one, with negative third 
derivative : 


a-=1+4e, (16) 


At A=0 we regain the limiting condition of the Brillouin 
function, 


In Fig. (1) we plot Eq. (16), which is more conven- 
iently written as 


A= (In2)(a,—1)/a,, (17) 
for all values of @,, though we shall see shortly that 
this equation loses validity for \>0.4621. 
iw. O< AL 0.4621 

At large a there are two crossings of the 45° line by 
r, the upper one being significant. With decreasing a 
there is only one crossing, the slope rises to some 
maximum value and then decreases, and the third 
derivative changes sign as a drops below 3. The Curie 
point is determined by the smaller solution of condition 
(16). At the upper end of the range, when A=0.4621, 
a,= 3. The third derivative is zero at the lower tangency. 


tit. 0.4621<< 0.4631 


For \>0.4621 the third derivative remains positive 
for all a down to the Curie temperature. At large a 
there are two crossings of the 45° line. After a goes 
through the upper solution of Eq. (17), there is only 
one solution of Eq. (13). Then r rises above unit slope 
to a maximum slope, and with further decreasing a, 
r drops again to the lower solution of Eq. (17), but still 
with positive third derivative. There are again two 
solutions of (13), the larger being significant. It is 
helpful to look for small (S;) solutions of Eq. (13) by 
substituting Eq. (15) for the right side of (13). In 
addition to the (S;)=0 solution, one finds 


1+4e*—a i 
(s=| | ; (18) 
1gfh—(1+46%)—] 
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Fic. 1. a., which is inversely proportional to the Curie tem- 
perature, vs A, along the z axis. The solid line, which is the correct 
solution, is determined by the “initial tangency condition” up to 
a,=3. The dashed line is the continuation of Eq. (16) above a.=3. 


For \<0.4621 both numerator and denominator are 
negative, and there are small, real (S;) solutions. 
However, for \>0.4621, the denominator (the third 
derivative) remains positive as a decreases, and (S;) 
drops discontinuously to zero from some value at which 
the small (S;) expansion is invalid. For @ slightly 
greater than the lower solution of Eq. (17), r rises with 
slope less than unity and crosses the 45° line twice. 
The limiting a, is that one for which r rises to just touch 
the 45° line. There does not appear to be a simple 
explicit expression for a, in this range, but @ is plotted 
vs J in Fig. 1. 


iv. 0.4631<r\<1 


r starts with small positive slope and third derivative, 
at large a. There are two crossings, approaching (S;)= 1 
as a— . As a decreases, r rises in initial slope, but 
never reaches slope one. The upper crossing moves 
down to a finite value at which the r curve just touches 
the 45° line. This determines a,. As \ approaches one, 
a becomes infinite, and the Curie temperature goes to 
0°K. 

v. 1SA 


When the anisotropy energy exceeds the exchange 
energy the only solution of Eq. (13) is (S;)=0, as 
previously discussed. 


B. Discussion of the cos6=1 Case 


In Fig. 1 we show the solution of Eq. (16) over the 
entire range of positive a. This curve gives the correct 
Curie point a, up to a,.=3. Above this value we also 
plot the correct solution for a, vs X. For large negative 
\, a. approaches 1, that is, 7’. approaches the exchange 
energy. As rises to zero, the anisotropy energy becomes 
less helpful in holding the spins together, and the Curie 
temperature drops to kT.= }- exchange energy at A=0. 
Positive \ corresponds to harder directions. Here the 
anisotropy tends to spread the spins apart, and the 
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Fic, 2. Magnetization as a function of temperature in the 
z direction, for various values of X. 


spontaneous ordering disappears at a lower thermal 
energy. As the hard anisotropy approaches the exchange 
energy (A> 1), the Curie temperature drops to 0°K. 
In Fig. 2 we plot magnetization curves for a number 
of values of A. For any particular exchange energy, 
rising 1/a corresponds to increasing temperature. For 
\ less than 0.4621 the magnetization drops smoothly 
to zero, but in the region in which J is greater than 
0.4621, the magnetization drops abruptly to zero. 


C. Curie Temperature 


The analysis of the relatively simple case in which 
the magnetization is along the z axis shows that the 
Curie temperature is determined by the usual lowest 
order condition (tangency at the origin) only for A less 
than a particular value. In this range of A for which this 
tangency condition is valid it is possible to derive an 
expression for the dependence of the Curie temperature 
on orientation which reduces to Eq. (16) for cos@=1. 
Let 

p=%(S;)2/2, (19) 
and 


P.=3 cos*é—1, (20) 


and expand cos¢ in Eq. (10). This leads to 


(1+P2)? (§+P2) 
MPTP.) +P) “naan =|, (21) 


2 


and 
p (@+P.) (1+ P:)? 
cos(¢/3)=1——(1+ Pr) +e = =| (22) 
18 36 3 


In Eq. (9) we find 
' 20 


p p* 
uo | 1+ (1—}P2)+- (—1+4P.— Pa) | (23) 
3 9 3 


From Eq. (9), 


4S A xvo— v3 (— 3c)! sin (q, 3) 


(24) 
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and 

xX2= —4x9+v3(— 4c)! sin (@, 3), (25) 
So that we must find the approximate expansion for 
sin(¢/3) from Eq. (21) this is 


sin(¢/3)=$(1+P2)'p?. (26) 
From these equations we get 


—X i+ P, . p 
a j1+(= —) p'+—(1—4P 2) 
3 9 


? 


3 


P , i 
+—(—1+§P:—P,) |, (27) 
38 


: 
+o. PA] (8) 
3 


It is our intention to expand up to the lowest order 
terms in p and to substitute into Eq. (11), in the more 
convenient form 
1 OX, 
p ettk = 3 — 
k k (S;) HS;) 


e* rk 


(29) 


This will lead to an equation of the form 


A(\,a,P2)p°+B(d,a,P2)p+C(d,a,P2)=0 (30) 


in analogy with (15). But now the equation is too 
complicated to allow of the easy analysis of section A, 
so we content ourselves with the determination only 
of the Curie point a.(A,P2) without investigation of the 
region of validity of Eq. (30). Hence in our expansions 


1.0 














5 } a = 
— (3 Cos" @-1) 





Fic. 3. Curie temperature as a function of direction in the 
“{nitial tangency” region, for various \. 
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in Eq. (29) we need only find the constant term 
C(A,a,P2). 

To this approximation, from (24), (25), 
(28), 


(27), and 


de ertk—e?ra 34 2e ha 3 (31) 


and 
1 OXo 3 4 
(S;) &S;) 9 


1 Ox, 3r 1 +P} 2 
os | (- “ )? 4 a4) | (32) 
(S;) KS;) r»L\ 3 9 


1 A2 3 1+ P, ; 2 
—-—— | -( ) p+ 1-4) | 
(Sz) HS;) Dn 3 9 


Expanding the exponentials up to terms of order : 
p, and multiplying by (32), gives 


pm swe » E 1 | 
—— ——earncrie?hai3] (1-3 P,) 
© (S+) S;) 30 


6 2 Xa 1+ P, 
ro ed ee) 
AILO 3 3 


Substituting (31) and (33) into (29) yields 


1+P, 1 2 2 
( —)a—|-—. (1—4P) Jom= 14 (1—4P,). 
3 2m 3d 


(34) 


(1—3P2), 


This equation determines a, as a function of A, the ratio 
of anisotropy to exchange, and P», the direction of the 
magnetization. When the magnetization is along the z 
axis, P2=2, and Eq. (34) reduces to Eq. (16). The 
upper bound on X for which this “initial tangency” 
condition (34) indeed determines the Curie point has 
not been investigated. But in Fig. 3 we plot 1/a, as a 
function of P2(cos@) for a number of values of \ within 
the range of validity of Eq. (16). It is seen that for 
positive A, when the z axis is the hard direction, the 
Curie temperature is lower than in an isotropic material 
(A=0). As the magnetization is rotated toward the easy 
direction, 7. rises, for any particular exchange inter- 
action, reaching the isotropic value near P.=0, for 
small \, and rising to a maximum in the easy direction. 


D. Range of Validity 


We have envisioned a series of measurements in 
which an external aligning magnetic field is reduced in 
magnitude, and the resultant moment extrapolated to 
zero field. But if the anisotropy energy is larger than 
the exchange, in relatively hard directions, the presence 
of the external field will have a critical effect on the 
magnetization, and its omission leads to troubles with 
the second law of thermodynamics. In this section we 





ANISOTROPIC 


wish to consider the limits on A, for any particular 
orientation, within which the magnetization behaves 
properly at zero temperature. For A outside this range, 
our treatment would lead to a reduced magnetization 
less than one, and a nonzero entropy at zero degrees. 
The inclusion of the external field is then essential. 

In Eq. (11), if xo specifies the largest root, which 
must be greater than zero by Eq. (7), it will be seen 
that as T— 0, 


OX» 
ti 
T-0 (Ss) 


(35) 


From Eq. (6), differentiating with respect to (S;) and 
collecting terms, 

c'x— Co 

x =— . 

3x°— Cc 


(36) 


where the prime designates differentiation with respect 
to (S;). Then from Eq. (35), to have (S;)740— 1, we 
require that 


(37) 


in the limit. Solving for xo, and substituting the ap- 
propriate values of the coefficients from Eq. (8), 


/ a 
3a" Ci=C, Xo— Co 


14+8P2+4r?—4r5 
14AP2+r2 


XxXo= 


(38) 


It will be seen that when P2= 2, this reduces to the root 
x= 1—}), of Eq. (12). We must now ensure that this 
root of unit derivative is indeed the largest root. For 
example, in the case P2=2, with one root equal to 
1— 4A, the cubic can be factored, and the next largest 
root is found to be equal to $A. Setting 
1—43\>), (39) 

we find our solution to be acceptable only if 
A<1, (40) 


which is the limit previously discussed. 
In general, utilizing the relations 
: A v= 0, 

Not +x Xet XoxXo= — C1, 

Ili «1= —c, 

we solve for the next largest root, %;, which is the 


larger solution of 
x + aor 1— Co xo= 0, (42) 


(41) 


and of 
xe+axorytaeP—c=0. 

Setting 
1S 


> Xo, 


(43) 
the limiting conditions become 
rod (co/2)*| isp)=1, 


o> (c1/3)4| «sp =1, 


(44a) 
(44b) 
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with xo given by Eq. (38) and co and c; by (8). The more 
restrictive of conditions (44) must be satisfied. It is 
cumbersome to solve these for A as a function of 
P(cos@). 

In the case of P2(cos@)= 2, both conditions reduce to 
Eq. (40). In the case P2(cosé)=0, condition (44a) 
becomes 

1+4A+ }\?>0, 


which is satisfied for all A, while condition (44b) 
becomes 
\<0.797 


In the case P2(cosé)= —1, inequality (44b) becomes 
we dit 


Thus, if we restrict \ to be less than 0.797 and greater 
than —1, we are able to consider experiments in which 
the magnetization is rotated in direction, at any tem- 
perature, without fear of violation of the requirements 
of thermodynamics, and without explicit inclusion of 
the external field. 


E. Magnetization in an Arbitrary Direction 


When the magnetization is in other than the z 
direction, the operators in the Hamiltonian no longer 
commute, the cubic does not factor, and the solution 
of Eq. (11) is something of a chore though the quali- 
tative nature of the solutions turns out to be much the 
same. With the aid of the NOL 704 computer, we have 
obtained solutions for several values of \, varying both 
a and the angle @. In Fig. 4 we plot a few representative 
curves of the magnetization, (S;), as a function of 
orientation, for particular choices of reduced tempera- 
ture and anisotropy ratio A. Both the continuous and 
discontinuous curves occur. The most dramatic results 
are to be found at low a values, at temperatures close 
below the Curie temperature in the easy direction. For 
example, in the case of \=0.5, a= 1.75, when the mag- 
netization lies in the basal plane, (S;) is about 0.7. As 
the magnetization is rotated toward the z axis its 


OL a*4 220.2 
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Fic. 4. Magnetization as a function of direction for various 
temperatures and A. 
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magnitude drops, going to zero when (3 cosé—1) is 
equal to 0.72. For comparison, the values of (S;) for 
no anisotropy, for the two particular temperatures 
selected, are shown on the figure. 


Ill. DISCUSSION 


We have diagonalized exactly the Hamiltonian of a 
spin 1 ferromagnet with uniaxial anisotropy, in the 
internal field approximation. The results, first of all, 
confirm an earlier perturbation calculation’ on the 


orientation dependence of the magnetization. The’ 


magnetization drops off with increasing temperature 
more slowly (as a higher power of T) than the isotropic 
magnetization, in easier directions, and more rapidly 
(lower power of 7) in harder directions. This is consistent 
with observations which have been made in easy di- 
rections on several metals. For example, Behrendt, 
Levgold, and Spedding? have found the saturation 
moment of dysprosium to follow a 7? rather than a 
T! law, in the easy direction, which is in the basal 
plane. Niira* has carried out an anisotropic spin-wave 
calculation, for this case, which agrees with experiment. 
Recently Argyle and Pugh* have measured the tem- 
perature dependence of the magnetization of nickel, 
and find a 1.6 power law to be approximately correct. 
It would be worthwhile to measure the temperature 
dependence of the magnetization in the hard direction 
of a sufficiently anisotropic material, to see if it indeed 
drops off as a lower power of the temperature than the 
three halves. It is interesting that in dysprosium 
Behrendt, Levgold, and Spedding find that, with the 
magnetic field parallel to the co axis, the magnetic 
moment is a linear function of the field, as is true of the 
moment in the basal plane above the Néel temperature. 
The paramagnetic Curie temperature obtained for the 
field in the hard direction is 121°K, while that in the 
basal plane is 169°K. The complicated spin arrange- 
ments now being uncovered in the rare earths dis- 
qualify most of them for a direct application of the 
present analysis. 

Charap® has also considered the effect of magnetic 
anisotropy on the magnetization. As the isotropic 
states he uses spin waves, and the perturbation, which 
is taken as pseudodipolar coupling, is carried to second 
order, to arrive at an anisotropic magnetization with 
cubic symmetry, which is the case Charap treats. The 
result here is exactly the opposite of our own; the 
magnetization is reduced in easy directions and en- 
hanced in hard ones. This interesting result comes 
about by the nature of second order perturbation 
theory, Charap points out. 

However, Charap’s treatment is restricted to the 


? :—D. R. Behrendt, S. Levgold, and F. H. Spedding, Phys. Rev. 
109, 1544 (1958). 

°K. Niira, Phys. Rev. 117, 129 (1960). 

‘B. E. Argyle and E. W. Pugh, Bull. Am. Phys. Soc. 6, 125 
(March 20, 1961). 

*S. H. Charap, Phys. Rev. 119, 1538 (1960). 
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low-temperature range, in which spin-wave theory is 
valid, while our molecular field treatment is reasonably 
good in the neighborhood of the Curie temperature, 
with which this paper is primarily concerned. 

While the present expanded version of this research 
was in progress there appeared a related analysis of an 
antiferromagnet with uniaxial anisotropy. The author, 
Cooper,® investigates the temperature dependence of 
the sublattice magnetization in the easy direction only, 
and finds, in agreement with the present work, that the 
reduced sublattice magnetization is shifted noticeably 
upward from the Brillouin function. Where the present 
work is restricted to the internal field approximation, 
Cooper also considers the effect of spin correlations. 

For very anisotropic materials the shapes of the 
magnetization vs temperature curves depart markedly 
from the Brillouin function, even dropping discon- 
tinuously to zero from quite large values of the reduced 
moment. Dwight and Menyuk’ have measured the 
magnetic properties of a single crystal of MnsO, as a 
function of temperature. They find the c axis to be the 
hard direction, with an anisotropy field of about 10° 
oersteds, and with large anisotropy, about 10‘ oersteds 
in the basal plane. The Curie temperature is about 
42°K. Analysis of their data leads Dwight and Menyuk 
to the conclusion that canted spin arrangements exist 
in this material. Thus some of the spins find themselves 
in hard directions which may be why the authors find 
magnetization curves more “square” than a Brillouin 
function, though again our analysis of a simple ferro- 
magnet can at best be only qualitatively applied to a 
complex spin arrangement. 

For fixed temperature, as the magnetization is rotated 
away from the easy direction, the magnetization drops 
off in magnitude. In a perturbation calculation the 
Curie temperature is, however, independent of the 
magnetization direction. The question of the angular 
dependence of the Curie temperature was raised by 
Carr, when the results of the perturbation calculation 
were first made known. Exact calculation now cor- 
roborates this expectation; the anisotropy energy, 
holding the spins together in the easy direction and 
spreading them in a hard one, raises the Curie tempera- 
ture in the former case and lowers it in the latter. This 
is at least suggestive of the results of Behrendt, Levgold, 
and Spedding discussed above. To achieve the unusually 
large values of \ of interest here, the materials must 
have very low exchange energy, hence a low Curie 
point, and a large anisotropy, hence usually lower than 
cubic symmetry. 

One such interesting material is ludlamite, which 
Bozorth and Kramer’ find to have a Curie temperature 
of 20°K and a uniaxial anisotropy field greater than 
12 500 oersteds, so that A is in excess of 0.1. Ludlamite, 


* B. R. Cooper, Phys. Rev. 120, 1171 (1960). 

7K. Dwight and N. Menyuk, Phys. Rey. 119, 1470 (1960). 

®R. M. Bozorth and Vivien Kramer, Colloque International 
de Magnetisme, 1959 (unpublished), p. 329. 
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which is monoclinic, is ferromagnetic along the easy 
twofold 6 axis, but paramagnetic behavior was observed 
in all perpendicular directions. 

Another crystal of large anisotropy is pyrrhotite, 
Fe7Ss, first studied by Weiss® and later by Weiss and 
Foex."° In this hexagonal crystal the c axis is hard, but 
there is also considerable anisotropy in the basal plane. 
At room temperature the crystal is paramagnetic along 

® P. Weiss, J. Phys. radium 4, 469 (1905). 

10 P. Weiss and G. Féex, International Critical Tables (McGraw- 
Hill Book Company, New York, 1939), Vol. 6, p. 366. 
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the ¢ axis, and ferromagnetic in the basal plane. Low- 
temperature studies are unfortunately not reported. 
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The energy band structure of antimony is deduced from room 
temperature galvanomagnetic measurements and their interpre- 
tation in terms of a theoretical model. A systematic series of ex- 
periments is performed on oriented single crystals to measure all 
the 12 components of the isothermal resistivity tensor through 
second order in the magnetic field. The calculated galvanomag- 
netic effects assuming simple, independent three-valleyed bands 
for both the valence and conduction bands and isotropic relaxation 
times for both holes and electrons, are shown to fit the data by 
only one set of values for the 9 adjustable parameters in the theory. 
These parameters are: a set of three principal mobilities u; and 
v;, for electrons and holes, respectively; angles of tilt y1 and y2 
of one of the principal axes of the electron and hole energy ellip- 


I. INTRODUCTION 


HE general features of the electrical conduction 

processes in Sb have been known for some time." 
They are attributed to a small though degenerate 
carrier population consisting of an equal number of 
both electrons and holes, with at least one of the over- 
lapping bands multivalleyed. The energy surfaces of 
each valley are generally represented by ellipsoids 
tilted with respect to crystal axes. 

The purpose of the present work has been to carry 
out a complete set of low-field room temperature gal- 
vanomagnetic (GM) measurements and to interpret 
these in terms of a general multivalley model for the 
bands. If the model is qualitatively correct, this pro- 
cedure will determine the band structure. Partial inter- 
pretations of this nature have been worked out before 
on sets of data which were sufficient to specify only 


* Supported by the Office of Naval Research. Part of a thesis 
submitted by S. J. Freedman in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at the Polytechnic 
Institute of Brooklyn. 

‘1 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 63, 351 (1929); 
K. Rausch, Ann. Physik 1, 190 (1947); M. C. Steele, Phys. Rev. 
99, 1751 (1951); G. Busch and O. Vogt, Helv. Phys. Acta 27, 241 


(1954); C. T. Lane and W. A. Dodd, Phys. Rev. 60, 895 (1941). 


soids out of the base plane; and the carrier density NV, the same 
for both carriers. The best fit is determined by exploring syste- 
matically a large number of possible solutions with the aid of an 
IBM 650 computer. If the “‘1’’ directions refer to binary symmetry 
axes and the “3” directions to those making angles ¥ with the 
trigonal symmetry axis, the parameters have the values 
#1=0.154X108, wo =4.0;K108, ws =1.1sK108, v1 = 3.56 10°, 
v2=3.39X 108, v3=0.133X10* (all in cm?/volt-sec); y:=30.7°, 
¥2=63.2°; N=3.74X10" carriers/cm*?= 1.0; 10- carriers/atom. 
The results agree well with Shoenberg’s de Haas-van Alphen data 
if the carriers responsible for the observed susceptibility oscilla- 
tions are holes. 


special multivalley structures. In this work the empha- 
sis is on a systematic analysis of an overcomplete set of 
data permitting determination of all the nine parame- 
ters of a general multivalley model. 

The presentation falls into three parts: (1) A series 
of experiments to determine all room temperature GM 
constants through second order in the magnetic field; 
(2) The calculation of GM effects for a model contain- 
ing 9 adjustable parameters; (3) The adjustment of 
these parameters to obtain a best fit with experiment 
which then serves to specify quantities related to the 
band structure. 


II. EXPERIMENTAL DESIGN 


If the magnetic field dependence of the isothermal 
resistivity tensor can be expressed as a rapidly con- 
vergent series in powers of the field, a relatively small 
number of low-field measurements suffices to obtain all 
pertinent GM information for a finite parameter model. 
The number of independent coefficients appearing in the 
expansion depends on crystal symmetry, and the iden- 
tification of these phenomenological constants in the 
Sb point group 3m, for transport processes characterized 
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by a symmetric tensor,’ shows that up to H? twelve 
constants are independent. 

In this section we will describe the experimental 
arrangements of crystal orientations, currents, and 
fields actually used to obtain values for the room tem- 
perature, low-field GM constants. 

The isothermal resistivity tensor in a magnetic field 
H is defined by 

E;=pi;(H)J;. (1) 


In a system of coordinates such that the crystallo- 
graphic threefold axis (3) lies along z, and one of the 
crystallographic reflection planes contains the y(2) 
axis, the components of p;; for antimony, up to H?, are 


pu=pu+A nH 2+A 2H ?+A iH s—2A nH Hs, 
p22= pi’ + Awl 2+A nH2+A ise +2A nos, 
pss= pi +AnHY+AnH2+AsH?, 

p2s= Ros:H1— AH 2 +A oH ?+ 2A aH, 

pu= Res H2+2A HH 1— 2A eH He, 

pi2= RissHs— 2A aH sHi— (An—A12)H Ae. 


The remaining three components follow from the 
Onsager relations p:;(H)=9;,(—H). These constants 
include the usual Hall and magnetoresistance (MR) 
effects. It is important to note, however, that the defi- 
nition adopted in Eq. (1) for the coefficients of terms 
linear in H, yields constants R;;, which are the nega- 
tives of the conventionally defined Hall constants. 

To obtain measured values for these 12 phenomeno- 
logically independent constants it is necessary to per- 
form experiments using a number of crystals with 
various orientations of H and J with respect to crystal 
axes. While the number of nonvanishing coefficients is 
relatively small, they make contributions to the meas- 
ured voltages in a variety of experimental situations. 
This overlap makes it possible to connect measurements 
on different crystals and thus assures a consistent set 
of values for all constants. 





Fic. 1. Specification of the orientations of current and magnetic 
field with respect to sample in experiments 1, 2, and 3. Probe 
positions for experiment 3 are the same for 1 and 2 except that 
only two probes on one face are used. The angle @ is fixed; ¢ is 
varied at will. 


*H. J. Juretschke, Acta Cryst. $, 716 (1955) 
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We list below the orientations and probe arrange- 
ments actually used, along with the phenomenological 
expressions for the electric field in each case. It is im- 
portant to note that the expressions refer to polar axes 
fixed in the crystal with certain conventions for meas- 
uring angles. Since Sb is centro-symmetrical, the senses 
chosen for the polar z (threefold) and x (binary) axes 
can make no difference in the results. A consistent 
choice of « can be made by observing the secondary 
cleavage planes of Sb. 

It is assumed that the samples are rectangular single- 
crystal rods of uniform cross section. The experimental 
arrangements below are grouped according to the 
direction of the current J. 


A. J= (J cosé, J sin6,0) 
(a) HJ. The sides of the crystal are chosen parallel 


and normal to the z axis. Three distinct experiments are 
performed on one crystal. The orientation of probes, 
currents, and fields for these three cases are given in 
Fig. 1. 

Experiment 1 consists of a “Hall” measurement of 
the electric field in the z direction, F, 


1. E,= JHR23 sind+J HA 42 sin3é sin*¢. 


Experiment 2 consists of a “‘Hall’’ measurement of the 
electric field in the zXJ direction, E.x, 


2. E.xs= —JHR 23 cosot+J H°2A 24 sin38 sing cos¢. 


Experiment 3 consists of a resistivity and “trans- 
verse” measurement of the electric field along J, Fy 


RS Ey=pyJ+JH?(A 12 sin’¢+ A 13 cos’) 
— 2A 04 cos3@ sing cos). 


By a suitable choice of @, all terms will eventually 
contribute. 

(6) H\|J. An additional constant is obtained from the 
longitudinal voltage measured in experiment 4: 


4. Ey=puJ+JHA 1l- 


If the crystal for this measurement differs from that 
used in (a), a connecting measurement is made by 
turning the sample 90° about the z axis, bringing it into 
a position corresponding to that of experiment (a)3. In 
this position, 

5. Ey=puJ+JHP?A y. 


B. J= (0,0,J) 


There is no special orientation of the lateral faces in 
this case. 
(c) HL J. A measurement of the longitudinal voltage 
E, gives the new constants p33 and A): 
6. Ey = p33J +J IPA 31+ 


A measurement to connect these data consistently 
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Fic. 2. Specification of the orien- 
tations of current and magnetic 
field with respect to crystal axes 
in experiments 10 and 11. The 
angles 9 and ¢ are both fixed. 


—— 
“ 
Ze e 


with those obtained in Sec. A is obtained from 


yA Exyyn= JHR2y,—JH. i 42 cos 36. 








Both constants appearing in this expression are also 
measured in A. 

(d) H|\\J. The longitudinal voltage of experiment 8 
gives the new constant A 3. 


8. E;= p33J +J HA". 1 33. 


A connecting measurement (experiment 9) with the 
crystal used for (d)8 placed in the position correspond- 
ing to (c)6 gives overlap on p33 and A 31. 


C. H\\J 


The experiments outlined so far measure all constants 
except A 44. In order that A 4, contribute at all to a longi- 
tudinal or transverse MR measurement, the crystal 
must be so oriented that J is parallel to H and makes 
an arbitrary angle with crystal axes. The convention 
for specifying orientations is given in Fig. 2. 

The longitudinal voltage of experiment 10 contains 
Aq, and once this measurement is taken, Aq can be 
calculated from the previous results. 


10. Ey=J (pus sin’ + p33 cos*6) +J HLA 1: sin’ 
+ (A tA git4. { 44) sin*d cos*@+ A 33 cos'¢ |. 


A connecting measurement is taken by making H 
normal to J: 


13. E;=J (pu sin’o+ p33 cos’) 
+JH?(Aj2 sin’?@+A 3; cos*@). 


The eleven measurements just described enable one 
to measure all the low-field GM constants in a consistent 
manner on several crystals. The expressions given apply 
on the assumption that the probes used are placed 
exactly along primary current flow lines. In practice 
there is always a small misalignment of the probes. 
Such misalignment produces spurious voltages and 
these contributions must be eliminated from the data 
before the GM constants can be obtained. Since it is 
possible to predict phenomenologically the H and angu- 
lar dependence of these misalignment terms, they can 
be eliminated in all cases where necessary. 


III. EXPERIMENTAL DETAILS 


The samples used were rectangular parallelepipeds 
cut from large single crystals grown by the Bridgman 
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method. Spectroscopic analysis of samples cut from the 
center of the crystals shows the purity to be about 
99.994%. 

Sb exhibits a number of prominent cleavages which 
can routinely be used to determine crystal orientation 
once the relation of cleavage planes to crystal axes has 
been determined. Back-reflection Laue photographs 
showed that the most prominent cleavages are per- 
pendicular to c, the threefold axis. The traces of the 
secondary cleavages show threefold symmetry on the c 
faces and were shown by an oscillation photograph to 
be the directions of the binary axes by observing mirror 
symmetry perpendicular to the oscillation axis when 
this axis coincided with the secondary cleavage trace. 

The samples were shaped by first cleaving along the 
c faces to obtain two parallel surfaces, and subsequently 
cutting with a diamond wheel while the crystal was 
under compression along the ¢ axis. Care was taken to 
avoid undue strain, and samples so prepared gave con- 
sistent electrical properties. Heavy primary contacts 
were soldered to the ends of the crystal rods far enough 
apart to avoid any shorting effects.’ 

The secondary probes were made by welding No. 40 
enameled copper wires onto the sample. Contact was 
made in a circular area of about 0.066-cm diameter. 
The distance between probes, usually about 0.5 cm, was 
measured with a microscope having a calibrated 
eyepiece. 

The dc measurements were performed under iso- 
thermal conditions which were achieved by circulating 
a nonconducting fluid around the sample. 


IV. EXPERIMENTAL RESULTS 


Figure 3 is a plot of typical results obtained for the 
two “Hall” measurements in experiments 1 and 2 de- 
scribed in Sec. II. The transverse voltages are shown 
plotted against ¢, the angle between c and H, for three 


ef, EXP. | 


OE 7 EXP.2 


60 6 


. Typical “Hall” data for experiments 1 and 2. 
H is given in kilogauss. 


3 J. Volger, Phys. Rev. 79, 1023 (1950) 
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Fic. 4. Typical “‘magnetoresistivity” data for experiment 3 after 
averaging the data at ¢ and ¢+-= to eliminate misalignment. 


values of H. The contributions of terms quadratic in H 
are apparent from the asymmetry about the zero volt 
line, while the contribution of cubic terms, not included 
in the expressions given in Sec. IT, causes a shift in the 
extrema with H. Figure 4 shows typical results obtained 
for experiment 3 after the misalignment terms were 
eliminated by averaging the measurements at ¢ and 
@+7. The lack of symmetry about the dashed vertical 
line at w/2 is indicative of the presence of a contribution 
from A. Figure 5 shows the H dependence at constant 
¢ of the averaged MR data of the previous figure. Here 
H?/D, where D is the magnetoresistance, is plotted 
against H? yielding a straight line, the intercept of 
which is the inverse of the second-order constant 4A ,j, 
and the slope of which measures the contribution of the 
fourth-order constants. For the highest fields used, the 
effect of sixth-order constants is noticeable. No attempt 
INTERCEPTS 


-1 
O- Aj; 


f, 
O45 et eR 
2 2 


a-jx 4 


ARBITRARY 


Fic. 5'Typical ‘“‘magnetoresistivity” curves showing the mag- 
netic field dependence at constant ¢ of the data shown in Fig. 4. 
The inverses of the intercepts are measures of the second-order 
MR constants. 
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was made to analyze higher order terms since a syste- 
matic analysis would require large magnetic fields and 
a considerably greater number of crystal orientations. 

Table I lists the final values obtained for all constants 
through second order. The numbers marked by an 
asterisk were obtained from Hall-type measurements 
while the unmarked ones are the results of MR-type 
measurements. For the particular choice of polar x axis 
used, both Ao and A 42 are negative. The large value of 
pss Obtained for sample No. 33 is attributed to a crack 
in the crystal. 

For the purpose of comparing experimental values 
with the calculations of the GM effects, discussed in 
Sec. V, it is desirable to evaluate the inverse constants 
characterizing the magnetic field induced changes in 
the conductivity tensor. The results of the inversion 
are given in Table II, along with the limits of error for 
each constant. 

An examination of Table II will show that the con- 
ductivities o;;, and the inverse Hall constants — Pix, 
are almost isotropic, while there is a marked anisotropy 
in the magnetoconductivity (MC) constants. All con- 
stants compatible with crystal symmetry are nonvanish- 
ing, implying that the symmetry of conduction proc- 
esses is not considerably higher than the structural 
symmetry. 


V. GM EFFECTS IN THE NINE- 
PARAMETER MODEL 


In this section we summarize the derivation of the 
form of the GM effects for the simplest model likely to 
lead to an explanation of the observed marked 
anisotropy. 

If we assume that the bands are simple and that 
scattering can be described by a single relaxation time 
for the degenerate carriers, all observed anisotropies 
must be ascribed to the surfaces of constant energy 
composed of various oriented ellipsoids. Since all the 
MC constants are nonvanishing, the symmetry of the 
Fermi surface cannot be higher than 3m. We can obtain 
a structure having symmetry 3m with a minimum 
number of extrema by placing one extremum in each 
of the three equivalent mirror planes of the point group 
and tilting the principal axes of the energy ellipsoids 
out of the base plane by a rotation about the binary 
axis. In this regard it is important to note that the point 
group 3m will generate six extrema from a general point 
in the base plane lying in a mirror plane inside the zone. 
It is only when the extrema occur at the origin or at the 
center of the zone faces that three extrema obtain. For 
the case of independent extrema, i.e., no intervalley 
scattering, measurements of the GM effects do not 
enable one to decide among these cases. A six-ellipsoid 
model would change the results described in this section 
only by halving the number of carriers belonging to each 
extremum. The three-ellipsoid structure will be assumed 
for both electrons and holes. It contains, as a special 
case, the structure generally assumed for Bi, i.e., ellip- 
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Taste I. Experimental values at 20°C for the components of the resistivity tensor in Sb. The asterisk 
indicates constants obtained from a ‘‘Hall” measurement. 








Resistivity : pi; 
(10-* ohm-cm) 
Crystal pu p33 tou 


ipsa 


Hall constant: — Rijx 
(10-7 ohm-cm/kgauss) 
— Rea — Rios 





10 42.9 


13 43.1 


24 43.1 
42 


51 
32 
33 
41 


soids of revolution for the valence band and a multi- 
valleyed tilted scheme for the electrons.‘ Moreover, it 
is in qualitative agreement with Shoenberg’s® inter- 
pretation of the de Haas-van Alphen effect in antimony. 

The model contains nine adjustable parameters: a 
set of three principal electron mobilities u;, a set of 
three principal hole mobilities »;, one angle of tilt for 
each mobility ellipsoid type, and the carrier density V, 
the number of electrons and holes being equal for the 
pure material. 

With the above assumptions, the contribution to the 
conductivity of all extrema is additive.* For each ellip- 
soid, in its own principal axis system, Ohm’s law takes 
the form 


Ji= oC E+ (1/nec)(JXH)],, (3) 


where o;;=enyu;, env; for electrons and holes, respec- 
tively. Equation (1) can be solved explicitly for the 
current density in a given set of fields E and H, and, 
once this is known for each ellipsoid, the observable 
current-voltage relation is obtained by reexpressing it 
in the crystal axis system and summing over the con- 
tributions of all ellipsoids. This procedure has been 
carried out in a number of ways,’ with the following 
results: 

a= $eN[ (vitae? vetB2?v3)+ (uitaruetBrus) |, 

033 eN[ (B22 v2+a27v3) + (B2u2+ axus) |, 
— Po:= (eN/2c){ Lvevst+ v1 (B2?v2+a2"v3) | 

—[oomst pi (Bru2t+ar*us) J}, 

— Pj23= (eN/c){ [rir (a2? v2+B2?r3) | 

os — [ni (@742+B87us) ]}. 


*B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956); 
G. E. Smith, ibid. 115, 1561 (1959). 

5D. Shoenberg, Proc. Roy. Soc. (London) A245, 1 (1952); 
Physica 19, 791 (1953). 

® Actually as shown by C. Herring and E. Vogt [Phys. Rev. 
101, 944 (1956) ], this follows also for anisotropic relaxation times, 
as long as these are diagonal together with the energy surfaces. 

7J. R. Drabble and R. Wolfe, Proc. Phys. Soc. (London) B69, 
1101 (1956); J. R. Drabble, R. D. Groves, and R. Wolfe, ibid. 
B71, 430 (1958); T. Okada, J. Phys. Soc. Japan 12, 1327 (1957); 
S. J. Freedman, Ph.D. thesis, Polytechnic Institute of Brooklyn 
(unpublished). 


(4) 


Magnetoresistivity constant: A,; 
(10° ohm-cm/kgauss?) 
An Ags Aus —Aw 


—Axy tAntiAn 





1.42* 
1 


The results for the MC constants are rather compli- 
cated and are best presented in the form of Table III. 
Each constant B,; is formed by summing the products 
of the column heading with the corresponding entry in 
each row once for the electrons and once for the holes. 

It is important to note the following definitions with 
respect to the above formulas: 


B,=siny, for 
Be=siny2 for 


a= cosy, electrons, 


(5) 


a2= cose, holes. 


Note that V(=3m) is the total volume density of con- 
tributing carriers. y is the angle of tilt between the 
crystal threefold axis z, and the principal axis 3 of the 
ellipsoid. ¥ is considered positive in the direction zXx. 
The algebraic sign in the inverse Hall constants has been 
exhibited explicitly so that all mobilities are considered 
positive. An examination of the results demonstrates 
the importance of determining the signs of Bo, and Bas 
since these are the only constants to change sign under 
the operations: 

aa? Ba, 


Bs—as, Wi vs, Vs 1)5 


(6) 


a—6;, Bia, wis, bs M1; 


and are thus able to distinguish between models dif- 
fering by this assignment. In contrast to the choice of 


TABLE ITI. The magnetoconductivity constants. 








Limits of 
error 


Constants Value computed from MR constants 


2.32X 10' ohm cm™ 

2.75X 104 

1.36X 10? ohm cm kilogauss™ 
1.44 10 

4.0 ohm™ cm kilogauss~* 


+2% 
+2% 
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Taste III. The calculated second-order magnetoconductivity constants. Each constant B;; is formed by summing the products 
of the column heading with the corresponding entry in each row once for the electrons and once for the holes. 








eNurys/c eNueys/C 


eNueyu:/c eNusus/c eNusye/c? eNyypous/Cc 
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3a? off 
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038 
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fia 


B* 
age 





ce p? 
3a? 33? 


—2—6a%é? 
2 —2a*s? 
2078? 
as —cd8 
af® —o8 
ad oo Bt 

8 2 2028? 
— 2a2p? 


a8 








sign of By, and By, By, is negative definite. That this 
is confirmed experimentally is encouraging. 

Since 12 constants are calculated from a 9-parameter 
theory, the model predicts necessary relations among 
the constants. We have found two such for the general 
case of equal number of holes and electrons and arbi- 
trary ellipsoid shape and orientation : 


2B33= (3Bu— By.—2Bys), (7) 


and 
4Pos[ou(—2Bu)—o33Bi3 ] 


- P323[ 4011 By — 0733(3Bi2— By—2Ba,) }. (8) 


Both these relations are satisfied within experimental 
accuracy. The remaining relation was not found but is 
known to be of order higher than sixth in the mobilities. 

The experimental data can also be tested against 
special model configurations. It is possible to rule out 
the case that holes alone contribute effectively to the 
GM effects, for in this case the following relation must 
obtain: 


B3:/ Bys= o33P 231/01.P 123. (9) 


Experimentally, the left- and right-hand sides of (9) 
are 2.67 and 1.25, respectively. The constants involved 
are among the most accurately known. For (9) to be 
satisfied, the experimental values must lie far outside 
the limits of error. We thus conclude that both carriers 
make a significant contribution to the GM effects. 

Another special case can be ruled out immediately : 
that the angles of tilt for the surfaces belonging to both 
bands vanish. The resulting scheme has symmetry 6m. 
For this case the constants B33, Bes, and By vanish 
identically. We therefore conclude that at least one set 
of ellipsoids is tilted. 


VI. COMPUTATIONS. SPECIFICATION 
OF BAND STRUCTURE 


In this section we will describe a method for searching 
rationally for the 9 parameters, if such exist, which when 
inserted into the expressions for the GM effects obtained 
in Sec. V, give agreement with the measured MC 
constants. 

It was not found possible to solve directly for the 
parameters, partly due to the nature of the equations, 
and partly due to problems in distributing experi- 


mental errors. The Eqs. (4) and Table III were there- 
fore recast into a form which would allow a systematic 
search for the best set of parameters. 

Let us define measures of the electron and hole mo- 
bilities as follows: 


Mitmetus=fS; vitvetv;=(1—f)S, 


where (10) 


S= (201:+033)/eN. 
Let us further introduce the dimensionless parameters 
%1=m1/fS; Vi=u2/fS; 
xe=1/(1—f)S; yo=v2/(1—f)S; 22=3/(1—f)S. 


21:=p3/fS; 
1 M3/ 5 (11) 


With the above definitions, the physically meaningful 
range for the x’s, y’s, and 2’s lies between 0 and 1, since 
all mobilities must be positive and no single one alone 
is responsible for the total conductivity. It is also con- 
venient to introduce reduced conductivities and inverse 
Hall constants. 


21(1)=ytarxit6y2; 
my (1)= 2421 +91 (81x: +a72)) ; 


3( 1) = BYx +ay"21; 
w3(1 )= y1(ay?41+812)) ; 
(12) 
with analogous expressions for quantities carrying the 
subscript 2. Note that Z,+=;=1. It is now possible to 
write the following relations between experimentally 
observed ratios of numbers, and the unknowns N, f, 
and the reduced expressions of Eq. (12). 
fE1(1) + (1— f)Ei(2) = 2011/ (2011 +033) = Si, 
fE3(1)+ (1— f)Z3(2) = 033/ (2o1+033) = Ss, 
fx, (1)— (1— f)?x1(2) = eNceX 2P231/ (2011+ 033)", 
fPr3(1)— (1—f)?x3(2)= eN eX P123/ (2011 +033)”, 
f®x3(1)E,(1)+ (1— f)993(2)E1(2) 
= (eNc)?2By; (2o4:+4¢33)*, 
= (eNc)?2Bz, (2011+¢33)", 
= (eNc)?(—2Bas) (203;+033)', 
= (eNc)?(3By— By 2Bys) ( 2oi1+¢ 33) , 


(13) 
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These eight equations are not independent. Because of 
Eq. (8), the last four equations contain one relation, 
and because S,+5;=1, the first two contain another. 
Thus, we have six equations for the eight independent 
unknowns \, f, and, say 2,(1), 21(2), mi(1), 21(2), 
m3(1), 23(2). They fall conveniently into two groups, 
such that for given values of V and f we can consider 
Eq. (13) to define fully the reduced quantities of 
Eq. (12). 

The application of the method is somewhat compli- 
cated because the relation of (8) is not satisfied exactly 
by the experimental data. However, by a least-squares 
distribution of errors, automatically stationary in f and 
N, it is possible to derive a consistent set of parameters 
for the right-hand side of Eq. (13), and therefore solve 
for the &’s and ’s for given f and V. 

Once the 2’s and m’s are known, all parameters intro- 
duced in (12) are determined : 


y= FE, + (1—40rs/Z2)!4], 
ay"= $(1—y" 
 (1-—[1-4 (1 — yr"Es)/(1— yn")? FY, 
z1“=}3(1—,") 
X {14+[1—-4(4i1— yi"Es)/(1— yr")? }}, 
(ay)? = (S3— x2") / (3"— x4"). 


The indices « and / refer to solutions based on the 
upper or lower sign of the radical for y. The choice of 
sign before the radical of 2," and x,“ corresponds to a 
particular choice of reference coordinates. With such 
choice we may require only that Ba and By: have the 
proper relative signs. 

The systematic fitting of the data then involves the 
following steps: 


(1) Determination of the range of f and .V leading 
to solutions of all the parameters in Eq. (14) lying 
between zero and unity. These are the conditions for 
positive mobilities and real angles of tilt. 

(2) For a given f and N in this range, all MC con- 
stants can be computed and compared to experimental 
values; only those sets are retained for which Ba, and 
By have the same sign, as found experimentally. 

(3) Each acceptable solution is compared quantita- 
tively to the experimental values by a least squares 
measure of over-all fit, and all solutions are classified 
accordingly. 


The problem was run on an IBM 650 computer. For 
fixed input data (the experimental constants), the 
program sought solutions by varying f and V through 
ranges established by extensive hand and machine 
computations. The input was varied so that all combina- 
tions of the o’s and P’s within experimental error were 
explored. 

The search led to many real solutions. However, only 
one type of solution, characterized by parameters in a 
definite neighborhood, gave good agreement between 
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TABLE IV. Best values for the parameters appearing in the 
theory and comparison of experiment and theory using these 
parameters. The computed and measured conductivities and in- 
verse Hall constants agree within 1%. 


Carrier density N =3.74 X10" cm=3 
Angle of tilt 


Hole mobilities Electron mobilities Angle of tilt 
for holes 


(108 cm?/volt-sec) (108 cm?/volt-sec) for electrons 
vl v2 v2 wi ue ua v1 


0.154 


3.30 0.138 63.2° 4.05 1.18 30.7° 


Constant 8Bu 8Bi 2Bis —4Bu —4Ba —2Bu 2Bau Bu 


Theory 37. 3.45 5.0; 
Experiment 32 2 5 3.5 44 


21.6 3.59 
22.4 3.9 


experiment and all the computed constants. The values 
of the parameters for this solution are listed in Table IV 
and lead to the computed values of the MC constants 
as shown. The surprising, and gratifying, aspect of this 
result is, first of all, that the good solution is fairly 
unique, and furthermore, that it is reasonable. The 
density of carriers is in the anticipated range, the mo- 
bilities of electrons and holes are of similar and large 
magnitude and show pronounced anisotropy. Both sets 
of ellipsoids are tilted, and both contribute appreciably 
to observed effects, with the holes somewhat pre- 
dominant. The assignment of angles of tilt was made 
according to the following prescriptions: In the experi- 
mental work, the polar direction of the threefold (z) axis 
was chosen so that xXz points down the slope of the 
secondary cleavage. With the convention adopted above 
for the positive direction of tilt, these definitions com- 
pletely define the orientation of the mobility ellipsoids. 

Because of the closeness of the value obtained for the 
tilt of the electron mobility ellipsoids and the angle of 
one face of a Jones zone for Sb,* it is reasonable to 
assume tentatively that the electron overlap occurs on 
the (221)-type faces while holes are left on the (110) 
faces. 


VII. DISCUSSION 


The parameters listed in Table IV are the result of a 
systematic search for all possible physically acceptable 
fits of the model to the experimental data, and selecting 
the best set among these. We now discuss their nu- 
merical significance, the model upon which they are 
based, and the conclusions to which they lead. 

Because of their interrelation in determining the 
parameters, it is very difficult to estimate how sensitive 
the results are to variation in the input data. Small 
changes can always be produced in this manner, but the 
experience of the program indicates that rather wide 
changes in the input data still lead to a “best” parame- 
ter set in the same neighborhood, defined by a given 
ordering in magnitude of the various principal mobili- 
ties and approximately constant angles of tilt. At least 
to this extent, and very likely to a rather more definite 


8 N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Dover Publications, Inc., New York, 1958), p. 167. 
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TaBLe V. Comparison of Shoenberg’s de Haas-van Alphen data 
with the present results for holes. The isotropic hole relaxation 
time is taken to be r,=1.1X10~% sec. 





Parameter Shoenberg Present results 





N (10° carriers/atom) 1.1 
v, (10° cm?/volt-sec) 4.0 
vz (10° cm?/volt-sec) 3.0 3.30 
v3 (10° cm*/volt-sec) 0.13 0.13 
¥ 63.2° 


1.05 


3.56 











degree with respect to actual mobility anisotropies, the 
results reflect a basic connection between the experi- 
mental results and the model which is relatively in- 
sensitive to variations in detail of the former. Because 
the hole contributions to most measured constants pre- 
dominate, most confidence should be placed in their 
parameters. 

Of course, the model itself includes a number of more 
or less arbitrary assumptions. An essential part of the 
calculation of the GM constants is based on an isotropic 
relaxation time, so that the energy surfaces alone must 
account for the anisotropy in transport properties. For 
highly anisotropic energy surfaces, an argument due to 
Herring’ suggests that this assumption is justified, since 
intravalley scattering can explore only one direction in 
reciprocal space regardless of the initial and final elec- 
tronic states. The assumption of simple bands is an 
arbitrary one, but, once made, leads automatically to a 
multivalleyed model, as implied by nonvanishing Bo, 
and By, and supported by the rather large value for a 
shear coefficient of piezoresistivity’™ }(r14+2ra) 
which would vanish if the energy surfaces are single 
ellipsoids of revolution. A multivalley structure has also 
been found necessary by Shoenberg® to explain the 
de Haas-van Alphen data. It is, of course, possible that 
ali of these explanations really involve merely a multiple 
ellipsoid representation of a more complex band struc- 
ture. In that case, experiments involving different 
averages should lead to different representations. 

Shoenberg has been able to interpret the de Haas- 
van Alphen effects in Sb by assuming a single set of 
three energy surfaces tilted about the crystal binary 
axis, with inverse effective masses, expressed in a prin- 


°C. Herring, Bell System Tech. J. 34, 237 (1955). 
1M. Allen, Phys. Rev. 43, 569 (1933). 
4 R. W. Keyes, Phys. Rev. 104, 665 (1956). 
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cipal axis system, given by 


mo/m,= 20.0, mo/m22=0.68, mo/m33= 15.4, p= 34.8°, 
(15) 


and with a carrier density V=1.110~ carrier/atom. 

This density agrees fully with our results. If the re- 
laxation time is isotropic, the inverse masses must be 
compared to our mobilities. Good agreement with our 
holes is, in fact, obtained if v2 and v3 are interchanged 
and if W2 is replaced by its complement. This transfor- 
mation corresponds to keeping the conventions in our 
theory fixed and letting x —x, y— —y. We assume 
that Shoenberg’s choice of either polar « or positive y 
was opposite to that of our theory. Combining the trans- 
formation 2—> 3, 3—> 2, Y—> x/2—y with an assumed 
hole relaxation time r,=1.1X10~" sec, Shoenberg’s 
data can be cast into a form comparable to ours, as ex- 
hibited in Table V. The agreement shown there is very 
good and indicates strongly that both types of experi- 
ment are consistent with the same model. It further 
implies that the Sb band structure remains basically 
fixed between liquid helium and room temperatures, 
and it also supports the isotropic relaxation time as- 
sumption. We conclude that the carriers responsible for 
the observed magnetic susceptibility oscillations appear 
to be holes. 

Our results indicate that, under favorable conditions, 
a complete set of conductivity data can be analyzed 
systematically to lead to a fairly unique specification of 
band structure. Of course, such procedure will not be 
successful in all circumstances and even for antimony 
the assumptions which went into the model probably 
limit its applicability to the understanding of properties 
not too sensitive to band structure details. Neverthe- 
less, the completeness of the specification of the band 
structure from relatively straightforward experiments 
to which the method leads makes it a natural guide for 
more detailed exploration. 


ACKNOWLEDGMENTS 


We wish to thank Dr. S. Epstein of the USASRDL, 
Solid State and Frequency Control Division, Fort 
Monmouth, New Jersey, who kindly supplied the 
single-crystal ingots and J. W. Mellichamp of the same 
laboratory who performed the spectroscopic analyses. 
We also wish to thank the staff of the Watson Scientific 
Computing Laboratory for providing the computing 
facilities used in this work. 





PHYSICAL REVIEW VOLUME 124, NUMBER 5 DECEMBER 1, 1961 


Collective Behavior in Solid-State Plasmas* 


Davip Prnesf AND J. RoBerT SCHRIEFFERT 
John Jay Hopkins Laboratory for Pure and Applied Science, General Alomic, 
Division of General Dynamics Corporation, San Diego, California 


(Received July 27, 1961) 


The conditions for the existence of plasma wave instabilities in 
the plasma formed by the electrons and holes in semiconductors 
are discussed. The dispersion relations for both the high-frequency 
optical mode in which electrons and holes move out of phase, and 
the low-frequency acoustic mode in which electrons and holes 
move in phase are calculated. Growing acoustic waves are shown 
to occur for a sufficiently large relative drift velocity of the elec- 
trons and holes, and the boundary between growing and damped 
waves is determined for various electron-hole temperature ratios. 
Growth rates are calculated for several cases of interest; when the 
influence of impurity and phonon scattering on the electron-hole 
behavior is taken into account it is concluded that InSb is perhaps 


I 


HIS paper is devoted mainly to the theoretical 

investigation of certain aspects of collective be- 
havior in the “classical” plasma formed by electrons 
and holes in semiconductors at not too high carrier 
densities and not too low temperatures. The extension 
of the ideas developed herein to the quantum electron- 
hole plasma found in semimetals or certain semicon- 
ductors is discussed in the Appendix. 

In general, there may exist two modes of collective 
oscillation for a two-component plasma, such as the 
classical plasma of electrons and ions or the electron- 
hole plasma in a semiconductor. One mode consists of 
a high-frequency oscillation in which the electrons and 
holes oscillate out of phase with one another; the fre- 
quency w, of a long-wavelength oscillation is 


o 9 © 
wr=w?+w_?, 


where w, and w_ are the electron and hole plasma fre 


quencies, respectively. The other mode corresponds to a 
low-frequency oscillation in which the holes (assumed 
to be heavy) and electrons (assumed to be light) move 
in phase with one another. It is thus a plasma oscilla- 
tion appropriate to the holes plus their associated 
screening cloud of electrons; for equal densities of 
holes and electrons the frequency of a long-wavelength 
oscillation of wave number & is 


wee (T_/2T,) kos, = (m_/2m,)'kv_, 


provided the ratio of electron temperature to hole 
temperature, 7_/T,, is large enough, and the electron- 
hole mass ratio, m_/m4, is small enough. These are just 
the requirements that the low-frequency mode possess 
a frequency which is distinct from typical individual 
hole and electron excitation frequencies, kv, and kv_. 

* This work was supported by a joint General Atomic-Texas 
Atomic Energy Research Foundation program on controlled 
thermonuclear reactions. 

} Present address: Department of Physics, University of 
Illinois, Urbana, Illinois. 


the most promising semiconductor in which to observe such in- 
stabilities. An investigation of the hole and electron temperatures 
and the relative electron-hole drift velocity as a function of field 
strength is carried out for InSb. It is shown that moderate field 
strengths (~100 v/cm) suffice to produce electron-hole drifts of 
the required order of magnitude for the observation of plasma 
wave instability; however, the scattering mechanisms present are 
sufficiently effective that it appears marginal whether the other 
condition (long hole relaxation times) necessary for the observa- 
tion of the plasma wave instability is achievable in practice. In 
an Appendix the conditions for the occurrence of similar plasma 
wave instabilities in semimetals are analyzed briefly. 


Here v, and v_are defined by (m_v_?/2) =xT_; (m4042/2) 
=xT,, and the foregoing requirements are necessary in 
order that the collective mode not be too strongly 
damped by the individual particle excitations. By 
analogy to the vibration spectrum of polar crystals, we 
may call the high-frequency mode an optical mode of 
plasma oscillation, the low-frequency mode an acoustic 
plasma mode. 

We shall be particularly concerned with the possible 
existence of a two-stream instability in the semicon- 
ductor associated with the electron drift under the 
application of an electric field. Our motivation for this 
study is the obvious need for an understanding, both 
theoretical and experimental, of the high-frequency 
instabilities in fully ionized plasmas. From a theoretical 
point of view, the conditions for the existence of certain 
classes of such instabilities (and in particular for the 
two-stream instability in a homogeneous plasma) are 
well understood; the calculations of the growth rate of 
the instability for short times (where the linear approxi- 
mation is valid) are also reliable. However, once the 
amplitude of the growing plasma oscillation becomes 
sufficiently large that nonlinear effects (such as the 
coupling between plasma modes of different wave- 
lengths) begin to play a role, comparatively little is 
known of the resulting behavior of the plasma. The 
experimental situation is even less satisfactory. The 
unambiguous observation of the two-stream instability 
has proved an extremely challenging problem for the 
plasma experimentalist, and only recently has a meas- 
ure of success been achieved in its detection.' It seems 
not unlikely that quantitative experiments which bear 
on the above nonlinear aspects will prove equally 
difficult to carry out. 

The electron-hole plasma in a semiconductor would 
seem to offer a promising tool for the investigation of 
such instabilities. It possesses the obvious advantage 
that the relative concentrations and temperatures of 


1G. D. Boyd, L. M. Field, and R. Gould, Phys. Rev. 109, 
1393 (1958). 
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the electrons and holes can be measured and varied 
over quite a substantial range of interest. The principal 
disadvantage is that the electrons and holes are scat- 
tered by phonons, impurities, and, in some cases, one 
another; hence one is hampered by the need to find 
temperatures and concentrations such that wr,>>1, 
where w is the characteristic frequency one wishes to 
study and r, and r_ represent the hole and electron 
lifetimes against the extraneous scattering mechanisms. 
As we shall see, therefore, the possibility of achieving 
conditions for observing the two-stream instability 
appears somewhat touch and go for semiconductors, 
where one has to contend with lifetimes ~10-” sec. 
The prospect may be brighter in semimetals, where the 
lifetimes are ~10-" sec or perhaps an order of magni- 
tude longer for low field strengths; however, interband 
transitions may act to reduce these lifetimes for a large 
applied field. 

In a two-component plasma one finds that for a 
sufficiently large drift velocity of electrons vs ions (or 
holes) the plasma becomes unstable against a growing 
wave of plasma oscillation, corresponding to a coherent 
excitation of the oscillations by the electron beam. The 
conditions for the existence of this instability and its 
growth rate have been studied by Rosenbluth,’ Bune- 
man,’ and Jackson‘ for a plasma of electrons and ions 
at equal temperatures. They find that the instability 
comes into play for an electron drift velocity 142 1.320_. 
When the electron-ion temperature ratio, T_/T,, is 
sufficiently large the critical drift velocity required to 
produce an instability is reduced, being of order 
(m_/m.)‘v_ or smaller.® Drift velocities of this latter 
order seem definitely achievable in high-mobility semi- 
conductors; the first problem, then, in producing a 
two-stream instability in a semiconductor is that of 
achieving a sufficiently large electron-hole temperature 
ratio. ; 

InSb appears a likely material, because the electron- 
hole mass ratio is large, (~ 14) and the electron mobility 
is quite high (~ 10° cm?*/v). The high electron mobility 
means that the application of modest electric field 
strengths will act to produce substantial deviations 
from Ohm’s law, with appreciable heating of the elec- 
trons. On the other hand, the large value of m,/m_ 
means that the hole mobility is an order of magnitude 
smaller than the electron mobility; as a result one gets 
much less hole heating than electron heating for a given 
field strength, so that a large value of m,/m_ tends to 
favor a large value of 7_/T,. This aspect of semi- 
conductor behavior favors the existence of acoustic 
plasma oscillations and the existence of a lower thresh- 
old for the observation of the two-stream instability. 


2M. Rosenbluth (private communication). 

30. Buneman, Phys. Rev. Letters 1, 8 (1958); Phys. Rev. 115, 
503 (1959). : 

* J. D. Jackson, J. Nuclear Energy Pt. C: 1, 171 (1960). 


5M. Rosenbluth (private communication); I. Berstein, E. A. 
Frieman, R. M. Kulsrud, and M. N. Rosenbluth, Phys. Fluids 3 
136 (1960). 
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As we have mentioned, the principle obstacle to 
carrying out such observations is the incoherent scatter- 
ing of the electrons and holes. The instability will occur 
only if the product of its growth rate (neglecting par- 
ticle relaxation times), 2,, and the relevant electron- 
or hole-scattering lifetime, rs, is greater than unity. 
The growth rates we calculate for InSb under favorable 
circumstances are of the order of w,/10; the reciprocal 
of the hole lifetime (which is the relevant one here) is 
of this same order, so that the production and observa- 
tion of the growth of acoustic plasma oscillations may 
or may not be feasible for this material. 

In Sec. II we discuss the dispersion relation for both 
high- and low-frequency modes in a system of two 
coupled plasmas at rest having different masses, densi- 
ties, and temperatures. The treatment is extended to 
include the effect of directed particle drift velocities 
and the scattering of the carriers of the crystal lattice. 
The effect of an external electric field on the dispersion 
relation is also included. The conditions under which the 
electron drift may be just sufficient to excite a growing 
acoustic wave instability are treated in Sec. III. The 
growth rate of the oscillations is discussed in Sec. IV. 
In Sec. V we discuss the semiconductor aspects of the 
problem with particular reference to the magnitude of 
the particle drift velocities and temperatures one can 
expect in moderate electric fields. In Sec. VI a brief 
discussion of the possibility of observing the two-stream 
instability by pulsed conductivity measurements is 
given. 

II 

We consider an idealized situation in which there are 
n, holes and n_ electrons per unit volume distributed 
uniformly over a large sample. The holes are assumed 
to be free particles of effective mass m,; the electrons 
likewise possess an effective mass m_. For the low fre- 
quencies of interest to us here the interaction between 
the charged particles is well described by e?/eo| r;i—r;|, 
where ¢€o is the static dielectric constant of the semi- 
conductor. The coupled electron-hole plasma oscilla- 
tions of this system have been studied using the col- 
lective variables approach and the random phase 
approximation by Noziéres and Pines.® In this report 
we shall use an alternative approach; we work with the 
Boltzmann equation for the one-particle distribution 
functions, f;(r,v,/), and take into account the influence 
of charged particle interaction by means of a self- 
consistent field.? The equivalence of the collective- 
variables random phase approximation approach with 
use of the collisionless Boltzmann ‘equation plus the 
self-consistent field is by now well understood.* 


*D. Pines, Can. J. Phys. 34, 1379 (1956); P. Noziéres and 
D. Pines, Phys. Rev. 109, 1062 (1958); P. Nozieres, Ann. phys. 4, 
865 (1959). 

7A. Vlasov, J. Phys. U.S.S.R. 9, 25, 130 (1945); L. D. Landau, 
ibid. 10, 25 (1946). 

8 J. Goldstone and K. Gottfried, Nuovo cimento 13, 849 (1959) ; 
M. Cohen and H. Ehrenreich, Phys. Rev. 115, 786 (1959); 
D. Pines, J. Nuclear Energy Pt. C: 2, 5 (1960). 
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The random phase approximation is valid when the 
average potential energy per electron is small compared 
to the average kinetic energy. Thus our treatment will 


be valid when 
4rnye’\! 1 
or (= =f ) —S$]l, 


eT, / 4rng 


ky 


> (2.1) 

ek Ts 
where ky are the hole and electron Debye screening 
wave vectors defined by 


ky? =4an e*/ eT ,. (2.2) 


For electron and hole densities of the order of 10'*, the 
weak coupling condition (2.1) is satisfied for tempera- 
tures in excess of 20°K for InSb (ec2{16). Therefore, we 
shall see the weak coupling condition is satisfied for 
the experimental condition of interest to us in what 
follows. 

The time evolution of the distribution function of a 
two-component plasma in the presence of an external 
electric field and an external scattering mechanism is 
extremely complicated. No general solution of this 
problem has thus far been obtained. Our treatment is 
based on the assumption that there are two reasonably 
distinct time scales which characterize the change in the 
distribution function. The first time scale is associated 
with the macroscopic drift of the particles induced by 
the external field. The second time scale, which we 
assume to be short compared to the first, is that which 
characterizes the coherent behavior of the system; that 
is, the collective oscillations and their growth for suffi- 
ciently large relative hole-electron drift velocity. Thus 
we regard the drift velocity of the particles as changing 
adiabatically with regard to the times characteristic of 
plasma effects 

Consider, for the moment, the collisionless Boltz- 
mann equation for the distribution functions f,(r,v,/) 
in the absence of an external electric field: 


Ofs, di+ V° Vfs+ (e, m4) E . Vila = 0. ( 2.3) 


In (2.3), the electric field E is that arising from the 
averaged field of the charged particles, and is deter- 
mined by Poisson’s equation: 


eov : E=4re | dv(f,—f_). (2.4) 


The dispersion relation for the collective modes of the 
system is determined by solving (2.3) and (2.4) simul- 
taneously; this may be done easily if one assumes the 
departures of f; from their respective Maxwellian 
values, fox, are small. Thus one writes 


fs=foathis 


and linearizes the resulting equations by neglecting 
the cross-terms E-¥,f14 as being of higher order. The 
solution is perhaps most easily obtained by taking the 


(2.5) 


IN SOLID-STATE 


PLASMAS 


Imv, 





Rev, 


Oy 





Fic. 1. Contour of integration for evaluating integrals appearing 
in (2.6); vz is k-v/k. 


Fourier transform in space and time of (2.3) and (2.4); 
one then arrives at the dispersion relation for plasma 
oscillations: 


p k- Vifo+ 
14+ fay —___—- 
eok?m,. w—k-v+i6 


dre? k-V.fo 
+—— | av ————=(0. (2.6) 
€yk?m_- w—k-v+75 
The small imaginary part 76 arises from the choice of a 
boundary condition corresponding to a retarded solu- 
tion of (2.3) and (2.4). Such a solution is valid only 
for Imw20. For Imw<0, it is necessary to analytically 
continue the functions of w appearing here; this may be 
accomplished by the choice of the contour of integra- 
tion indicated in Fig. 1. This prescription is equivalent 
to the result obtained by Landau using Laplace trans- 
forms and treating the problem as an initial value one; 
it leads to damping of the plasma oscillations by the 
individual electron excitations in the absence of di- 
rected motion of the electrons. 

It is convenient to write the dispersion relation (2.6) 
in the following form: 


) w  & w 
1 “ar )+ w(— )=0, 
k? kv, k? kv 


where the response function, W, is given by 


1 * gq exp(—q’/2) 
W (Z) =lim——— | dg —————_ 
6-0 (29)! —_— Z—qt+6 


r\} 
= +i(*) Z exp(—Z?/2)+1 
7 


»Z 


—Z exp(—Z? 2 | dq exp(q?/2). (2.8) 


The result (2.8) follows after substitution of the Max- 
wellian values, fox=as exp(—mv*/2xT,) in (2.6) and 
a certain amount of straightforward algebra. 

As we shall see, the W function plays a central role 
in the discussion of dynamics of plasma oscillations. It 
has the following expansions for large and smali 
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argument: 
Z> 1: 


tj ¢$ 8 
W(Z)=in'Z exp(— Z?)-—--—--—__-- : : 
2Z? 4Z* 8Z* 


(2n+1)!! 


2°Z 
e6&i: 


W(Z)=in'Z exp(—Z*) +1 


2 4 (—2)*Z* 
~27| 1-24 * ae Cres } (2.10) 
3 15 (2n+1)!! 
where (2n+1)!!=1X3X5---X(2n+1). The _high- 
frequency plasma oscillation solution of (2.7), w1, is 
obtained by replacing the W functions by their high- 
frequency expansions; one obtains 


9 


w? k? w w 
- in| — — exp( ) 
wo Rk? ko_ kn? 


k,? Ww w? ( 
ecm en(-—) | 2.11) 
k? ko, k*n,? 


where the plasma frequency for each type of carrier is 
defined by 

w s?=4rn.e*, M+€c. (2.12) 
For long wavelengths (kv_<w) the solution of (2.11) 
may be written as 


w, k? w)? 
——e exp(-—) 
2Lko_ k? ky? 


WI k,? w? | 
28-2) 

ko, FP kv,2/ J) 

since in this limit the damping of the wave due to 


individual electron and hole excitation is slight. The 
real part of the frequency is, as we have indicated, 


4rejn, n\7 
W) -| ( + -)| . 
€o \m,  m_- 
Thus if n,=n_, the plasma frequency of the coupled 


system is given by the plasma frequency appropriate 
to the reduced mass, 


1 1 1 
) 5 r ™ 
ups om, m 
which is to be expected since the holes and electrons are 


moving completely out of phase with respect to each 
other. 


(2.13) 


(2.14) 
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The physical origin of the damping is simply under- 
stood by considering particles whose velocity is approxi- 
mately equal to the phase velocity of the wave, 1p=w/k. 
If the wave has sufficiently large amplitude, particles 
with velocities slightly greater than v, will be trapped 
in a potential trough and decrease their average ve- 
locity to vp transferring their extra kinetic energy to 
the wave. Particles with velocities slightly less than v, 
will be accelerated by this trapping mechanism and 
absorb energy from the wave. Therefore if the dis- 
tribution function decreases with increasing velocity, 
damping takes place since there will be more slow 
particles to absorb energy than fast particles to transfer 
energy to the wave. If, on the other hand, the dis- 
tribution function increases with velocity near v, it is 
possible that the wave will grow in amplitude. 

The low-frequency mode of the electron-hole system 
takes on a simple form if the phase velocity of the wave 
is large compared to the hole thermal velocity and 
small compared to the electron thermal velocity. In 
this case the small- and large-Z approximations can be 
made in the dispersion relation for the electrons and 
holes, respectively. The dispersion relation then becomes 


w,” 3 k*v,? By 
1=“2(14- = a aes 
9 9 2 | 


ao - wv 


wk? w k,? w 
in| —+ = exp( - )}. (2.15) 
kv kh? kv, FB? k’n,? 


and possesses the long-wavelength solution 
rT J mn,\' (Tn! 
eR ee) 
2 m,n Ty. n 


17_n 
xew(- _ 


27.8 


me Kl. 3eTs\! 
o2= — k. 
n_ mM, Mm. 


We see directly from (2.16) that the damping of the 
long-wavelength acoustic wave will be small only if the 
following conditions are satisfied : 


*) i (2.16) 


(2.17) 


m_ nN, 
a . a. 
m,n Tin 


(2:18) 


These are just the conditions, w*<<k*v? and w*>>k’v,’, 
which are necessary in order that we be justified in our 
use of the low-frequency and high-frequency expan- 
sions, respectively, of the electron and hole response 
functions, W, in the long-wavelength limit. Thus where 
the frequency of the acoustic wave satisfies the condition 


Rvr<weKk v2, (2.19) 
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the damping of the wave will be small, and one finds a 
simple analytic form (2.17) for w.; where (2.19) is not 
satisfied, one must use the exact values of the W func- 
tions, and the damping is appreciable. 

We now consider the behavior of the system if the 
holes and electrons possess net drift velocities va, and 
va, respectively. If collisions between the particles are 
more efficient in relaxing the momentum and energy 
distributions of the holes and electrons than their 
interactions with the lattice, then the distribution 
functions in the presence of an external electric field, 
Eo, will take the form of displaced Maxwellians: 

f4( Eo) =ay exp[— m4 (o—va4)?/2xT J]. (2.20) 
The temperatures of the holes and electrons may differ 
from the lattice temperature as a result of the energy 
absorbed from the external field. With the aid of (2.20) 
it is easy to show that the dispersion relation for plasma 
oscillations is given by a modified form of (2.7), in 
which 


Zi= (w—k- Vas), kos 


replaces the arguments w/kv; appearing there. This re- 
sult follows simply by noting that the integration over 
velocity in (2.6) can be reduced to that for »z=0 by 
the change of variables v— v+va,, the only change 
being that w is replaced by the Doppler shifted value 
w—k-va. As we discussed above, the Landau damping 
term depends upon the sign of w—k- vg. If w—k- va<0 
the Landau prescription for treating the pole in the 
integrand tends to make the wave grow rather than 
decay. This result follows simply from the fact that for 
Vp=w/k<vq, the distribution function is increasing with 
increasing v while for w/k>vq the maximum of the 
Maxwellian has been passed and damping results, in 
agreement with the physical description of the effect 
given earlier. The growth of oscillations due to the 
relative drift of the particles is known as the two-stream 
instability ; a study of this instability in semiconductors 
will form the major part of this paper. 

The particle-lattice interactions can be included in 
the Boltzmann equation by a relaxation time approxi- 
mation in the case of impurity scattering while, in 
general, the phonon scattering requires a more detailed 
treatment. If one uses a collision time approximation, 


(0f/0t) on=— (f—fo) r(v), 


then the only effect of the collisions on the dispersion 
relation is to replace w/kvs by [w+i/r4(v) ]/kvg. It is 
clear that the collision term leads to damping of the 
oscillation since if w is satisfied the dispersion relation 
with r,=7_=%, then w—i/r satisfies the dispersion 
relation when 74=7_=T. 

The external field Ey which produces the drift 
velocities va;, can have a direct effect on the plasma 
oscillations. If the electric field E in (2.3) is extended to 
include Eo, then the perturbed distribution functions 
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F Eo 0 E, 
i(o- k- v+e— — )f =+e—:V fos, (2.22) 


M4. OVz Ms 


where E= E,+ E,. It is straightforward to solve (2.22) 
for f, and combine the result with Poisson’s equation, 


ik- E,=4ne | (fir— fra», (2.23) 


to obtain the modified dispersion relation. The result 
is equivalent to replacing the temperatures T; by 
complex temperatures, 


ie Eo: k 
T,'= rf -— } 
RTs 


in both W and k4?. The external electric field can there- 
fore have a strong effect on the dispersion relation if a 
particle gains an energy from the external field which 
is large compared to xT while moving a distance of 
one wavelength. The sign of the effect depends upon 
both the charge of the particle and the angle between 
Ey and k. This correction to the dispersion relation 
vanishes for Z>>1 since in this limit thermal effects are 
negligible compared to potential energy effects. 


(2.24) 


Ill 


In order to obtain a feeling for the conditions under 
which an instability corresponding to growing waves of 
frequency w will occur it is convenient to calculate the 
wave number & for which Imw=0, as a function of the 
drift velocity of the electrons. This yields the boundary 
between the growing waves and the damped waves for 
a given drift velocity. We choose a coordinate system 
in which the holes have zero drift velocity and neglect 
the damping due to particle-lattice interactions and the 
external field Eo. The basic equation we wish to in- 
vestigate is, therefore, from (2.7) and (2.20) 


(3.1) 


ky? k2 
1+—W (Z,)+—W (Z_)=0, 
RB? 2 


where 


Zi=0/kv,; Z= (w—k- va) ‘Rv. 


Since there are a large number of parameters to be 
specified, i.e., mz, T4, m4, and vg, we choose some 
typical cases of interest to study: 

1. n.=n_, T,=T 


zs T,=0, 


f (aie 
T_=10T;; 
T_=4T,; 
T_=4T,. 


3. N=N_, 
4. n,=n_, 


5. ny=SOn_, 
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Fic. 2. The boundary between growing waves and damped 
waves for an electron-hole plasma with n,=n_, m,=14m_, and 
varying values of T_/T 





In all of these cases we keep the mass ratio, m,/m_, 
fixed at 14. The mass ratio of 14 is appropriate to the 
heavy holes and low-energy electrons in InSb, which is 
likely to be one of the most favorable materials for 
observing this instability. 

Case 1 has been investigated by Buneman’ and 
Jackson. Under the condition Imw=0, Z,, and Z_ are 
real and therefore the imaginary part of (3.1) reduces to 


Z, exp(—Z,?) = —Z_ exp(—Z_), (3.2) 
which may be satisfied by Z,= —Z_=Z. The real part 
of (3.1) becomes 


2 
-2—(-1 +2Z exp(—7)| 
k? ? 


~Z 


exp(A)dt) (3.3) 


The relation between & and vq is plotted in Fig. 2. The 
critical drift velocity for which infinitely long wave- 
lengths just begin to grow is given by 


va=0.926v_[1+ (m_/m,)! ]. (3.4) 


As the drift velocity increases shorter wavelength oscil- 
lations will grow. This condition persists until one 
attains the velocity 1.520_[1+ (m_/m,)!]; at this value 
of vg the maximum range of wave numbers is unstable; 
the maximum wave number of a growing wave is given 
by 0.722k_. For very large velocities, the maximum 
wave number for which plasma oscillations can grow 
is given by 


k=V2(w_/va)[1+ (m_/m,)*]. (3.5) 
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The relation Z,=— Z_ gives 
k ‘Va 
(m,,/m_)'+1. 


w= 


(3.6) 


Thus for long wavelengths and low velocities, the 
waves have a dispersion law corresponding to phonons, 
that is, w is proportional to &. For high velocities, (3.5) 
and (3.6) lead to 

(3.7) 


Thus, we see that if m,>>m_ the unstable oscillations 
behave much like the low-frequency acoustic oscilla- 
tions in which the holes and electrons move essentially 
in phase with each other. 

In case 2, because T,=0 the hole response function 
may be approximated by its high-frequency limit 
while the electrons may be treated in the low-frequency 
approximation at long wavelengths. The real part of 
the dispersion relation (3.1) becomes 

1 = (w4?/w*) — (R_?/k?), 


/ 


w=V2w,. 


(3.8) 


w= ——w,=s(k)k; (3.9) 
(k?+k_*)! 


the imaginary part gives Z_=0 or 


w=k-va. (3.10) 


On combining (3.9) and (3.10) we see that the relation 
between & and v4_ for which oscillations are just stable 
is given by 

wy 


(3.11) 


va= 


(R+k2)) 


Thus, for sufficiently large k, unstable acoustic plasma 
oscillations can be excited by electrons with a vanishing 
small drift velocity. For v1g>w,/k— the spectrum of 
growing waves extends down to k=0. The boundary 
given by (3.11) is likewise plotted in Fig. 2. The dis- 
tinctly different behavior between cases 1 and 2 should 
be noted. The essential reason for the great difference 
in the boundaries is the lack of Landau damping for 
the holes in case 2. This has the effect of allowing 
growth of oscillations whenever the drift velocity of the 
electrons is greater than the sound velocity s(k) for 
these oscillations. Since s(k) decreases as 1/k for large 
k, the condition for growing waves can always be 
satisfied for sufficiently large k. We conclude that if the 
temperature of the holes can be made very small, the 
critical velocity for excitation of plasma oscillations 
can be appreciably lowered. Thus, it is desirable to 
obtain a material with a high rate of energy loss for 
one type of carrier, e.g., the holes, so that their tem- 
perature can be maintained at a low value. Also these 
carriers should have a large effective mass since from 
(3.11) the minimum drift velocity for a given wave to 
grow is proportional to 1/.\/m,. However, as we shall 
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see in the next section, the growth rate w, is propor- 
tional to 1/+/m, so that there will be an optimum value 
of m,. for a given drift velocity to maximize the growth 
rate. 

The boundary of the region of growing waves for 
case 3 is also shown in Fig. 2. For the temperature ratio 
T_/T,=10 the critical drift velocity is vgz=0.220_. As 
one might expect, this value is intermediate between 
the critical velocities for cases 1 and 2. The boundary 
does not exhibit the characteristic folding back into 
the k axis which occurs for somewhat larger tempera- 
ture ratios. By using the high-frequency expansion for 
the hole polarizability and the low-frequency expansion 
for the electron contribution, one easily obtains the 
following expression for the boundary curve: 


va 1 (=) T_ 
Ses 
» (2422117, 2T,. (1—x2) 
m\3 
+(—) , (3.12) 
m4. 


where k/k_=x. In order for the curve to fold in toward 
the & axis, it follows from (3.12) that 


(=  /T\iqsm} rs 
“EYEE 
| T, ca m_ re 
For a mass ratio of 14 the criterion is satisfied for 
T_/T,217. Thus, the temperature ratio must be 
quite large in order for the high wave numbers to be- 


come unstable before the low wave numbers do so. We 
remark that 


(3.13) 


1 , 
——Z,exp(—Z,’), 
T 


+ 


so that for 7_/T,>10, the parameters satisfy Z,>1 
and |Z,|<1. Therefore the expansions used in deriving 
(3.12) and (3.13) are valid. 

Case 4 is, as one would expect, intermediate between 
case 3 and case 1. The influence of having unequal hole 
and electron densities (always a possibility since the 
lack of charge balance may be supplied by ionized 
impurity atoms) is considered in case 5, and the 
boundary between growing waves and damped waves is 
shown in Fig. 3. The increase of hole density by a 
factor of 50 has the effect of increasing the threshold for 
growth of long-wavelength oscillations relative to the 
other cases considered ; however, very short-wavelength 
oscillations continue to grow at lower drift velocities. 
For a given drift velocity, a considerably larger number 
of wave numbers can grow than for case 3 which has 
the same temperature ratio but equal densities. 

It is clear from the foregoing considerations that an 
appreciable lowering of the threshold drift velocity for 
creating unstable waves can be attained by maintain- 
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Fic. 3. The boundary between growing waves and damped 
waves for an electron-hole plasma such that m,=14m_, n,=50On_, 


and T_=4T 


ing one of the plasmas at a low temperature. Of course 
it would be best if both plasmas could be maintained 
at a low temperature with a large relative drift velocity ; 
this is made difficult due to the scattering of the par- 
ticles with the lattice and with each other. For the best 
situations in semiconductors we will see that the ratio 
of electron to hole temperatures is between 5 and 10; 
thus, neglecting other relaxation processes, the elec- 
trons would be required to have a drift velocity between 
0.22 and 0.40 times the electron thermal velocity in 
order that a growing wave instability be excited. In 
general, somewhat higher drift velocities are required 
due to particle-lattice collisions. Clearly any drift that 
the holes attain from the external field works in favor 
of instabilities since the holes have a drift velocity 
which is opposite to that of the electrons and only the 
relative drift velocity enters the criterion for growth. 
However, if the holes have a high mobility their tem- 
perature will increase and therefore a balance is re- 
quired between the hole drift velocity, temperature in- 
crease, and relaxation time. 


IV 


Growth rates for the instabilities we have been con- 
sidering may be calculated in a straightforward fashion as 
long as we stay within the linear region for which the dis- 
persion relations of the preceding sections apply. In the 
calculations which follow we take into account the influ- 
ence of hole lattice collisions by introduction of the 
relaxation time 7,; the electron-lattice collision time r_ 
will be an order of magnitude larger than 7, for the cases 
which interest us, and its influence on the electronic 
polarizability may be safely be neglected. The intro- 
duction of 7, has the effect of simply reducing the 
growth rates by an amount 1/7}. 

Approximate expressions can be derived for the 
growth rates for cases 2 and 5 in the region of interest, 
i.e., Yaa v_, since the high-frequency and low-frequency 
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expansions of the polarizabilities may be used for holes 
and electrons respectively. The real part of the dis- 
persion relation is given by 


w+ ivr 
i= " : [o—(at ) 
[w+ (wit+1/r,) P T4 


( a 
—(1-——__—_} -, 
(kv)? JB 


here w=w,+iw;, and we have assumed that kv_r_>>1. 
Typical growth rates for r,= 2 are of the order of 
w,/20 to w,/10 so that it is necessary for w,7, to be of 
the order of 20 to obtain growth. Since the waves with 
maximum growth rate occur for k-~~k_, it follows that 
w~w, and it is legitimate to neglect 1/7,? in the real 
part of the dispersion relation compared to w*. Thus, 


(4.2) 


(4.1) 


ws ( k)k, 


where 


Wy Ws 


s*(k) 


= ——— ~ —, (4.3) 
R+(1—2s(k)—veP/o 2k? B+k2 


The imaginary part of the dispersion relation may be 
expressed as 


1 wr w,* Rp 2 w-—k- vy 
age — = . 
» Ze ¥ kv 


OS Pe k- Va : 
xexp| —( ) } (4.4) 
kv_ 


on inserting the expression for w we obtain the growth 


WX 


(21 exp(—Z,_’), (4.5) 


+) 

where 
(w,/w_) k- Va 

Z,_=- —-———. 

[2(1+2*)]}! kv 
There are a number of conclusions one can draw from 
this expression. For growth of oscillations k must be 
essentially in the direction of the drift velocity. In the 
absence of 1/r,, there always exists a value of k above 
which growth can occur for arbitrarily small drift ve- 
locity ; however, the growth rate decreases as 1/2° for 
x>>1. If we had chosen a low but finite temperature for 
the holes, Landau damping of the holes would become 
important for large & and eventually lead to damped 
oscillations in accordance with the boundary curves 
discussed above. We note that the growth rate in- 
creases linearly with w, for fixed w,/w_ so that it is 
desirable to have a high density of carriers. Also, the 
growth rate is increased if w,/w_ is decreased; this can 
be attained either by increasing the number of elec- 
trons or by choosing a material with small electron 
mass. It is of course desirable to have a large ratio of 
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Fic. 4. Growth rate curves for several cases of interest. 


va/v_ and a large relaxation time 74. A plot of the 
growth rate based on (4.5) for T,=0, m,/m_=14, 
n,=n_, ta=}0v_, and r,=~@ is given in Fig. 4. The 
maximum growth rate is approximately 0.107, and 
therefore it is necessary to attain a relaxation time 74, 
such that w,7,> 10 for unstable oscillations to occur. 

Thus far the direct influence of the external field on 
the plasma oscillations has been neglected. This ap- 
proximation is valid if the high frequency expansion of 
the hole polarizability is appropriate ; however the cor- 
rection to the imaginary part of the low-frequency 
electron polarizability leads to an extra contribution 
to the growth rate of the form 


mZ, exp(—Z,’) > 'Z, exp(—Z*)+n/ (1+), 


where n=eEo-k/kxT_. For & in the direction of the 
drift velocity, 7 is negative and hence the external field 
diminishes the instability. For typical values of pa- 
rameters, e.g., Eo= 100 v/cm, k= kp, n-=3X 10", and 
T_=150°K, »=0.05 which is to be compared with 
m'Z, exp(—Z,")=0.55 at the fastest growing k. Thus, 
the influence of the external field is relatively weak in 
this case. 

Growth curves for cases 3 and 4 were calculated by 
expanding the W functions about their values for real 
arguments and keeping first order terms in the imagi- 
nary parts. The results are also plotted in Fig. 4. Case 3 
was calculated for a drift velocity va=v_/2 and ex- 
hibits a maximum growth rate which is approximately 
half of that given by case 2, that is, 7,=0. Since case 4 
would give a very small growth rate for v4/v_=}, we 
have chosen the value of ? in drawing our plot. The 
maximum growth rate is approximately 0.067w,, for 
this drift velocity. Case 5 was treated by using the ex- 
pression (4.5) and including the Landau damping of 
the holes. The results are shown in Fig. 5 for 04/x_=?. 
The small apparent value of the maximum growth rate 
is somewhat misleading, since the quantity plotted is 
w/w 4. Due to the fact that m, is increased by a factor 
of 50 over the value in case 4, the maximum growth 
rate is actually larger by a factor of 4.5 than that in 
case 4. 
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We conclude from this brief analysis that in order to 
obtain growth of unstable oscillations it is desirable to 
work with a material with high densities of carriers and 
long relaxation times for particle-lattice scattering. For 
very high carrier densities hole-electron scattering via 
the screened Coulomb potential must be taken into 
account. The plasmas should have a relatively large 
temperature ratio and the relative drift velocity should 
be of the order of the thermal velocity of the hot plasma. 
The possibility of attaining these conditions is discussed 
in the next section. 


Vv 


In order to decide upon the feasibility of producing 
and observing the two-stream instability in solid-state 
plasmas, it is necessary that we investigate in some detail 
the extent to which an applied electric field Eo may 
give rise to an appreciable relative electron-hole drift 
velocity in the solid. Such electric fields not only shift 
the average electron and hole velocities but also alter 
the effective electron and hole temperatures. An added 
complication is the presence of a variety of temperature- 
dependent, lattice-scattering mechanisms for both the 
holes and electrons: we consider acoustic phonon scat- 
tering, optical phonon scattering, and ionized impurity 
scattering here. 

We carry out our calculations under the assumption 
that inter-electron or inter-hole collisions dominate in 
determining the form of the distribution function; the 
particle distribution function in the presence of the 
applied field may then be taken as Maxwellian with 
respect to an average drift velocity va,, and an effective 
temperature (greater than that of the lattice) T,. This 
assumption, which was introduced by Froéhlich® for the 
hot-electron problem, obviously requires that the ex- 
change of energy and momentum among the electrons 
(or holes) take place at a rate which is fast compared 
to the rate r4, which characterizes the particle-lattice 
interaction. We have, in fact, made a similar assump- 
tion in our treatment of the two-stream instability, 
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Fic. 5. Growth rate curve for n,=50n_; T_.=4T,. 
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when we assumed that the influence of the external 
field could be characterized by a drift velocity, and that 
the particle-lattice interaction could be characterized 
by a relaxation time. We postpone until the latter part 
of this section a discussion of the validity of this 
assumption for the case under consideration. 

We assume, therefore, that the hole and electron dis- 
tribution functions in the presence of external field, 
Eo, f+ (Eo), may be written as 


m4.(v— vas)" 
f4( Eo) = a4 exp(— ~~ 


nT 


(5.1) 


For definiteness, we consider the electron distribution 
function which satisfies the Boltzmann equation 


eEo of 
m Ot Foon 


To determine the two parameters vg_ and 7_, it is con- 
venient to take the momentum and energy moments of 
(3.2). In this manner one obtains the relations 


ely fe] 
| p. f®v=—neko 


Mm. Ov, 
of 
“ ol coll 


ey [mv d 
— | — —fd*v= — neva_Eo 


m. 2 Ov, 
mv (df 
aa [° ( ) @v=G(v4g_,T_). (5.4) 
2 NOt eon 


(5.3) 


The electron-electron collisions conserve energy and 
momentum; therefore their influence may be neglected 
in computing the right-hand sides of (5.3) and (5.4). 
The simultaneous solution of this pair of equations 
determines vg_ and T_ as a function of Eo. 

Before proceeding to a detailed consideration of these 
equations; we make the following qualitative remarks 
concerning the role of the different scattering mecha- 
nisms. First, a given scattering mechanism may play a 
quite different role for energy transfer than for mo- 
mentum transfer, that is, the dominant contributions 
to F and G may be from different mechanisms. Thus 
the scattering by ionized impurities is the dominant 
scattering mechanism at low temperatures, but is 
ineffective as an energy transfer mechanism because of 
the large impurity atom mass. On the other hand, the 
scattering by optical phonons (which possess an approxi- 
mately constant energy Aw=x@, where @ is the Debye 
temperature) provides the most effective energy trans- 
fer mechanism over a wide range of temperatures for 
which the acoustic scattering provides the dominant 
momentum transfer mechanism. 

Indium antimonide seems in many respects one of the 
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most promising semiconductors for the possible ob- 
servation of the two-stream instability. As we have 
mentioned, the electrons and holes possess quite dif- 
ferent masses, so that their mobilities are correspond- 
ingly different. The low-field mobilities of both holes 
and electrons in InSb have been measured as a function 
of temperature by Putley.”® He finds that for a con- 
centration of 2X 10", electrons/cc the electron mobility 
at 20°K is ~10° cm*/volt sec. As the temperature in- 
creases, the impurity scattering decreases in effective- 
ness, so that the electron mobility increases until it 
reaches a maximum of 7X 10° cm?/volt sec at 60°K 
after which it falls off. For holes, the dominant scatter- 
ing mechanism for the specimen used by Putley from 
30°K upwards appears to be acoustic scattering ; Putley 
finds a fit for his measured values of mobility of the form 


u=5.4X 1087 -* cm?/volt sec, 


where T is in °K. Thus at 20°K, for a sufficiently low 
impurity atom concentration, the hole mobility would 
be 7X10 cm*/volt sec. If one uses the Brooks-Herring 
formula for the scattering of the holes by ionized 
impurities, 


1 


, In(1+6)—)b (1+5) 


where m, is the impurity density, and 


2 eym(«T)* 


(5.6a) 
r n. he 


one finds that for a density of 3X10" holes/cc, the 
mobility due to impurities is ~ 10* cm?/volt sec, assum- 
ing m,=0.18m. 

In general, as one goes to larger field strengths, the 
mobility will become field-dependent, since the particle 
temperature increases with increasing electric field. 
Indeed, one may pass from a region in which impurity 
scattering is dominant in determining the relaxation 
time through a region in which acoustic scattering is 
dominant up to a region in which optical scattering 
determines the relaxation time, by simply increasing 
the field strength. The detailed calculations of the 
variation on the drift velocity and particle temperature 
with field strength may be carried out using (5.3) 
and (5.4). 

The calculation of the contributions to F and G due 
to acoustic phonon and optical phonon scattering has 
been carried out by Stratton." He evaluates F and G 
by expanding f(/:9) to first order in vg~ so that 


mv- M_V-Va 
fF ~exp(- Nt + | 
KT xT 


Phys London) 73, 128 (1959); 


(5.6) 
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an approximation which is valid if mvg_?/2xT_<1. We 
are interested in the case vg~30_ or mtqg?/2xT_—~} 
and therefore we might expect to obtain a drift velocity 
which is accurate to within 25% by following this pro- 
cedure. Stratton gives the following expressions for F 
due to both acoustic and polar optical mode scattering : 


T_\} neva 
vn = re *) ; 
T Hac 


(=\—~(" =a) neva 
T/27 wN\ T / A(T) 


kT >(xT_m_u;”)’, 


KT <K(xT_m_uy”)? (5.7) 


(5.8) 


where uz is the longitudinal sound velocity and pace is 
the zero-field mobility due to acoustic phonon scattering ; 
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where No=[e?—1]}", y=0/T, y-=0/T_, and Ko and 
K, are modified Bessel functions of the second kind. 
Also, x@ is the energy of optical phonons, taken to be a 
constant and the parameter Fo, having the dimensions 
of an electric field strength, is given by 
Fos = (€..'— eo" )emsx0/h’, 

where ¢€9 and ¢,, are the static and optical dielectric 
constants of the material. 

The Brooks-Herring formula for ionized impurity 
scattering leads to the expression 

} 
) », CR 


Sax? et Vm ?n_va_o(b) neva ( r 

3 €o°(2m_xT_)} ui(T)\T 
where $(b)=In(1+6)—6/(1+6) and 6 is given by 
(5.6a). wi is the zero-field mobility due to impurity 
scattering and V;, is the ionized impurity concentration. 
The requirement of a long relaxation time demands 
that the experiments be carried out at a low lattice 
temperature so that the phonon scattering is small. As 
pointed out above, the effect of impurity scattering will 
decrease due to heating of the carriers by the electri 
field and for this reason it is desirable to carry out ex- 
periments at temperatures below the zero-field mobility 
maximum. 

The G functions are given by 
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where M is the mass of an impurity atom. 

Calculations of the hole and electron temperatures 
and the ratio of the electron drift velocity to the elec- 
tron thermal velocity for p-type InSb at T=20°K have 
been carried out for V;=10'°/cm* on the basis of the 
above formulas. The results of these calculations are 
plotted in Fig. 5. In carrying through the analysis, we 
have attempted to take into account the variation of 
the electron effective mass in InSb with temperature 
(the variation arising from the nonparabolic form of the 
bands due to spin orbit coupling) by using an effective 
mass appropriate to hot electrons, m_=0.03m. The 
calculations for electrons show that the optical phonons 
dominate both the momentum loss and energy loss for 
electron temperatures greater than 100°K. For 7. 

60°K, the impurity and optical phonon scattering 
contribute essentially equally to the momentum loss 
of the electrons while the acoustic phonon contribution 
is smaller by a factor of 5; the optical phonons however, 
still dominate the energy loss by a factor of 20 over 
the acoustic phonons at this temperature. The situation 
is somewhat more complicated for the holes where the 
momentum loss is primarily due to acoustic phonons 
up to T7,=80°K, at which point the optical phonons 
take over and become the dominant scattering mecha- 
nism; the impurity scattering plays essentially no roll 
for T,>40°K, due to the decrease in the Coulomb cross- 
section for high velocities. The energy loss for the holes 
is primarily due to optical phonons down to the hole 
temperature 7,=30°K, where the acoustic phonons 
contribute approximately 10% of the energy loss. The 
impurity scattering is ineffective in the energy loss 
mechanism over the entire range of temperatures for 
both holes and electrons. 

It should be emphasized that these calculations have 
been based on a value of ¢9= 17.5 taken from the infra- 
red measurements of Spitzer and Fan.” Ehrenreich” 
finds that e9>=18.9 leads to better agreement between 
his calculation of the mobility associated with mode 
scattering and the experimental value. If this larger 
value of € is chosen, F’» should be increased by a factor 
1.7 and a somewhat smaller temperature ratio will 
obtain for a given value of £o. Since the optical modes 
give by far the largest contribution to both the F and 
G functions for fields greater than 100 v/cm, the in- 
crease in Fy will simply scale the /y axis by a factor of 
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and 


1.7. The curves for the holes may be approximately 


2 R. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1958) 
‘SH. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 
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Fic. 6. Hole and electron 
temperatures and electron 
drift velocity as a function 
of field strength in InSb, as- 
suming the following initial 
conditions: T attice=20°K ; 
m_=0.03m; m,=0.18m; N; 
= 10'5/cc. 
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° 
adjusted by scaling the » axis by \/1.7 for T, <80°K 
and 1.7 for T,.>80°K. 

The foregoing analysis of the hot-electron problem 
shows that substantial temperature ratios 7_/T, and 
drift velocities vg/x_ may be achieved at moderate 
electric fields. Although we have not carried out de- 
tailed calculations of the growth rate for the conditions 
obtaining for the curves of Fig. 6, we can draw some 
tentative conclusions as to whether the conditions for 
the existence of the two-stream instability can be met 
in InSb. We first remark that on comparing Fig. 5 
with Figs. 3 and 4 we may conclude that growth rates 
of the order of w,/15 appear definitely achievable, pro- 
vided hole-lattice scattering effects are negligible. Thus 
one requires, at the very least, a hole-lattice relaxation 
time 7, which is sufficiently long that 


w47, 215. 


w, is dependent on the hole density, and 7, is dependent 
on both the impurity atom density and on the tempera- 
ture. The scattering due to acoustic and optical phonons 
can presumably be eliminated by going to a sufficiently 
low initial lattice temperature (and correspondingly 
lower particle temperatures) so that it is the hole- 
impurity scattering mechanism which will cause the 
greatest trouble. For example, for ”,=3 X10", one 
finds w,=1.8X10" sec; on the other hand, for this 
concentration of ionized impurity atoms at T,=20°K 
one finds r4 = 2X 10~” sec, so that w4.7,—3.6 in this case. 

Matters improve slightly as one reduces the ionized 
impurity concentrations; at T= 20°K, the best one can 
do is to reduce it so much that acoustic scattering is 
dominant; in this case, one would have 74=7.25X10-" 
sec. What is wanted then is a higher density of holes 
than of impurity centers, a condition which can be 
achieved through ionization across the gap by the 
strong electric fields, according to Glicksman and 
Steele." Thus one might start with a p-type sample, 
containing ~10" impurity centers and holes/cc; on 
applying a strong 9, one could produce perhaps several 
times 10! electrons and holes/cc; an w,7,4 of the order 


44M. Glicksman and M. C. 
242 (1959 


Steele, J. Phys. Chem. Solids 8, 
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of 15 would then seem not completely out of the ques- 
tion provided one further worked at values of initial 
lattice temperature such that the hole temperature 7}, 
for the value of Eo in question, was somewhat lower 
than 20°K. It should be added that under these circum- 
stances it is probably necessary to consider the relaxa- 
tion time associated with the impact ionization. De- 
tailed considerations are required to decide what would 
be the best experimental setup, though it does seem 
likely that unless the ionized impurity concentration is 
substantially below 3X10'5/cc, and the initial lattice 
temperature below 20°K, the conditions for the exist- 
ence of the two-stream instability cannot be met in 
InSb. 

We conclude this section with a brief discussion of the 
validity of our assumption of a displaced Maxwellian 
distribution function for the holes and electrons. Fol- 
lowing Fréhlich and Paranjape'’® we may regard the 
electron-electron collisions as being more effective pro- 
vided the energy loss per unit time by an electron 
(moving at a velocity greater than v_) in electron- 
electron collisions is greater than that in electron- 
phonon collisions. Fréhlich and Paranjape find that this 
will be true for acoustic phonon collisions if 

1 Elm ue? 
(5.14) 


A> th.=— —— " 
4 xTe*r,.(E) 


where E is the average electron energy, and ra, is the 
relaxation time for collisions between electrons of 
energy E and acoustic phonons of lattice temperature 
T. This condition may be expressed in the form 
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where ua, is the zero-field mobility due to acoustic 
phonon scattering at the temperature 7. For electrons 
in InSb with T=20°K and choosing E=0.01 ev, 
m_/my=0.03, u:=3.610° cm/sec, e=17.6, and 
Mac(20°K)=4.3X 10" cm?/v sec corresponding to a de- 
formation potential constant E,;=—7.2 ev, the cri- 
terion becomes 
n_>2.4X10° cm", 


which is of course always met. As pointed out earlier, 
Putley finds the hole mobility in InSb can be well 
represented by a combination of impurity scattering 
and a mechanism giving rise to a mobility which varies 
as 5.4X10°T-'*, We have assumed in our discussion 
that this mechanism is in fact acoustic mode scattering. 
The criterion (5.15) for holes then becomes 
n,>7.8X10" cm, 


16H. Frohlich and B. Paranjape, Proc. Phys. Soc. (London) 
B69, 21 (1956) 
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and therefore the interparticle scattering dominates the 
particle-acoustic phonon interaction in determining the 
distribution function for all concentrations of practical 
interest at T7=20°K in InSb. 

The corresponding criterion for interparticle colli- 
sions to dominate the optical mode scattering in deter- 
mining the distribution function is 


€0°F x0 / T_\! 
n> i=— ( ) eT for T 
2re® \ 0 
For InSb, taking T=20°K, 6=290°K, T_=145°K, 
T,=50°K, e9=17.5, ¢.= 16, ms/mo=0.18, and m_/mo 
=0.03, we have 

n4>2.8X 10 cm 
and 

n_>3.7X<10" cm-. 


It is impossible to satisfy both of these criteria for 
steady state conditions in weak external fields at 
T=20°K. However, due to impact ionization of elec- 
trons across the energy gap by hot carriers, it may be 
possible to increase the minority carrier concentration 
sufficiently to satisfy these conditions for both holes 
and electrons. 

It would appear from the preceding discussion that 
the growth rate could be increased by increasing the 
concentration of carriers. This could be accomplished 
by using a pulsed beam of high-energy electrons. Sev- 
eral difficulties arise however, if one goes to high carrier 
concentrations. The use of classical statistics is not 
longer valid if 7,<Tas, where the degeneracy tem- 
perature is determined from the relation 


1 2msxT a4 
ape: 
3 h? 


The concentrations appropriate to InSb for degeneracy 
temperatures Ty,=100°K are n,=5.7X10'® cm™ and 
n_=1.6X10'* cm“. There is also the problem of a 
decrease in the relaxation time due to electron-hole 
scattering as the concentration is increased. The re- 
laxation time for electrons may be estimated from an 
extension of the Brooks-Herring formula to include 
screening due to both holes and electrons. By treating 
the holes as being fixed scattering centers, we have the 
relation 


1 (4are*)* b 
—_ = —— m.n,| In(1-+6)— | 
t(k) S&rh® ke 1+) 


where 6=4k?/(kp,?+kp_?). For nx=10'* cm, T, 
=50°K, T_=200°K, and h?k?/2m_=0.01 ev, the screen- 
ing parameter d is equal to 7.65 and the electron relaxa- 
tion time is 1.16 10-" sec. The relaxation time for the 
holes is more difficult to estimate due to the large mass 
ratio of holes and electrons. The electron relaxation 
time in any event would appear to be sufficiently short 
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to make the approach of dubious merit in generating 
plasma instabilities. 


VI 


The behavior of the system once the threshold for 
growth of instabilities is reached is quite complicated; 
we can here only make some qualitative remarks, and 
hope to draw attention to some of the interesting fea- 
tures of the problem. In thermal equilibrium, each 
relatively undamped plasma mode will possess a small 
amplitude of vibration due to thermal excitation. As 
the particle drift velocity increases just beyond the 
threshold for growth of oscillations, a small number of 
modes will have their thermal level of oscillation ampli- 
fied by the two-stream mechanism. These growing waves 
will absorb energy from the directed particle drift 
motion and therefore decrease the drift velocity slightly. 
The decreased drift velocity will then support fewer 
growing modes. This process will continue until the 
energy supplied by the external field is appropriately 
distributed amongst the lattice waves and the growing 
acoustic plasma modes 

In order to calculate this distribution, it is necessary 
to know the level of plasma oscillation which exists, 
and a knowledge of this in turn requires an under- 
standing of the nonlinear coupling between the plasma 
modes of different wavelength. This coupling causes a 
long wave-length mode to decay into higher wave- 
number modes. The higher wave-number modes decay 
in turn into still higher wave-number oscillations until 
presumably a fine grained random or “thermal” motion 
will be set up. Since the particles are coupled to the lattice 
by the various interactions discussed in the last section 
(i.e., impurity and phonon scattering, etc.) a large part 
of this thermal energy will be given to the lattice. It 
would appear that a quasi-steady state would eventu- 
ally be set up in which the growth of the oscillation due 
to the two-stream mechanism is just balanced by a 
decay due to nonlinear interactions. The situation would 
not be a true steady state since the temperatures of the 
particles and lattice will increase slowly with time and 
as a result the threshold for excitation of unstable 
oscillations and the various scattering mechanisms will 
be time dependent. For weak nonlinear effects the 
modes will attain a large amplitude before this quasi- 
steady state sets in and the rate at which each mode 
absorbs directed drift energy will be correspondingly 
large. Now the external field delivers energy to the 
system at the rate of j- Eo, part of which goes directly 
into thermal motion of the lattice by the usual Joule 
heating process and the remainder goes into excitation 
of plasma oscillations. It follows that for a given value 
of Eo the weaker are the nonlinear effects, the larger is 
the portion of the available drift energy going into each 
plasma oscillation and therefore the fewer the modes 
that will be excited. 

These arguments lead to the conclusion that the rela- 


IN SOLID-STATE 


PLASMAS 1399 
tive drift velocity will tend to saturate near the thresh- 
old for creation of unstable oscillations. Thus the 
effectiveness of the mechanism in producing a satura- 
tion drift velocity (or current) depends upon the 
effectiveness of the energy transfer from the growing 
oscillations to fine grained thermal motions. Due to the 
lack of theoretical and experimental understanding of 
this nonlinear decay process it is impossible to make 
predictions in this regard and indeed it is for this 
reason that experiments on the two-stream instability 
would be most interesting to carry out. 

In our analysis we have assumed that the major 
portion of the distribution function in the quasi- 
steady state can be described by a displaced Max- 
wellian. The validity of this approximation rests upon 
the level of plasma oscillations which are excited and 
in turn depends upon the nonlinear effects about which 
little can be said at this time. It would appear, however, 
that the qualitative arguments in favor of a saturation 
current are likely to be correct. It should be noted that 
a saturation drift velocity may result directly from the 
optical phonon scattering, a fact which should be taken 
into account in the analysis of experimental data re- 
lating to the generation of the instability in polar 
crystals. 

We mention that another type of electrostatic in- 
stability may occur under special circumstances. If the 
distribution of one of the carriers exhibits a hump other 
than the main hump of the Maxwellian, plasma oscilla- 
tions may be exicted by particles whose velocities are 
in the region where the distribution function is increas- 
ing with velocity. Such a situation might exist when one 
is dealing with a low-density plasma in a polar crystal. 
In this case the optical phonons are more effective in 
the energy loss of high-energy particles than the 
particle-particle collisions which tend to restore the 
distribution to a Maxwellian form. Thus one might 
expect a hump to develop in the particle distribution 
just above the threshold for optical phonon emission. 
The hump would then lead to coherent excitation of 
plasma oscillations analogous to that expected for 
runaway electrons in a hot plasma. 

In conclusion, the considerations presented above 
indicate that the production of a two-stream instability 
in the coupled hole-electron plasmas of a semiconductor 
is marginal due to the relatively short relaxation times 
which are attainable in practice. There is a good possi- 
bility that the situation would be brighter for producing 
the instability in semimetals such as bismuth where re- 
laxation times for both holes and electrons of the order 
of 10-” second or longer are observed. This case is dis- 
cussed briefly in the appendix. 
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APPENDIX 


Two-Stream Instability in Quantum Plasmas 


The discussion of the two-stream instability given 
above is easily extended to the case in which one must 
take account of quantum effects. The random-phase 
approximation for the polarizability, which holds for 
both classical and quantum plasmas for long wave- 
lengths, is 


4ra(9,2) =— 


re* 
> {f(k)—f(k+q)} 
a 
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wean . (AA) 
hO— En, tEctié 


where for Fermi-Dirac statistics f(&) is 


f(k)=1/ [errr 1), (A.2) 


Here yu is the Fermi energy and E,=h?k?/2m. We con- 
sider a two-component plasma formed by particles of 
mass m_ drifting with an average velocity va with re- 
spect to a set of particles of mass m,. The frequency 
2, of the acoustic plasmon is given by 


1+ 49a, (¢g,2,)+4ra_(g,Q2,—q-va)=0. (A.3) 


If the effective temperature T, of the particles of 
mass m, is sufficiently small such that 


(A.4) 


gel ,/m<«Q,’, 


the polarizability 4ra, may be replaced by its high- 
frequency limit —w,,’/Q,? where wp,?=4ane*/m, ; this 
result is identical to that obtained for high frequencies 
in the classical plasma. If in addition the particles of 
mass m_ have a sufficiently large Fermi energy u— so 
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that 


gp_/m_>2.,”. 


the solution of Eq. (A.3) for Q,=Qig+iQe, is 
Qig= s(q)q, 
3x =f 


ee aa 


2q@~ (A.6) 
4m 


| [s(q)q—va- a], 
UF 
where 
4irne? 1 m_ 
s(q’?=— ~ op? 


m,[1+49a_(q,2,)] 3m, 


for gup’<4ane*/m_. Here vr_ is the Fermi velocity 
of the m_ particles. In order to have growing wave 
solutions (Q:,>0) it is required that 


3m.,)*v¥_. (A.7) 


Vg>5(g)=(m 


One might hope to observe this instability in bismuth 
where the hole mass m, is roughly thirty times that of 
an electron m_. Also, one has conductivity relaxation 
times for both holes and electrons longer than 10~'° 
second at liquid helium temperatures in this case. 

If we use vry_=10" cm/sec, u-=0.017 ev and r, 
=7r_=10-™ sec, the growth rate for wave numbers q 
less than the screening wave number &,=10" cm”! is 


Qo 10" { 10-89 (va/s—1)—1}. 


where s=:10® cm/sec. Thus with drift velocities of the 
order of 2X10® cm/sec (vr_/10), a two-stream in- 
stability might be observed. In practice, this high drift 
velocity is likely to be difficult to attain due to excita- 
tion of electrons from the heavy hole band into the 
conduction band by high-energy conduction electrons. 
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The replacement of a small fraction of the yttrium ions in yttrium iron garnet by rare-earth ions produces 
large effects on the field for ferrimagnetic resonance at low temperatures. Detailed studies have been 
made on the effect of terbium substitution using concentrations from 0.01 to 0.19 at. %. The variation of 
the field for resonance as a function of applied field direction, of temperature, and of frequency are examined. 
The field for resonance has been calculated by evaluating the rf susceptibility and dc magnetization of the 
terbium ions from their energy levels and wave functions in assumed crystal and exchange fields. The cal- 
culated fields show good qualitative agreement with the facts; quantitative agreement would require more 


flexibility in the choice of a crystal field. 


HE substitution for yttrium of small amounts of 

various rare earths produces very marked effects 
upon the ferrimagnetic resonance of yttrium iron 
garnet.'? In particular, earlier work showed that the 
field for resonance at low temperatures (<10°K) and 
with impurity concentrations of a fraction of a percent, 
may change by several kilo-oersteds when the direction 
of the applied magnetic steady field is altered by a few 
degrees. It was also found that even when the resonance 
field was varying slowly with orientation, its value was 
many hundreds of oersteds below that for an undoped 
sample. Terbium substitution produced these effects 
in the most striking fashion, and for this reason, an 
extended experimental study has been made of this 
element. At the same time an attempt was made to 
compute the field for resonance on the basis of a simple 
model. 

A qualitative explanation of the excursions of the 
field for resonance with field direction has been given 
previously.* We shall first review the somewhat more 
detailed model which we have used. The doped crystal 
may be treated as a two-sublattice system; the strongly- 
coupled iron sublattices form one of these and the 
terbium ions, which in the concentrations used (<0.2%) 
may be considered to move independently of each 
other, form the second. The majority sublattice mag- 
netization M may be supposed to obey the small signal 
version of the equation 


dM/dt=y(MX Hus), 


where y is the appropriate gyromagnetic ratio and 
H.; is the total effective magnetic field. The latter will 
include in addition to the applied magnetic field and the 
iron anisotropy field, the exchange field of the terbium 
sublattice. There will be a de contribution to this field 
from the component of the dc magnetization of the 
terbium along the applied field and an rf contribution 


‘J. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. Letters-3, 30 
(1959). 

2 J. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. 120, 105 (1960). 
Hereafter referred to as I. 

3C. Kittel. Phys. Rev. Letters 3, 169 (1959); Phys. Rev. 117, 
681 (1960). The model considered here is somewhat more de- 
tailed than Kittel’s and leads to some additional consequences 


from the induced rf moment of the terbium in a plane 
normal to this direction. The de and rf moments of the 
terbium are in turn produced by the combined action 
of the crystalline field and the de and rf exchange fields 
of the iron lattice. Because the dc exchange field and the 
crystalline field are comparable in magnitude, it is 
necessary to calculate initially the exact energy levels 
and wave functions of the terbium ions. From these we 
may calculate first the de moment of the terbium. 
Secondly, having written down an expression for the 
rf moment induced as a result of the action of rf ex- 
change field, we may actually evaluate this. Enough 
equations are now available to calculate the field for 
resonance of the combined system. 

Large excursions of the field for resonance are now 
to be associated with large changes in the rf suscepti- 
bility of the terbium as a function of the applied field’s 
direction. At low temperatures, when only the lowest 
terbium energy level is populated, the susceptibility 
will vary rapidly if the ground- and first-excited levels 
approach closely at some angle and at the same time the 
matrix element for transitions between these levels has 
an appreciable value. The sharpness of the angular 
variations may be expected to decrease as the tempera- 
ture rises and more levels are populated. Since the de- 
nominators in the expression for the susceptibility 
contain the driving frequency, one may expect to see 
frequency dependence of the angular behavior other 
than that which arises from the associated change of 
applied field with frequency. At angles for which the 
lowest energy levels do not approach closely, one may 
still expect to see a change in the field for resonance 
caused by the terbium impurity. For, though in the 
absence of a strong crystal field the de and rf exchange 
fields acting on the majority lattice are so related as to 
leave no exchange term in the field for resonance (this 
is the familiar case), this cancellation does not take 
place in general. 

An analysis of the above model could be carried 
through completely if the crystal potential and ex- 
change field at the terbium sites were known. Un- 
fortunately, we have no information about the former 
and the latter is known only through an analysis which 
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Fic. 1. Hees in (110) at 1.5°K in YIG(0.2% Tb). The frequency 
was 22 989 Mc/sec. The peaks as seen in this plane are designated 
by Roman numerals. The dashed curve is Hres for the purest 
YIG with which we have worked. 


ignores the effects of crystal fields upon the magnetiza- 
tion curve of terbium iron garnet.‘ We have therefore 
used a Hamiltonian with a few adjustable parameters 
based primarily upon the point-charge model. It turns 
out that a fairly satisfactory fit to the observed data 
may be obtained. The agreement is good qualitatively, 
but never really excellent quantitatively. There appears 
to be a range for each of the adjustable parameters 
which leads to about the same degree of agreement. In 
view of the tentative nature of the fitting it has not 
seemed worthwhile to do more than discuss the ques- 
tions of temperature and frequency dependence in a 
qualitative way. 


EXPERIMENTS 
Samples 
The crystals were grown under the direction of 


Nielsen.’ The crystal growth was done in an oxygen 


Taste I. Intended and measured terbium concentrations 
in a number of samples. 





Intended dilution 





Analysis 
(atomic %) 

1.7 

0.30 
0.28 
0.058 
0.025 
0.015 


R= Measured/ 
intended 
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*R. Pauthenet, thesis, Universite de Grenoble, 1958 (Masson, 
Paris, France, 1958). 

5J. W. Nielsen, J. Appl. Phys. 31, 51S (1960). We wish to 
thank Dr. Nielsen for providing these samples. 
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atmosphere from lead oxide-lead fluoride flux. Though 
earlier analyses for terbium were not meaningful in the 
range of interest, Shirley Vincent of these Laboratories 
has recently performed x-ray fluorescence analyses of 
crystals taken from the same growth runs as our 
samples. She believes these to be good to within 5% of 
the amount of Tb present. Table I gives these results 
along with the intended dilution. It will be seen that the 
ratio R of intended/measured terbium concentration 
varies in the range from about 1.2-1.5. Reference to a 
similar list of data for all of the rare earths given in 
Table I of I, shows that most, but not all, of the rare 
earths from samarium to ytterbium gave a value of this 
ratio in about the same range. From the near con- 
sistency of these analyses it looks as if more terbium 
appears in the crystal than in the starting mixture. 
However, the spread in R from 1.2 to 1.5 in crystals 
which were grown at about the same rate should be a 
basis for caution. Having made these remarks, we will 
continue to designate the samples as YIG (x% Tb) 
where the x% indicates the percentage of yttrium atoms 
in the starting mixture which have been replaced by 
terbium atoms. 

It should be noted in passing that our H,.. data pro- 
vide an excellent indication of relative terbium con- 
centrations down to a few parts per million. 

The sample preparation and orientation procedures 
were described in I. 


Apparatus 


A great part of this work was performed at 20 and 
24 kMc/sec using the apparatus described in I. Though 
we have recorded H,,.. vs angle curves automatically 
on an experimental basis, the very steep excursions of 
the field for resonance as well as the accompanying 
changes in linewidth, have made a point-by-point meas- 
urement of H,., at many angular settings more feasible. 

The measurements at higher frequencies were made 
using a spectrometer recently described by Mock.® In 
these cases the field measurements were made with a 
rotating-coil gaussmeter.. When possible, reference 
points were measured by counting the proton NMR 
frequency. The same spheres were used at the higher 
frequencies, as at 20 kMc/sec, and were thus generally 
larger than they should have been. Other modes than 
(110), the uniform precession, were frequently observed 
as will be seen later in Figs. 7 and 8. These high-fre- 
quency experiments were performed in open waveguides 
rather than in cavities, so the rf-field configuration 
could not be defined. Because of this, the size of the 
spheres, and the dielectric inhomogeneity introduced 
by the mounting rod, it was not possible to identify 
the uniform precession. Our procedure was to track in 
angle the field for resonance for several prominent 
modes. Of the several which could be followed through 
the necessary arc, it was invariably found that all 


* J. Mock, Rev. Sci. Instr. 31, 551 (1960). 
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Fic. 2. Four sections of the 1/,., surface of YIG(0.02% Tb) as measured at 1.5°K. Some of the important crystallographic direc- 
tions are indicated for each of the planes. (a) The (110) section, at 20 228 Mc/sec; (b) the (001) section, at 20 240 Mc/sec; (c) the 
(111) section, at 20 221 Mc/sec; and (d) (112) section at 20 235 Mc/sec. 


moved up and down in field together. That is, the 
various modes observed did not show different 
anisotropies. 


Field for Resonance Surface 


In a sample of YIG (0.2% Tb), Hres in (110) was 
observed as in Fig. 1. In this case the temperature was 
1.5°K. The frequency was 23.0 kMc/sec. The corre- 
sponding data for pure YIG are given as the dashed 
curve. The salient feature of this plot is the set of high 
sharp peaks. Here and elsewhere in the paper we will 
designate these by I, I, II, and IV in order starting 
from [100]. By plotting these peaks on an expanded 
horizontal scale, we can measure an angular half-width 
for each. For I this is about 1.9°, for II it is 2.4° and for 
III it is 3.9°. Because of the slight overlap of III and 
IV, no attempt has been made to assign such a number 
to IV. On one side of II, the field for resonance falls by 
4000 oe in one degree. We were not able to observe any 
hysteresis in this curve. Increasing the angle yields the 


same plot as decreasing the angle. Note that the field 
for resonance away from the peaks is depressed con- 
siderably below that for pure YIG. 

Though measurements at several other temperatures 
were made for this sample, further experiments were 
concentrated on samples containing a lower percentage 
of terbium. These gave smaller excursions of the field 
for resonance, but had associated with them much 
narrower resonance lines. Thus, it was possible to follow 
the field for resonance contribution of the Tb ion with 
essentially the same accuracy, but without the vast 
changes in field which considerably slowed down the 
observations on more concentrated samples. 

Figure 2 shows the field for resonance as measured 
in different crystallographic planes. These data were 
taken on spheres of YIG (0.02% Tb) at 1.5°K at a fre- 
quency of 20 kMc/sec. We shall refer back to the first 
curve, that of H,.. in (110), in considering the variation 
with concentration, temperature, and frequency. At 
this level of concentration we can see the shape of the 
underlying H,.. curve for undoped YIG, but super- 
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Fic. 3. A plot of peak height data against concentration of Tb 
in YIG. The numbers refers to the peaks shown in Figs. 1 and 
2(a). Though there are only points at both ends of the line, it does 
seem that the peak height varies with concentration in this range. 


imposed on it are the four peaks, I, II, III, and IV. The 
slight bump in the curve at [111] is probably asso- 
ciated with a tiny dysprosium impurity introduced in 
the yttrium used in this particular batch of crystals. 

The highest values of the field for resonance are ob- 
served in the (100) plane. The slight variation from 
perfect symmetry observable here and in the (111) 
section reflect slight misorientations. In the (111) case, 
the field for resonance should be the same at —30°, 
+30°, and +90°, but the measured fields varied by 
about 100 oe. That this only represents a small mis- 
orientation can be understood when it is realized that 
this point is the [112] direction, the intersection of 
(111) and (110). In the section of the (110) plane, 
Fig. 2(a), it is at 35.5°, the steep side of peak II. 

It might be supposed that given the three principal 
sections of the surface Hye. (Aki), it would be a straight- 
forward exercise to construct a model of the entire 
surface. This is not the case. If a model is constructed 
in which these curves, plotted in polar coordinates, are 
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Fic. 4. In rare-earth-doped YIG, the field for resonance away 
from the peaks is depressed below that of pure YIG. This plot 
shows the magnitude of this depression for several concentrations 
of Tbin YIG. Cases of the field along [100] and [111 J are plotted. 
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properly arranged in one octant, it is by no means 
obvious how they are to be joined. Thus, we were led 
to take data in the (112) plane and these are given in 
Fig. 2(d). 


Concentration 


We have observed these effects on the field for reso- 
nance surface in YIG crystals containing various levels 
of terbium doping. The height of the anomalous peaks 
in the anisotropy appears to vary linearly with concen- 
tration. Figure 3 shows the peak heights for three con- 
centrations. Peak heights in this case were taken to be 
the field interval between the highest field for resonance 
of a particular anomaly and the corresponding field for 
pure YIG, the latter having been moved so as to corre- 
spond with the doped curve at [100]. 

Note in Fig. 1(a) that the field at which resonance 
occurs in these doped samples is significantly lower than 
in pure YIG. In Fig. 4 the values of this depression of 
the field for resonance are plotted for three samples of 
different concentrations. The cases of the field along 
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Fic. 5. The variation of the //;., [in (110) ] curve with tempera 
ture for YIG(0.019 atomic % Tb). The data were taken at several 
frequencies near 20 200 Mc/sec, but the curves have been ad 
justed vertically slightly so that //;9 appears at the same level 
in each plot. 


[100] and [111] were measured. The [111] case seems 
to be perfectly linear, but the [100 ] curve starts off with 
a lower slope. The two lines have the same slope at 
high concentrations. This difference between the two 
depressions is curious, but well outside the experimental 
error in the measurement of field. Conceivably it might 
be a spurious effect associated with some other rare 
earth impurity in one or more of the samples. 


Temperature 


In Fig. 5 can be seen the way in which the field for 
resonance curve in (110) behaves as the temperature is 
raised. The anomalous peaks decrease in height and 
increase in width as the temperature increases. The 
line width of the resonance in these crystals increased 
up to about 90°K. The growing line breadth as well as 
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the reduced prominence of the structure make it diffi- 
cult to resolve structure in an H,,., curve much above 
about 50°K. A similar, though less complete set of 
measurements, were made at 51.6 kMc/sec. These 
curves are given in Fig. 6. Perhaps the most interesting 
feature here is the increased height of the peaks here as 
compared with the curves of Fig. 5. This we discuss 
below. 


Frequency Peak Height 


The (110) section of the H,,, surface at 1.5°K was 
determined for a sample of YIG (0.02% Tb) at fre- 
quencies from 9 to 73 kMc/sec. The high-frequency 
limit was set by the magnetic fields available. A varia- 
tion was found both in the height of the anomalous 
peaks and in their angular position. In Fig. 7 the height 
of the anomalies is plotted against frequency directly. 
The height chosen here is the field interval between 
H,., in [111] and that at the top of the anomaly in 
question. Note the contrast already mentioned above. 
There is no change in IV, III goes approximately 
linearly, and II seems to be going somewhat faster than 
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Fic. 6. Variation of Hres [in (110) ] curve with temperature 
for YIG(0.019 atomic % Tb). These curves were taken 51 602 
Mc/sec. 


linearly at the higher frequencies. The height of the 
peak I near 18° increases very rapidly above about 50 
kMc/sec. Just above 63 kMc/sec the linewidth becomes 
so broad that we are unable to locate it. The peak 
heights at 9.0 kMc/sec show an upward drift at the 
low-frequency end of the curves. Possibly this is asso- 
ciated with the failure of the low field to saturate the 
magnetization near the anomalies. An indication that 
this is occurring can be seen in the plot of peak position 
against angle in Fig. 10. 

In the high-frequency spectrometer the sample is 
located in open waveguide on the end of a short piece 
of sapphire mounting rod. In this case we recorded the 
output of a detecting crystal as the field was varied. 
Thus, the output signal represents a combination of the 
real and imaginary parts of the permeability distorted 
by the characteristics of the detecting crystal and its 
associated circuitry. Figure 8 shows a sequence of out- 
put traces as the angle between the steady field and the 
[100] axis of the crystal is varied degree by degree 
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Fic. 7. The frequency variation of the height of the four peaks 
observed in the (110) section of Hres in YIG(0.02% Tb) at 1.5°K. 
The height plotted is that above //;.s in [111]. 


near I. In this case, we seem to see only the absorption. 
There are a number of magnetostatic modes, and the 
line broadens considerably on passing over the peak at 
about 18°. 

Figure 9 on the other hand, was taken at a somewhat 
higher frequency, 69.2 kMc/sec. At this frequency we 
see a mixture of dispersion and absorption, and do in 
fact, have a good deal more sensitivity than in Fig. 8. 
However, at the top of the peak, we see no signal. If 
the line is there, it is so broad that we could not assign 
a field to its position in a meaningful way. 

As was noted in the introduction we interpret this 
blowup of one of the anomalous peaks as indicating 
that hv, the energy of the microwave quanta, approxi- 
mates the energy gap between the two lowest levels of 
the terbium ground state. The losses associated with the 
excitation across this gap appear to be very large. 


Frequency Peak Position 


In the (110) plane we find that the position at which 
the anomalous peaks occur shifts slightly with fre- 
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Fic. 8. Variation of detected signal with applied magnetic field 
for the field along various direction in (110). The crystal was 
YIG(0.019 atomic “% Tb). The temperature was 1.5°, and the 
frequency was 58 900 Mc/sec. Note that on passing through the 
peak at about 18° from [110] the line width increases considera 
bly, but that it is still possible to follow the position of the line. 
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Fic. 9. Variation of detected signal with applied magnetic field 
for the field along various directions in the (110) plane. The 
crystal was of YIG(0.019 atomic % Tb). The numbers associated 
with each curve represent the angle from the [100] axis. These 
curves were taken at 69 200 Mc/sec. The temperature was 1.5°K. 


quency, that is to say, with applied field. Peak IV which 
occurs along the [110] axis a symmetry direction does 
not shift. The angular locations are shown in Fig. 10. 
These measurements have been taken from a number 
of samples at various concentrations. 

Above the lowest field set the points define straight 
lines rather well. Presumably, the bending at low fields 
can be ascribed to the failure to completely saturate 
the samples. The slopes of the straight lines on Fig. 10 
are: 1, —1.1°/10* oe; II, 1.35°/10* oe; III, —2.5°/10* oe. 
That these peaks should shift with field is not at all 
unexpected, once it is realized that the phenomenon 
here arises from the splitting of the rare earth ground 
state by both electric and exchange fields. The shift to 
a higher frequency corresponds to the introduction of 
an increment of magnetic field, thus we are changing 
the relative contributions of the electric and magnetic 


fields. 


ANALYSIS 
The Hamiltonian 


It was indicated earlier that in order to calculate the 
field for resonance one needs to know the dc magnetic 
moment and rf susceptibility of the terbium ions. To 
calculate these one must find the energy levels and wave 
functions of the terbium ion in the combined crystalline 
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and exchange fields. Unfortunately, the crystal field at 
the dodecahedral sites of YIG is not known independ- 
ently. It is necessary, then, to attempt to find a plausible 
crystal field which will account for the facts. A starting 
estimate may be taken to be the potential of eight 
point charges at the oxygen sites surrounding each 
terbium ion. 

There are six types of dodecahedral sites in YIG, 
each having the same orthorhombic symmetry when 
referred to a system of local axes, which differ, however 
in the spatial orientation of these axes (see Fig. 11). 
For any one of these sites the potential effective upon 
an f electron, referred to the local symmetry axes, will 
have the form 


V=doV P+ Veet Ve? ]t+ wel Pt ul Vet ¥2] 
+wsLV b+ Va J+ v0¥ f+ vl Ve+V< *] 
+vLV'+Vo*]+rL¥ 6+], (1) 


where the Y ,,” are spherical harmonics. In general, this 
expression contains nine constants. It is not feasible to 
attempt to vary every one of these in an attempt to fit 
the data. It has therefore been assumed that the point- 
charge model correctly gives the relative sizes of the 
constants within each order; in other words the ratios 
Ao: As, Mo! M2: Mg ANA vo: v2: v4: vs are taken to be those 
of the point charge calculation. A justification for this 
particular way of simplifying the problem will be given 
when we go over to the spin Hamiltonian. 

Since the ground state multiplet (J=6) of the free 
terbium ion is separated by about 2000 cm™ from the 
next multiplet, the crystalline spin Hamiltonian may 
set up for the J=6 manifold alone. Corresponding to 
Eq. (1) this will have the form 


Heryst = Col AoT 2 +A2T 2? J+ sl poT P+ weT P+ yaT S| 
+c voT P+ voT P+ 47 + 67 6° |, (2) 


where the 7’s are the operator equivalents of the 
(real combinations of) spherical harmonics and ¢e, is a 
constant, characteristic of the ground configuration, 
proportional to (r’"), the 2mth moment of the radial 
electron coordinate r for a terbium 4f wave function. 
Self-consistent field calculations have not been carried 
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Fic. 10. The frequency (field) variation of the position of three 
of the peaks in //,,, in the (110) plane of YIG(Tb) at 1.5°K. 
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Fic. 11. The relative orientation of the six inequivalent types 
of dodecahedral site in YIG. Each parallelepiped represents the 
local orthorhombic symmetry of the sites. The indices refer to the 
crystallographic axes of the YIG crystal. 


out for terbium (Z=65) and the 4f wave function 
to be used in calculating the moments has to be scaled 
from those of Au(Z=79) or Tl(Z=81). The screening 
parameter is of order 40 and the scaled wave functions 
are thus quite sensitive to the value chosen. The re- 
sultant uncertainty in the values of the c’s supplies the 
reason for leaving them as three adjustable parame- 
ters. The values calculated from the scaled wave func- 
tions and the X’s, w’s and v’s calculated from the point 
charge model give an initial estimate of all the parame- 
ters in the crystal field Hamiltonian. For further details 
of the crystal spin Hamiltonian see the Appendix. 
The exchange Hamiltonian will be of the form 

Rex=Kk(Mo- er), (3) 
where or, is the magnetic moment of a terbium ion 
(\or»|=9 Bohr magnetons), Mo is the saturation 
magnetization of the iron lattice and x an appropriate 
molecular field constant. We identify the direction of 
My with the direction of the applied field. Here two 
effects are ignored. It will turn out that the direction 
of magnetization of the terbium ions does not coincide 
with that of the applied field and this will cause some 
local distortion in the alignment of the iron ions. Since 
the iron-iron exchange is very large this effect may be 
small. We are also ignoring the fact that the dc aniso- 
tropy which the terbium ions produce will give an equi- 
librium direction for the iron lattices which will not 
coincide with that of the applied field. Clearly inclusion 
of this effect would lead to a self-consistency problem 
of considerable complexity. It is to be expected that 
the calculated field for resonance curve will be somewhat 
distorted on the sides of the peaks by this misalignment 
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but the height of the peaks should not be greatly 
affected. 

For an exploration of the two-lowest-energy levels 
as a function of angle with the object of finding a 
Hamiltonian which gives near crossings of these levels 
at the observed angles, it is sufficient to work with a 
dimensionless Hamiltonian. The exchange Hamiltonian 
for the ith site is therefore written as 


Hex=A(n;-J), (4) 


where n; is a unit vector in the direction of the applied 
field and J is the total angular momentum operator in 
the J=6 manifold, ’ is a dimensionless constant, 
0<A <1. It is obviously convenient to work at each site 
in the axes which simplify the crystal field; the n,; then 
differ from site to site. 

The working form of the Hamiltonian is taken to be, 
for the ith site, 


x= A(n,; ° J) + (1 —A)ca’L( C2/ C4 \HRo+H yt (c6/C4)Ie |, 


where A, ¢2/c4 and ¢./c, are the adjustable parameters, 
cy’ is a fixed number arranged to make the overall 
splitting in the pure exchange and pure crystalline cases 
roughly the same.’ Ho», 3Cy, and 3, are the bracketed 
terms of (2). The choice of the energy scale will be dis- 
cussed in the section on the field for resonance. When 
values of ¢c2/cq and ¢./c4 are quoted later they will be 
expressed as multiples of the values of c2/c4 and ¢¢/Ca, 
respectively, estimated from the known thallium 4f 
functions (see Appendix). 


Energy Levels 


The calculation of the energy levels as a function of 
angle is free from some of the problems which arise in 
calculating the field for resonance and may be discussed 
separately. 

We first found the eigenvalues of the dimensionless 
Hamiltonian as a function of angle in the (110) plane 
for various values of \,c2/c4,cs/c4. It was possible to 
obtain a fairly good fit for the positions of the near- 
crossings (none in error by more than 5°) for values of 
\ between 0.8 and 0.3. For each value of in this range 
there is an associated range of values of ¢c2/c4 and ¢6/C4 
given by the approximate relation 


Values of \ outside this range might be used but it will 
be seen later that the fit of the field for resonance then 
becomes substantially poorer. The angular positions 
are not very sensitive to the value of cs/cs. Generally, 
C26/(c4)’~1 gives a good fit, but ¢./c, can be varied by 
about 50% from this value. If other factors are ignored, 
an error in the scaling of the wave functions alone 
would leave ¢2¢./(c4)?=1. Figure 12 shows the energy 


7R. L. White and J. P. Andelin, Jr., Phys. Rev. 115, 1435 
(1959). 
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levels for the four sites as a function of angle in (110) and one yields none. All choices of the parameters which 
for a typical ¢2/c4, Co/c4 and X. were considered satisfactory, assigned near crossings to 

The four near crossings in the (110) plane are seen _ the sites in the same way. Since the crystallographically- 
to be contributed by the four sites in the following way; _ inequivalent sites differ only by a rotation, each position 
one site yields two near crossings, two yield one each, — of the applied field in the actual (110) plane furnishes 
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information about the energy levels of the Hamiltonian 
(5) for four different values of n;. Motion of the applied 
field through 90° in the (110) plane then explores four 
90° segments of great circles in the space of n. In 
Fig. 13 is shown one octant in the n space referred to 
the local orthorhombic axes. The positions of the n 
which correspond to the various near crossings in the 
(110) plane are indicated. It will be seen that the 18°, 
38°, and 78° points fall on a single curve, while the 90° 
peak is isolated. Assuming that the single curve is now 
a locus of near-crossings, one may examine the data of 
Fig. 2 taken in other crystallographic planes and assign 
the peaks and their observed angular positions to par- 
ticular sites in a unique way so that all of them fall on 
the same single curve or belong to the isolated peak 
(see Fig. 13). This does not require additional 
computations. 

Parenthetically, we note that the complexity of the 
observed field for resonance surface arises from the 
multiplicity of inequivalent sites as shown in Fig. 14. 

We may conclude that if the position of the two 
lowest levels is considered as a function of the direction 
of the exchange field, we have a rather simple locus for 
their near crossing. The peak at 90° in (110), or the 
y axis of the local system (Fig. 13) is allowed by sym- 
metry to be an isolated minimum of the level separation. 
Actually, the region between this point and the main 
line of crossings (in the local yz plane) is rather com- 
plicated since it appears that three levels are close 
together here. The interplay of the three levels makes 
the behavior rather sensitive to the values of the 
parameters in the Hamiltonian. Some additional 
calculations were made in the local yz plane to make 
sure that the final parameters used reproduced the be- 
havior in this plane correctly [as deduced from the 
measurements in the crystallographic (100) plane ]. 


Calculation of Field for Resonance 
The equation of motion of the majority lattice is 


(1/y)(d/dt)(My+m)= (My+m)X (Hen+h), (6) 


where y is the gyromagnetic ratio, My the dc magneti- 
zation, and m the rf magnetization of the majority 
lattice. Hut: is the effective dc field acting on the ma- 
jority lattice, which is the sum of the applied magnetic 
field Hy and the de exchange field from the terbium. 
h is the rf exchange field of the terbium. We assume a 
spherical sample and drop all demagnetizing terms. We 
also ignore the anisotropy due to the iron sublattice ; 
this may very roughly be put in at the end as an additive 
correction to the applied field. If a cartesian system of 
axes, £, n, ¢ be chosen with ¢ coinciding with the dc 
magnetic field direction, the small signal version of (6) 
becomes, for an angular frequency , 


i(w/y)me= mH — Mol hy, 
i(w y)m,= —meH o¢¢+ Mo he. 
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30° 

Fic. 13. Locus of near crossings of the two lowest-energy levels 
as a function of the relative directions of the magnetization and 
the local orthorhombic axes of a site. x, y, and z are the site axes. 
When the magnetic field is turned in the (110) plane, the arcs 
AB, AC, DEF, and DGZ are explored; when it is turned in the 
(100) plane, arcs BC and AD are searched; finaily, the (111) 
crystal plane corresponds to arcs BH and CI, The four solid circles 
represent the four near crossings found experimentally in the 
(110) plane; their assignment to sites is based upon computation. 
The four open circles represent near crossings found in other 
crystallographic planes and the assignment to sites is based upon 
plausibility. 


H.«¢ will be given by the expression 


Heoss=Ho—Dd: Add ®), (8) 


where the A; are constants which will be discussed 
below and (J;,°) is the dc component along the ¢ axis 
of the angular momentum vector J; representing the 
terbium ions on the ith type of site. Similarly, /,,¢ will 
be given by A,(J,,¢;;1) where the superscript “1” refers 
to the rf component of J; induced by the rf component, 


[110] 


Fic. 14. The complexity of the observed H;.x surface of YIG(Tb) 
at liquid helium temperatures arises from the multiplicity of in 
equivalent sites. This figure shows an octant of the crystal co 
ordinate system on which are plotted the loci of close approaches 
of the six inequivalent sites, one of which was given in Fig. 13. 
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\(m-J/|Mbo!), of the iron exchange field. The calcula- 
tion of J;,,° is straightforward when the eigenfunctions 
of the Hamiltonian are known. Provision was made to 
calculate it at finite temperatures as well as in the 
ground state. 

The calculation of (J') may be carried out by the 
usual methods of first-order time-dependent perturba- 
tion theory. If we write 


(Ja)=Lis Tagms; a8=,n; (9) 


then 7.43; which is identical with the susceptibility up 
to a multiplicative constant, is given by 


-y> Shen , 
T43=—— p (Pmm"— Pnn’) 
M,y)| mn 
FS cael” 


Fy eee eet 
x(. ——___—_+——_ ~~); (10) 
wtE,—Emn w-E,t+Em 


where p®=e~*4/Trace e*", the normalized density 
matrix; E,,, m=1 to 13, are the energy levels of the 
terbium; and J,,,,%, is the matrix element of J* between 
states m and mn. w must be expressed in the same di- 
mensionless form as the other energies.* We note that 
in computing the T matrix, the matrix elements of J 
are evaluated first in the local axis system to which the 
Hamiltonian is referred and then properly rotated to 
give the required components along £ and 7. The com- 
puter program again provided for computing the 7 
matrix at finite temperatures. 

The above relations connect h and m and after they 
are substituted in (7) one finds that Hur, satisfies the 
equation 


(Hett— | Mo| AT oe.) (Hor—|Mol EAT.) 
= | (tw y+ My DLAiTe,:) . (11) 


It will be noted that Eq. (11) contains Ho in such 
combinations as 


Ho— Di AJ ,°)— | Mo| Ds AiT 9. 


If one treated a system of two sublattices, with crystal 
fields weak compared to the exchange fields, in a 
manner similar to that used here, the analog of the 
above expression would be 


M.M, 


Hot+HaitAMe— “ i 
W@W A+HAo+Ha2tAM, 


where M, and M, are the sublattice magnetizations, 
\ the exchange constant, and H,; and Ha: effective 
anisotropy fields. If AM:>w/y+Ho+Ha2, then the 


*It is to be noted that if w is ignored, the fractions in the sum 
for T,3 are essentially those which arise in finding the second- 
order perturbation of the energy levels when the field is deviated 
through a small angle. They are thus connected with quantities 
like #E, /000 ¢, where @ and ¢ are the polar angles of the exchange 
field. This establishes the connection with the curvature of the 
energy levels which occurs in Kittel’s treatment. Curvature, in 
fact, indicates both a near crossing and a significant matrix ele- 
ment between the close levels. 
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WITH [100] AXIS IN(110)PLANE 


Fic. 15. Comparison between the experimental and computed 
fields for resonance in the (110) plane for a concentration of 
0.1%, ¢2/¢s=0.22, ¢¢/cs=4.5, \=0.3. The smooth broken curve 
shows the field for resonance without doping. The iron ion aniso- 
tropy deduced from this has been included in the computed fields. 


leading term in the expansion of the fraction cancels the 
term AM; and the whole expression depends upon A 
only to order 1/A. This corresponds to the familiar fact 
that the exchange does not appear normally in the 
field for resonance. When the crystal field is comparable 
with the exchange field there is no reason for the dc 
exchange field of one sublattice to be cancelled by a 
term from its rf susceptibility. Thus, it is possible to 
have a more or less angularly insensitive displacement 
of the field for resonance. 

The constants A; which appear in the expressions for 
the effective fields are related to the choice of an energy 
scale. We may suppose that there is an energy Co such 
that when (5) is multiplied by C/A it becomes the true 
single-ion Hamiltonian. Cy is clearly given by the 
expression 

k| Molon,/|J}. 


One method of estimating Cy is to use the value of x 
found by Pauthenet‘ for TbIG. This analysis, however, 
ignores the crystal field effects entirely. A somewhat 
better method is to calculate a magnetization curve for 
TbIG for some set of the parameters in the Hamiltonian 
and various values of Cp. Co is then chosen to give the 
best fit to the observed magnetization.’ This method 
again assumes that the crystal field in TbIG at the 
dodecahedral sites is the same as that in doped YIG 

® The magnetization of single crystal terbium iron garnet has 
been measured recently by H. J. Williams and R. C. Sherwood 
(private communication). 
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and that Tb—Tb exchange is negligible. Properly, Co 
should be optimized for every different set of parame- 
ters used in the Hamiltonian, before the field for reso- 
nance is calculated. 

The constants A; are now found in the following way. 
The effective exchange field of the terbium is «M where 
M is the terbium magnetic moment. If the number of 
dodecahedral sites be NV, the concentration of terbium, 
written as the fraction of dodecahedral sites occupied 
by terbium ions, be c, and f; be the fraction of dodeca- 
hedral sites of the ith kind, then 

M (terbium)= >>; Nefi(ors,,), (19a) 
(19b) 


(19c) 


JA;=Nefix(orp,:), 
A;=Nefix|om/J| =Nef(Co/| Mol). 


DISCUSSION 


While the results obtained in locating the near cross- 
ings were very satisfactory and must give a reliable 
picture of the relative positions of the two lowest states, 
it was remarked earlier that many combinations of 
parameters gave equally good results. It was hoped 
that the calculations of the field for resonance would 
lead to a sharper determination of the parameters, but 
this turned out not to be the case. In fact it becomes 
clear, that the model with three adjustable parameters 
is really not capable of reproducing the observed data 
with satisfactory accuracy. 

In the first place, the calculated magnetization curve 
for TbIG may be made (by suitable choice of Co) to fit 
the observed curve from about 35° upward but dis- 
agrees by about 8% at 0°K;; the calculated value is the 
larger. This may be due to a real difference between the 
crystal fields of TbIG and YIG, which would be most 
conspicuous at very low temperatures. We have chosen 
to use the value of Co which gives the best fit at higher 
temperatures. This estimated value of Cy seems to vary 
rather slowly with the parameters in the Hamiltonian, 
so that in view of other shortcomings in the calculation 
we have not recalculated Cy for each case. Co may be 
considered to lie between 22° and 27°K which is sub- 
stantially higher than Pauthenet’s value. 

Calculations of the field for resonance in the (110) 
plane were carried out for an extensive series of values 
of A, Ce/cs4, and ce/c4; each set of such values was 
chosen to put the near crossings within two or three 
degrees of their correct positions. There is, unfor- 
tunately, some uncertainty about the terbium concen- 
tration in the samples for which data was taken. Most 
of the calculations were done for C=0.1%; a later de- 
termination of C gave a value of 0.19% and some 
further computation was done for this value. In either 
case a rather wide variety of parameters gave a fit of 
about the same quality. The latter may be described 
roughly by saying that if each peak was held to within 
+2° of its correct position then at least one peak 
height would be in error by a factor of two. 


IN RARE-EARTH DOPED YIG 
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Fic. 16. Fields for resonance in the (110) plane for a concen- 
tration of 0.19% and ¢2/c,=0.37, c¢/cs=2.7, A=0.47. A complete 
field for resonance curve was not computed; the points computed 
for 0° and 90° are shown by small arcs. 


Figure 15 shows the best fit which was obtained with 
the lower value of the concentration. Its main short- 
coming is the poor agreement near @=0°, where the 
observed depression of the field for resonance has been 
lost. It should be noted that the value of co/c4 used 
here is very small; about 22% of the nominal (point 
charge) value and that of cs/c, correspondingly large. 
This might be due to a screening of the 4f electrons, 
principally for small values of r, which would decrease 
(r*) relative to (r*). Using the larger value for the con- 
centration substantially larger values of c2/c4 give a 
good fit. An incomplete curve of the field for resonance 
is shown in Fig. 16 for ¢o/cg=0.37 and c6/c4=2.7. 
The background depression of the field is now well re- 
produced everywhere, and the least satisfactory feature 
is the exaggeration of the peak at 90°. 

It was not felt that the quality of the fit obtained 
warranted calculations of the effect of temperature upon 
the field for resonance. An expression for the peak 
heights at low temperatures, at which only the two 
lowest are occupied, will contain a factor tanh (energy 
separation in °K/2Xtemperature); with energy sepa- 
rations at the near crossings of about 5°K, which we 
may deduce from our value of Co, one expects to see the 
peak height fall to half value within 2 or 3 degrees of 
0°K. This is qualitatively in agreement with the data. 

One might expect the crossing with the closest ap- 
proach to be the one to exhibit most markedly the fre- 
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quency effect upon peak height, since the frequency 
tends to bridge the gap. This is not observed in fact. 
There is also an effect of frequency which arises from 
the associated change in the magnetic field. An increase 
in frequency and thus of field is equivalent to a decrease 
in A with the other parameters left undisturbed. We 
have confirmed that the three movable levels in the 
(110) plane (the 90° peak does not move) shift in angle 
with A in the sense implied by the data of Fig. 11. 


ACKNOWLEDGMENTS 


The authors are deeply indebted to Wanda L. 
Mammel who wrote the various IBM-7090 programs 
used in the calculations. We also wish to thank M. Peter 
for the use of the high frequency spectrometer and 
J. B. Mock for help in its operation. The technical 
assistance of H. E. Earl in the accumulation of the 
experimental data is gratefully acknowledged. 


APPENDIX 
The potential at a terbium site arising from the eight 
nearest-neighbor oxygen ions may be written 
V = (2e?/ Lo) Do’ V+ Ae Veep’ Vio + we’ V2 
+4’ } “git+ vo Ve+ ve! Veit+ vy Veit ve Ve* |, 


where, in the point charge approximation, 


VP=22?—2°—y’, 
VZ=2-Yy*, 


V P= 82t— 242 (+ ¥)4+3(e+y*), — 1460.2, 


V 2=4(2—y*) (62?9—2x*—y’), = 40.0, 
5118.2, 


— 6300.9, 


V f=2t-62y"—y', 


V & = 322°— 24024(x*+ y*) 
+ 1802?(x2+-y2)?— 10(x2+-y°)', 


V @=15(x2?—y*)[162*— 162? 
X (P+y¥)+ (e+y¥ )*], 


Vb =6(2'—62°y"+-y*) 
X (102?— 2? — y’), 


V 6° _ x6 —_ 152+y’+ 1 5x*y4— Sa ve. — 4791 * 


x, y and z are measured in units of Lp>=1.2376X 10-8 
cm, the lattice constant‘ of YIG. The V2," are pro- 
portional to Y>,°r°" and the V2," are proportional to 
(Von?™+ Yo,?™)r*"; the constant of proportionality is 


(2m)(2)[4/ (4n+1) }!C(2n+2m)!(2n—2m)!}-3 


in all cases. 
Ke, KH, and Ks the parts of the crystal Hamiltonian 
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are now of the form 
He=do UP+A,’U2, 
Ky=po'U +n Ue+uU4s, 
He= v9 U P+! U 2+ v4 Usit ve Us, 
where for J=6 
U °=2m?—42, 
U?=[J42+c.c. ], 
U £=35m41235m?+ 5040, 
U g@=25,27(m+1)?—40]+c.c., 
Ubu ly bee} 
U 6° =462m®— 24990m'+- 326928m? — 604800, 
Ue=J42[495 (m+ 1)?—10215(m+1) 
+21600]-+c.c., 
Ust=J,'[33(m+2)?—108]+c.c., 
Us=(J,%+c.c. ], 


(Sc) 


where m=J,, Jz =J.2+iJ,, and “c.c.” 
plex conjugate. 
The nominal values of C2, ¢4, cs are now given by 


indicates a com- 


= 2e* Ly adr” 
2e* Lo 5Bir4 . 
2e7 Ly *y(r5), 


where a=—1/(3?X11), B=2/(3°X5X11"), y=-—1/ 
(3*X7X11?X13) are constants appropriate” to the 
configuration 4/* "F's. Here (r*), (r*), and (r®) are the 
averages of the indicated powers of r, the radial co- 
ordinate, over a terbium 4/ wave function (with r now 
measured in cm). 

Making use of the thallium (Z=81) 4/ wave func- 
tions" these averages have been evaluated with the 
results 


(r?)=7.45X 1078 cm’, 
r')=1.14X 10 
(r®) = 3.1210 


+ cm‘, 


5l cmé, 


The screening constant, , for 4/ electrons is given by 
Ridley” as 41. It seems probable that the value, ¢=47, 
given in reference 11 is a misprint. Using Ridley’s value 
the averages for terbium are given by 


(r?)=2.07X10-" cm?, 
(r*)=8.78XK 10 cm‘, 
(r®)=6.69X 10-™ cm*. 


© K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952). 

11 A. S. Douglas, D. R. Hartree, and W. A. Runciman, Proc. 
Cambridge Phil. Soc. 51, 486 (1955). 

2 FE. C. Ridley, Proc. Cambridge Phil. Soc. 51, 693 (1955). 
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The corresponding values of ¢2, cy and cs are then for computing the energy levels was written in the form 


C2= —3.68X10°'°K, 5C=X(n,;-J)+ (1—A)ea’L (ce C4) Hot+-FC gt (C6 C4) We |. 


c= 1.24 10-°K, cs’ was taken arbitrarily to be 1.97 10-7. As pointed 
Ce= —5.63X 107 °K. out in the earlier text, when values of c2/c4 and c¢/c4 are 
mentioned they are expressed in terms of the values of 
It was pointed out earlier that the Hamiltonian used — cs/cs and c¢/c4 calculated above. 
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Chromic ions are shown to enter double nitrate crystals in two different interstitial sites, and the spin 
Hamiltonian parameters for these ions have been determined. It is also shown that cloudy double nitrate 
crystals contain occluded solution and the amount of solution contained in a number of crystals has been 
measured. The paramagnetic resonance properties of frozen samples of the solution from which the chro 
mium-doped double nitrate crystals were grown have been investigated. The results reported in this paper 
are compared with the nuclear orientation results for Cr in cerium magnesium nitrate obtained by Kaplan 
and Shirley. The utility of frozen solutions for nuclear orientation experiments is discussed 


1, INTRODUCTION double nitrate crystals. However, proton resonance 
measurements described in Sec. III show that cloudy 
double nitrate crystals may be grown with at least as 
much as 10% occluded solution by volume without 
any large-scale occlusions. On the other hand, clear 
crystals do not contain an appreciable amount of 
solution. In Sec. IV, the electron paramagnetic reso- 


ERIUM magnesium and cerium zinc nitrate crys- 

tals have been used extensively in nuclear orien- 
tation experiments! because very low temperatures may 
be obtained by adiabatic demagnetization of the salt, 
and the small value of g,, for the cerium ion permits the 
application of rather large external fields without a 
large rise in temperature. Nuclei of several of the rare- 
earth trivalent ions and iron-group divalent ions can be 
oriented in these crystals. Recently, Kaplan and 
Shirley (KS)? have shown that cerium magnesium 
nitrate crystals grown from solutions containing chromic 
ions do contain some chromium and that Cr* nuclei thus 
included in the crystal can be oriented. These authors 
suggest that their method may be extended to a wide 
variety of paramagnetic ions, and this possibility en- 
hances the interest in the clarification of the nuclear 
orientation mechanism or mechanisms which were 
operative in their experiment. 

KS concluded that the chromic ions were trapped in 
tiny pockets of solution—‘brine holes’’—rather than in 
crystal sites. In Sec. II of this paper, electron paramag- 
netic resonance data are described which show that 
chromic ions go into two different interstitial sites of the 


nance properties of frozen solutions of chromic ions are 
discussed and qualitative estimates are made of their 
utility in nuclear orientation experiments. 

In Sec. V, the orientation experiments reported by 
KS are compared with the paramagnetic resonance 
results. In the last section, the use of interstitial sites 
and occluded solution for nuclear orientation is dis- 
cussed as a general method for the orientation of the 
nuclei of paramagnetic ions. 

Note added in proof. While this paper was in press, 
the author found that the presence of two paramagnetic 
complexes in chromium-doped lanthanum zinc has been 
reported by Pastor and Devor [J. Chem. Phys. 31, 1145 
(1959) }]. The spin-Hamiltonian parameters obtained by 
those authors agree with those reported in the present 
paper. Their results for the ratio of the concentration 
of chromic ions relative to rare-earth ions in the crystal 
to the ratio in the solution is much smaller than reported 

‘Resse eps elk y the Mitten tens ™ this paper. Subsequent investigation by the author 
tion and the Office of Naval Research. has shown that the origin of this discrepancy is the fact 
_'R. P. Hudson, Progress in Cryogenics (Academic Press, Inc., that the concentration of chromic ions in the crystal 
ge Paes Soke and Se Phys. Rev. Letters 6, 361 does not increase in direct proportion to the concentra- 
(1961). tion of chromic ions in the solution. 
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Il. PARAMAGNETIC RESONANCE OF CHROMIC 
IONS IN INTERSTITIAL SITES 


The Spin Hamiltonian 


Lanthanum magnesium and cerium zinc nitrate 
crystals have been grown from aqueous solutions con- 
taining chromic nitrate in a concentration such that the 
ratio of chromic ions to rare-earth ions was 3:100. For 
good growth conditions, very clear crystals were ob- 
tained which were slightly colored by the chromic ions. 
For less favorable conditions, the crystals were some- 
times very cloudy. The paramagnetic resonance results 
reported in this section were independent of the optical 
quality of the crystals. 

The paramagnetic resonance measurements were 
made at v=16 kMc/sec. When the static field was 
applied in a direction perpendicular to the symmetry 
axis, six narrow lines are observed which can be inter- 
preted as the spectrum of two different magnetic com- 
plexes each with spin } and very large fine-structure 
splittings. The angular variation of the spectrum was 
investigated as fully as possible although the large 
values of the fine-structure splittings precluded the 
observation of all six lines when the field was along the 
symmetry axis. 

The spectrum of the two complexes was fitted with 
the spin Hamiltonian: 

K= g8(H.S.+H,S.+H,S,) 

+ D(S2—5/4)+E(S2—-S,2)+ A (1S). 
For either complex, the effective spin is $, the z axis is 
the symmetry axis of the crystal, and £ is less than 
0.001 cm™. The values of g and D are given in Table I 
for chromic ions in lanthanum magnesium nitrate at 
temperatures of 290°, 77°, and 4.2°K. The sign of D 
was determined from the relative intensity of the tran- 
sitions at 1.2°K where kT~D. The hyperfine inter- 
action constant for Cr** was determined at 4.2° only 
and is also listed in the Table. The spectrum of the two 
complexes have intensities that are equal within ten 
percent. Within experimental error, the same param- 
eters were obtained for cerium zinc nitrate. 


Linewidths 


In the lanthanum salt, the rms magnetic field widths 
for all transitions of complex I are 4.0 gauss, and 4.9 
gauss for complex II, at all temperatures. For the cerium 
salt, the linewidths are very nearly the same as those 
for the lanthanum salt at 290°K and 77°K. However, at 
4.2°K the rms magnetic field widths of the transitions 
of complex I and II are 120 gauss and 150 gauss, 
respectively. The temperature dependence of the line- 
width is caused by the temperature dependence of the 
spin-lattice relaxation time for the cerium ion. At 77°K 
and higher, the cerium ions have such a rapid spin- 
lattice relaxation time that the Ce-Cr interactions do 
not broaden the levels of the chromic ions. The large 
rms width observed at 4.2°K in the cerium salt excludes 
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Taste I. Spin-Hamiltonian parameters for chromic ions 
in cerium zinc nitrate. 


Temperature 
(°K) { D (cm™) 


(a) Complex I 
290 


1.98+0.01 
77 1.97+0.01 
4.2 1.98+0.01 


—0.159+0.005 
—0.184+0.001 
—0.186+0.001 0.0018+0.0002 
(b) Complex IT 
290 1.98+0.01 

77 1.98+0.01 
1.97+0.01 


—0.232+0.006 
—0.260+0.003 


—0.272+0.003 0.0018+0.0002 








the possibility that either of the chromic ion sites is the 
same as the rare-earth ion site. The rms width calculated 
for ions in the rare-earth sites, assuming dipole-dipole 
interactions, is only 33 gauss. If the chromic ions were 
in the site occupied by the divalent cobalt Y ion, the 
rms width would be only 72 gauss.* If the ions were in 
the sites occupied by the divalent cobalt X ion, the rms 
width would be 107 gauss and the line would show a re- 
solvable structure due to very large nearest neighbor 
effects when the magnetic field is applied in certain direc- 
tions.’ This structure was not observed and, unless there 
is a Ce-Cr interaction in addition to the dipole-dipole 
interaction, the chromic ions cannot occupy any of the 
usual metal-ion sites in the crystal. 


Concentration of Chromic Ions 


The intensity of the chromic ion resonances were 
compared with that of cupric ions in a copper sulfate 
crystal. This comparison showed that the ratio of the 
number of chromic ions to the number of rare-earth ions 
in the crystal was smaller by a factor of 15 than the 
ratio which existed in the solution from which the 
crystal was grown. 


Ill. OCCLUDED SOLUTION IN DOUBLE 
NITRATE CRYSTALS 


In the next section, it is shown that the electron 
paramagnetic resonance lines for a frozen solution are 
very broad, and the signal is far more difficult to detect 
than for an equal number of chromic ions in crystal 
sites. A much more sensitive test for occluded solution 
is provided by the proton resonance spectrum of the 
crystals at room temperature. The absorption spectrum 
of the protons in the crystal water is very broad (10-20 
gauss, depending upon the direction of the applied field 
relative to the crystal axes) whereas the resonance 
spectrum of the protons in the solution is motionally 
narrowed. Because of the narrow line, the proton 
resonance of a very small fraction of solution can be 
observed. The volume fraction of solution was deter- 
mined by comparison of the intensity of the narrow 

J. W. Culvahouse, W. Unruh, and R. C. 


121, 1370 (1961). 
38 See Sec. I, Note added in proof. 


Sapp, Phys. Rev. 
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component of the proton spectrum obtained for the 
crystal with that obtained from an equal volume of 
saturated solution. 

In very clear crystals, it has been possible to establish 
that the volume of occluded solution is less than 0.5% 
of the crystal volume. At the other extreme, one large 
crystal which had well-formed crystal faces and no 
macroscopic pockets but which was chalk-white, had 
very nearly 10% occluded solution. The fraction of 
solution determined by the proton resonance measure- 
ments correlated well with the optical quality of the 
crystal. 

The importance of occluded solution in the double 
nitrate crystals in magnetic, thermal, and nuclear 
measurements is enhanced by the high density of ions 
in the saturated solution. The saturated aqueous solu- 
tion without added nitric acid and at room temperature 
has an ionic density about one-half that of the crystal. 
Thus, a crystal containing 10% occluded solution will 
have 5% of its ions in solution rather than in the crystal. 
Since the chromic ions are preferentially excluded from 
the crystal, as many chromic ions may be trapped in the 
solution as are in the crystal sites if ~ 13% of the crystal 
is occluded solution. 


IV. PARAMAGNETIC RESONANCE OF CHROMIC 
IONS IN FROZEN SOLUTION 


Small pockets of solution occluded in a cerium double 
nitrate crystal would be readily cooled to a low tem- 
perature by self-cooling and by heat transfer to the 
crystalline material. The value of the frozen solution 
for orientation of chromium nuclei will depend upon the 
structure of the low-lying energy levels of the chromic 
ions in the frozen solution. Paramagnetic resonance 
measurements such as those described in Sec. II can 
provide the required information rather easily for ions 
in crystalline sites. In principle, equally complete 
information could be obtained from the paramagnetic 
resonance spectrum of a frozen solution. One expects 
that each ion in the frozen solution will have six waters 
of hydration with a wide range of distortions from 
octahedral symmetry. Thus the problem is similar to 
that for ions in crystal sites; but, in the frozen solution, 
there are a very large number of sites, and distributions 
of the values of the spin-Hamiltonian parameters will 
usually be required to fit the observed spectrum. In 
addition, the principal axes for the Hamiltonian will 
probably have an isotropic distribution of directions. 

Figure 1 shows the paramagnetic resonance spectrum 
near Ho=hv/g8 for chromic ions in a saturated lantha- 
num magnesium nitrate solution which was rapidly 
frozen and brought to 77°K. The curve was obtained by 
integration of the derivative of paramagnetic absorp- 
tion. This curve may not include parts of the spectrum 
which are even broader and were not detected. 

It should be possible to fit the observed spectra by 
assuming a distribution of D and E values and an 
isotropic distribution of principle axes for the Hamil- 
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Fic. 1. The solid curve is the paramagnetic resonance absorption 
spectrum of a small concentration of chromic ions in a frozen 
solution of lanthanum magnesium nitrate at 77°K. The dashed 
curve is the theoretical line shape for ions which are axially sym- 
metric with a single value 0.15 cm™ for the fine structure constant 
and an isotropic distribution of directions for the axis of symmetry. 


tonian written in Sec. II. The g factor for chromium is 
not sensitive to the crystal field and should be about 
1.98 for all ions. We have calculated the line shape to be 
expected for a single D value of 0.15 cm™ for ions which 
have an axis of symmetry, the directions of which are 
distributed isotropically. The (3,—}) transition leads 
to the line shape shown as a dashed curve in Fig. 1. For 
this model, the (+3,+3) transitions are too broad to 
observe. The lack of agreement is not surprising and 
shows that a more complicated model is required. 

A less complete analysis than that suggested above 
permits one to make some semiquantitative conclusions. 
The Hamiltonian for a particular chromic ion may be 
written in the form 


m=? 


K=g8HS.+ > Gin(Qomt+Qe2 =) 


m=0 


where the operators (Qo, are irreducible tensor operators 
of rank two which have the transformation properties 
of spherical harmonics.‘ Explicitly : 


Qoo= ($)(S2—5/4), 
Outre -1= ( 16 ) ; ( S254 TS. st Sad. + 5.239): 
Qoo+QOo-2= (35) 4(S4544+S_S_). 


With the operators in this form, matrix elements are 
easily calculated. If the frozen solution has a nonordered 
structure, the distribution of the values of the coeffi- 
cients should be independent of the direction of the axis 
chosen for the description. For an axis with a polar 
angle @=cos(1/v3) and an azimuthal angle ¢=}7 
relative to the axis used above, the coefficient of the 
diagonal part of the fine-structure interaction becomes 
G,/+/12 instead of Go. For another direction, it becomes 
G»/+/12. Thus the distribution of values for (12)!Gp is 


*M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), Chap. V, p. 76. 
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the same as the distribution for G, and Gy». If the mag- 
netic field interaction is considered large in comparison 
with the fine-structure interaction the zero-order 
perturbation theory result for the energy levels except 
for an unimportant constant is given by Ey=g8HM 
+3G )M*, where M is the azimuthal quantum number 
for the electron spin. The linewidth of the (+3,+34) 
transitions will give the spread of values for Go. The 
frequency splitting of the (},—}) transition is not 
affected in zero order and will lead a more narrow line 
than the other transitions. This transition will thus be 
emphasized in a derivative of paramagnetic absorption. 
The field at which the (},—4) transition will be observed 
is given in terms of the Hamiltonian parameters by 
first-order perturbation theory to be 
H = Hot (3)?(2G2—G7)/Ho(g8)’, 

where Hy=hy/g8. The exact shape of the line arising 
from this transition will depend not only on the dis- 
tribution of values for G; and G_ but also upon the 


correlations between them. The linewidth of the 
1 1 


($,—}4) transition will yield the spread of values for the 
second term of the preceding equation. If AH is the full 
width at half maximum intensity for the line due to 
(4,—4) transition, a measure of the spread of non- 
diagonal matrix elements is given by 

>= g8(H,AH)!. 


The field Hp that would be required to begin to 


exceed the effect of nondiagonal interactions for an 
appreciable fraction of the ions in the frozen solutions is 
H p= (H,AH)}. For chromic ions in solution, this field is 
about 1800 gauss. This result is probably better than 
an order of magnitude estimate, but it is intended only 
as an indication of the difficulty of establishing an 
orientation axis for the frozen solution. 

It is interesting to note that not all ions in frozen 
solution show such a large spread of nondiagonal inter- 
actions. We have found that manganous ions (.S=}) 
have a spectrum with a resolved hyperfine structure for 
the (4,—4) transition. The value of AH for these lines 
is approximately 20 gauss, which yields a value of about 
100 gauss for the field required to begin to suppress the 
nondiagonal fine structure interactions. 


V. NUCLEAR ORIENTATION OF CHROMIC IONS 
IN DOUBLE NITRATE CRYSTALS 

Bleaney® has discussed the nuclear orientation pro- 
duced in crystals for which the fine-structure splitting 
is much larger than the hyperfine splitting. When D is 
large and negative for an ion of spin S and having the 
hyperfine interaction constants A and B, the states with 
S,= +S lie lowest. For this case, the hyperfine structure 
in zero field is the same as that for an ion with spin } and 
the effective hyperfine interaction constants A’=2SA 
and B’=0 and the orientation produced will be axial. 
If D is positive and the spin of the ion is integral, the 
lowest level will have S,=0 and there will be no hyper- 
fine splitting. If D is positive and the ionic spin is half- 

* B. Bleaney, Phil. Mag. 42, 441 (1951). 
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integral, the lowest level will have S,=+} and the 


hyperfine structure is the same as that for an ion of spin 
+ and the effective hyperfine interaction constants 
A'=A and B’=(S+4)B. This situation will lead to a 
planar orientation if A= B. 

For both types of chromic ions in the double nitrate 
crystals, D is large and negative. The orientation pro- 
duced by these sites in zero field will therefore be axial. 
The alignment produced at a fixed temperature is not 
affected at all by the application of a magnetic field in 
the direction of the symmetry axis. The alignment is 
affected by a field perpendicular to the symmetry axis 
only when that field is sufficiently large that g8H is of 
the order of D. For the same reasons that applied fields 
have no effect if g8H is small compared with D, spin- 
spin interactions can affect the nuclear alignment pro- 
duced by these sites only if those interactions are of the 
same order of magnitude as the fine structure splitting. 
The linewidth due to the Ce—Cr interactions discussed 
in Sec. II show that this is not the case. We expect, 
therefore, that the chromic ions in the crystal sites will 
produce an axial alignment in zero field which is not 
complicated by spin-spin interactions and which will 
not be affected by the application of fields along the 
symmetry axis. 

The chromic ions in frozen solution are expected to 
produce no nuclear orientation in zero field. From the 
discussion in Sec. IV, one would expect that an applied 
field of the order of 1000 gauss would produce some 
axial orientation. 

The gamma radiation from the Cr®' nuclei oriented by 
KS showed a small anisotropy in zero field for temper- 
atures of the order of 0.003°K. A much larger anisotropy 
of the same sign was observed at temperatures of the 
order of 0.009°K when a field of 400 gauss was applied 
along the symmetry axis of the crystal. These results 
might be interpreted as follows: In zero field, the anisot- 
ropy due to those chromic ions in the crystal sites is 
observed and the increase with applied field is due to 
orientation produced by the chromic ions in the solution 
pockets. It is not unreasonable to assume that 400 gauss 
will produce some effect on the frozen solution. One 
difficulty with this interpretation is that a very large 
amount of frozen solution is required to explain the 
small size of the zero-field orientation observed by KS. 
At 0.003°K and in zero field, the difference between the 
gamma-ray emission probability along the symmetry 
axis and perpendicular to it is AW={W(0)—W(90)} 
=0.05. This difference for an applied field of 400 gauss 
and a temperature of 0.009°K was 0.12, and there was 
no indication of a saturation effect as the temperature 
was lowered. One would expect that the orientation 
produced by chromic ions in the crystal sites in zero 
field and at 0.003°K would lead to a value for AW much 
in excess of 0.12. Assuming that the value of AW for 
these sites is only 0.12 and that the observed value is 
caused by the isotropic background from the chromic 
ions in solution, then approximately equal amounts of 
chromium must be present in solution pockets and in 
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crystal sites. Using our data for the relative density of 
chromic ions in the crystal and in frozen solution, we 
require that more than 13% of the crystal used by KS 
be occluded solution. As this is really an underestimate 
of the fraction of solution, we conclude that the crystal 
used by KS probably had a lower density of chromium 
in the crystal relative to that in the solution than existed 
for the crystals which we have grown. (See Sec. I, Note 
added in proof.) 


VI. CONCLUSIONS 


Chromic ions and possibly many other trivalent ions 
can be put into two different sites of cerium double 
nitrate crystals which are not any of the sites usually 
occupied by the metal ions. Such crystals provide an 
excellent method for the orientation of chromium nuclei 
because the large negative value of D should prevent 
complications due to Ce-Cr interactions. The very small 
value of g,, for cerium ions in this compound permits 
the application of a field along the symmetry axis so to 
produce a large polarization of the chromium nuclei. If 
complications due to occluded solution are to be avoided 
only very clear crystals should be used and they should 
be checked for solution content by the proton resonance 
method described in Sec. III. 

Rather large amounts of solution may be trapped in 
small pockets within the double nitrate crystals. If the 
pockets are sufficiently small, they will be cooled by 
contact with the crystalline material. The small value 
of gi, for cerium ions in the double nitrate permits one 
to apply a field to the crystal so to establish on orien- 
tation axis for the electron spins. 

The amount of orientation which can be established 
by a given field will depend critically upon the distri- 
bution of nondiagonal interactions present for the ions 
in the solution. The nature of the distribution of non- 
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diagonal interactions can often be inferred from the 
paramagnetic resonance spectrum. For ions of spin 
greater than 4, the off diagonal interactions will usually 
be most severe. [f the spin is half integral and greater 
than one, the width of the (3,—}) transition gives a 
measure of the nondiagonal interactions. When the 
spin is integral, it may be necessary to observe the 
forbidden transitions in order to obtain a relatively 
sharp line from which the nondiagonal interactions can 
be estimated. For ions with an effective spin of 3, the 
only nondiagonal interactions are the magnetic and 
electric hyperfine interactions and, of course, the spin- 
spin interactions which should never be very severe. If 
the g factor is highly anisotropic, it will be almost 
impossible to determine the spread of off diagonal 
interaction as most of the linewidth observed in para- 
magnetic resonance measurements would be due to the 
variation of the effective g value. If the hyperfine 
interaction constants are sensitive to the distortions of 
the hydrated complex, a spread of values will be en- 
countered. Chromic ions are probably more difficult to 
orient in frozen solution than most ions because of the 
large fine structure interactions which are encountered. 
However, the frozen solution might be useful for the 
orientation of the nuclei of paramagnetic ions which do 
not enter the crystal sites. If the ion does enter the 
crystal sites, nuclear orientation experiments with good 
quality crystals will be more easily interpreted. If the 
ion enters the crystal very readily, the presence of 
occluded solution will be relatively unimportant. 
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Inverted Nature and Significance of Negative-Mass Landau Levels* 
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Quantum-mechanical considerations on negative-effective-mass carriers in crystals show the following: 
The energy-level structure of particles with negative effective mass, in the presence of a magnetic field, 
consists of a system of inverted Landau levels. A simple derivation of the level inversion is given. Sharp 
contradistinctions are found on the behavior of the levels by comparison to that of positive-mass regions 
of momentum space. The significance of this type of level structure for cyclotron resonance transitions, in 
particular in the case of the observed small negative-mass branch of heavy holes in Ge is discussed. 


INTRODUCTION out! and the implications of such a quantum level 


SUF inverted nature of the harmonic cecillator-like  *tTucture for nonequilibrium cyclotron resonance work 
4 c - « ma 


Landau levels for carriers (electrons or holes) 
with negative effective mass has already been pointed 


1G. C. Dousmanis, in Quantum Electronics, edited by C. H. 
Townes (Columbia University Press, New York, 1960), p. 458; J. 
Appl. Phys. 32, 2005 (1951) 

2H. Kroemer, International Solid-State Circuit Conference, 
1960, University of Pennsylvania (unpublished), p. 81. 


* This work has been supported in part by the U. S. Air Force, 
Air Research and Development Command, Air Force Cambridge 
Research Center under contract. 
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have been discussed.'* We give here the mathematical 
derivation for the level inversion and show that it is a 
simple consequence of the change of the sign of the 
effective mass. The fundamental differential between 
changing the sign of the mass and changing the sign of 
the charge is pointed out. These points would hardly 
require proof, but for the fact that an harmonic oscil- 
lator Hamiltonian, with a negative mass in the kinetic 
term but positive force-constant term, implies no 
bound states for negative-mass particles in the presence 
of H. It will be seen below that, with the Hamiltonian 
properly written, the bound states arise from the fact 
that not only the kinetic, but also the potential term is 
negative. This leads to the inverted Landau level 
structure of carriers with negative effective mass. 

The energy level structure shows that a single 
particle injected into negative-mass Landau level 
regions in cyclotron resonance will emit rather than 
absorb rf power, whereas if injected into the m+ region 
it would absorb. It holds for negative-mass regions of 
the simple as well as re-entrant (warped) band type. 
Even in the case of an injected particle distribution, as 
in the negative-mass cyclotron resonance experiments 
in Ge, an increasing level broadening, decreasing 
spacing, and increasing level density with decreasing 
energy imply lifetime (e.g., scattering time) shortening 
at lower energies. This would make the establishment 
of nonequilibrium, emissive distributions easier to 
achieve in m~ rather than m* regions of k space. 


LANDAU LEVEL STRUCTURES—NEGATIVE MASS 
BRANCH IN WARPED ENERGY SURFACES 


An exact quantum treatment of m~ regions would 
require use of the methods of Luttinger and Kohn‘ 
that have been applied to usual m* regions and to the 
k,=0 regions (m+) of warped energy surfaces such as 
those of heavy holes in Ge and Si. We utilize here much 
simpler techniques® in order to bring out main features 
that distinguish the quantum properties of m~ from 
those of m* regions of momentum space. 

The energy levels of particles of mass m in the 
presence of a magnetic field H are of the harmonic oscil- 
lator type.® Thus, for positive masses, 

E,(H)= (n+})heo, (1) 
with 
w= +gH/me. (2) 


* B. Lax and J. G. Mavroides, in Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1960), Vol. 11; (see this review article for a comprehensive list 
of references). 

*G. C. Dousmanis, R. C. Duncan, Jr., J. J. Thomas, and R. C. 
Williams, Proceedings of the International Conference on Semi- 
conductor Physics, Prague, 1960 (Publishing House, Czecho- 
slovakian Academy of Science, Prague, 1961), p. 603; Phys. Rev. 
Letters 1, 404 (1958); G. C. Dousmanis, ibid. 1, 55 (1958). 

5J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955); 
102, 1030 (1956). 

*See, for instance, R. E. Peierls, Quantum Theory of Solids 
(Oxford University Press, New York, 1956); A. H. Kahn and 
H. P. R. Frederikse, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1959), Vol. 9. 
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The choice of signs in (2) is such that w is always 
positive. The above result is derived from the basic 
Hamiltonian and arises from the quantization of the 
energy in the presence of H: One requires the energy- 
level structure of a particle with charge g and mass m 
in a magnetic field. We write down in a general form 
the Hamiltonian and the Schrédinger equation for the 
particle in a magnetic field given by an appropriate 
vector potential A. Thus 


( ‘ 
2m c 


Pr 4 oe 
K=——— (p-A+A-p)+- A?, 


2m 2mc 2mc* 

The Schrédinger equation is 
h? igh igh 
|- —V?+—A- grad +— 


1 g’A? 
2m 2mc 2mc 


(divA)+- = ky. 
; 2mc? 
The usual vector potential, 


A,=0, A,=Hx, A,=0, 


z axis. Thus for 


gives constant H along the 
Schrédinger equation, one has 


h? yp —(- 


y-— —=Fy. 


2m ds" 


=) h? ay 


2m 0x2 2m oy he 
The substitution 


W (x,y,2) = et Auut hes) 4 (x) 


h? ui fh gHx\? 
sine rata (4,- ) u= Ey, 
2m dx? 2m he 


O7u gHx\*  2mE, 
——(4,- =) u+ u=(, 
Ox? he h? 


yields 


(10) 


where 


E,= E—(h?k?/2m). (11) 


The energy of interest, in the xy plane, is given by 
(10). This is the equation for an harmonic oscillator 
with center at 


xo=chk,/qH, (12) 


and with energies and frequencies given by (1) and (2) 
above. 

Before we deal with the negative-mass solution we 
note the following: In Eqs. (3)-(5), a reversal of the 
sign of q does not affect the sign of the Hamiltonian. 
By contrast, a change of the sign of the mass reverses 
the sign of the right-hand side of (3) and (4) and also of 
the Schrédinger equation (5). From the reversal of 
(3) and (5) for negative m, one would expect bound 
states of negative energy (inverted Landau levels) as 
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will be shown in the following. This may be thought of as 
resulting from a change in sign of both the kinetic 
energy and potential terms of the Hamiltonian, and the 
Schrédinger equation. 

The Hamiltonian, with the use of the vector potential 
defined above, can be written as 


1 gHx\? 
K= —| e+(1.-*=) +02] 
2m Cc 


A change in the sign of g changes the origin of the 
harmonic oscillator from cp,/qgH to —cp,/qH, whereas 
the change in the sign of the mass changes the sign of 3. 
The other change involved in changing q for a particle 
of given mass is the direction of rotation in the magnetic 
field. Likewise particles of the same charge, but opposite 
mass will, of course, rotate in opposite direction in the 
magnetic field. 
For m negative, from (3), (5), and (6) one has 


(13) 


+——_ =f, (14) 
2\m| dz? 


> Py WW 0 igHx,? hi? dy 
Mi Sipe SO 


oy hc 


o 
~ 


Comparison with (7) shows that all terms except Ey 
have changed sign. The expression corresponding to 
(10) becomes, from (8) and (14): 


Ou gHx\? 2\m\ Ey 
—-— (4,- — *) s--——_4=0. 
OX» he i? 


(15) 


Substituting 


E,\= — &, 


Ou gHx\?  2\m\& 
——(+,-—) u-+——u= 0, 
0x? he h? 


which is of identical form with (10) except that it 
involves & instead of F;. Then for m-, and for the 
motion on the xy plane, 


— §=E,= — (n+})heo, 


we obtain 


(18) 
w=-+gH/me, (19) 
where, as in (2), the sign in (19) is chosen so that w is 
positive. 

The particles in the crystal are not free, but move 
in the periodic lattice potential. The extension of the 
argument follows the one given earlier for the m* case® 
and will not be discussed here. One uses the effective 
mass m* instead of m. Equations (1) and (18) apply, of 
course, to the constant-m (parabolic) regions of the 
bands. As m* increases in the nonparabolic regions the 
levels become closely spaced. The “reversal” of energy 
levels in m~ regions! for bands of a simple type’ is 

7 See, for instance, W. Shockley, Electrons and Holes in Semi 


conductors (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1951), Chap. 5. 


NEGATIVE-MASS 


LANDAU LE 


‘SINGLE PARTICLE 
D AT LEVEL A 


P_ ia 
_EMISSION — _EMISSION n+t 


ntl n 


P P 
"ABSORPTION ABSORPTION 


m REGION 


— STRONG TRANSITIONS 
--* WEAK TRANSITIONS 


k 


Fic. 1. Landau levels in positive- and negative-mass regions of a 
simple band (see text). In a conduction band the right-hand side 
would represent the usually underpopulated m™ electron regions 
at high particle energies (past the inflection point). The same 
diagram is applicable to a valence band with the vertical axis 
representing increasing hole energy. The magnetic field is applied 
on the plane of the paper and is perpendicular to the k vector 
shown. Note the inverted nature of levels and matrix elements for 
rf electric dipole transitions in the m™ region. 


shown in Fig. 1. The variation of the level spacing and 
width with energy has been discussed by Brailsford® for 
the m* case. The levels not only get closer together, but 
also broaden as one approaches from either side the 
middle of the band. This /aitice broadening is a conse- 
quence of the second term in (10) and (14) and would 
imply, aside from other causes, a decrease in lifetime 
(for example, the collision time) in these regions. The 
spacing decreases and broadening increases as one pro- 
ceeds to the band center, but the overlap occurs mostly 
in a region near the center. 

The magnetic energy levels are also drawn in a 
schematic way in Fig. 2 for the case of heavy holes in 
Ge and Si. The meaning of k, and k, is clear from the 
accompanying figure of the re-entrant contours. In 
these cases m, and my, are negative and fairly equal to 
each other in the central portion of the re-entrancy 
(shaded part, Fig. 2). m, is positive, but the energy 
parallel to H(&,) is not quantized and is separable so 
that the level inversion in directions perpendicular to 
k, is not basically affected. Normal Landau levels are 
indicated in regions B (m*t) and inverted levels are 
shown in the m~ region (Fig. 2). Note that in both 
Figs. 1 and 2 the upper energy limit in the m~ region 
consists of the lowest quantum number energy level 
(n=0). 

In the re-entrant case of Ge and Si we shall limit the 
discussion to a mere delineation of the various regions 

8 A, D. Brailsford, Proc. Phys. Soc. (London) A70, 275 (1957). 
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Fic. 2. Schematic diagram of energy vs the k, axis for a constant 
value of &, in bands of the type of heavy holes in Ge and Si. These 
bands have a small negative mass (re-entrant) region at low 
energies. The Landau levels are inverted in the central part of the 
re-entrancy. The classical orbits are not circular, but are shown as 
such only to illustrate the sense of particle rotation in the three 
branches of the energy spectrum. The upper part of the figure 
shows two contours of equal energy (€2:>e,), and the shaded region 
denotes that of the negative “transverse” mass, computed in direc- 
tions perpendicular to, and radially outwards from, the [100] axis 
(see Fig. 64 of reference 3). In the region of levels with fairly equa! 
spacing, which are of main interest to resonance (central part of 
shaded region), this mass is about equal to the value of the 
Shockley “tube” mass. The “hump” (energy separation A£) is 
zero at the k,=0 (reference 4), and increases as one proceeds to 
higher contour energies along the &, axis. It is estimated that 
approximately as much as 45% of momentum space is taken up 
by the eight “bumps” (Z£) on the energy surface in Ge. By 
contrast the volume associated with the two shaded regions is 
only 4% of the total [the other four similar regions on the energy 
surface are to be counted as belonging to the remaining main part 
(B) of the positive-mass region for E,; perpendicular to the [100] 
axis (k, above) ]. These relative sizes for the three branches apply 
to volume in momentum space and are not to be taken as accurate 
representations of particle distributions under the influence of H 
and nonequilibrium conditions. The opposite rotation of the m~ 
particles allows their experimental separation from the two other 
branches of the energy spectrum by use of circularly polarized 
microwaves. 


of momentum space that give resonances of their own,'* 
i.e., groups of energy levels which despite level-spacing 
variation within each group, contribute to a single 
resonance with the usual energies and power levels in 
cyclotron resonance.’ Figure 2 shows schematically the 
three main quantum structures with H along the [100] 
axis for a constant value of &,. The re-entrant contours 
are shown and the shaded region is that of the negative 
transverse mass as usually defined (see caption of Fig. 2). 
This mass is constant near the center of the shaded 
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region, hence the level spacing there is fairly constant 
(see Fig. 64, reference 3). Its value near the central 
cone region, that is significant for resonance, is about 
the same as that of the Shockley “tube” mass.* The 
m~ orbits are fairly circular at the center, but become 
distorted and broadened as one approaches 17° in Ge 
(inflection point D, Fig. 2). The classical trajectories 
have been discussed by Kagan.® For a plane perpen- 
dicular to k, the m™ orbits go only near 17° in Ge for 
k, along the [110] axis, but as far as 34° for k, parallel 
to [100] axis, before one runs into the region of levels 
associated with the “bumps” of the energy surface 
(regions E, Fig. 2). In this transition region, both 
the quantum picture! and the classical® one suggest a 
behavior resembling that of open orbits. Thus only 
the region within 17° with such values for H, contour 
energy and k, so that at least a few equally spaced levels 
(with the smallest quantum numbers) are within it, can 
be considered as a resonant negative-mass region. 
(There is no “hump” on the energy vs &, curves, i.e., 
no negative-mass region if one restricts the picture*!” 
to k,=0.) Figure 2 applies to the cases where the re- 
entrancy (energy separation AD, for example, ~7% of 
contour energy in Ge) is large enough so that at least 
a few levels with the smallest quantum numbers are 
fairly equally spaced. The structure for energy surfaces 
that are axially symmetric about the &, axis, and for 
the region close to k,=0 has been examined semi- 
classically on a model that extends uniformly the m 
region to 34° from the [100] axis." 

A further point essential to the existence of discrete 
negative-mass energy levels may be noted here. In the 
-negative-mass regions of Figs. 1 and 2 the intersections 
of a plane perpendicular to H with the energy surface 
are closed curves: In Fig. 2 the curves for all three 
branches of the energy spectrum lie in the same zone 
and are closed, and in Fig. 1 they are closed by using 
periodic continuation in k space. This leads to discrete 
energy levels in the main parts of these regions as 
indicated. 

We point out here that, as indicated from the behavior 
of the m™ orbits, at angles larger than about 15° in Ge, 
the energy surface is anything but symmetric about 
the [100] axis. The third quantum branch, associated 
with the “bumps” on the energy surface, occupies an 
appreciable amount of momentum space, although the 
levels, with H along the [100] axis, are not well defined 
since the orbits run around £ (Fig. 2) and from the 
contour shape, they cannot easily conserve energy and 
k,. Their mass is close to that of the usual heavy holes* 
(region B). We compute that roughly 45% of the 


*Yu. Kagan, J. Exptl. Theoret. Phys. U.S.S.R. 38, 1854 
(1960) [translation: Soviet Phys.-JETP 11, 1333 (1960) ]. 

” For an extension to the case of &, #0 see R. F. Wallis and H. J 
Bowlden, Phys. Rev. 118, 456 (1960). 

" B. Rosenblum and R. C. Duncan, Jr., in Proceedings of the 
International Conference on Semiconductor Physics, Prague 1960 


(Publishing House, Czechoslovakian Academy of Science, 


Prague, 1961), p. 606. 
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volume in momentum space is occupied by these 
regions (near [111] axes) in the absence of H. 


DISCUSSION 


Consider one of the consequences of the inversion 
of the energy levels in both the case of the simple band 
(Fig. 1) and that of re-entrancy (Fig. 2): A single 
particle injected into the equally spaced part of the 
m~ region will emit rather than absorb rf power under 
resonance, since the matrix element for a downward 
(emissive) transition [proportional to (m+1)!] is 
larger than that for an upward transition (proportional 
to n'). By contrast, if the particle is injected into the 
m* region it will absorb rf, since the transition proba- 
bility to the higher than lower state is larger, and 
despite the fact that there are empty levels below it. 
This is sufficient quantum-mechanical proof that a 
single m~ particle is emissive. 

Even when a distribution of particles is injected into 
the m~ region, its very structure (decreasing level 
spacing, increasing density of states, and increasing 
level broadening with decreasing £,) favors establish- 
ment of emissive distribution.’*!? In the warped 
surfaces of Ge and Si such an emissive distribution may 
be limited to directions perpendicular to the [100] axis, 
i.e., may consist of overpopulation of the central cone 
region as optically excited carriers,'* for instance, lose 
energy by phonon emission in the anisotropic band. It 
is not necessary for such a distribution to be an increas- 
ing function of k, or of the total energy. What is required 
is that it be more dense at point A than at C or D 
(Fig. 2). Thus in this kind of effect partial population 
inversion along particular directions of momentum 
space is required. The overpopulation of the central cone 
region may be brought about by anisotropic scattering” 
in the warped surface. In the present picture the very 
lattice broadening of the levels and their increasing 
density suggest lifetime (for example, scattering time) 
shortening** as the energy decreases in directions per- 
pendicular to the [100] axis. This implies overpopula- 
tion of the upper levels (region A, Fig. 2) under exci- 
tation. All of these effects have a common cause, i.e., 
the band anisotropy. 

Quantum-mechanical considerations showing that m— 
regions are not expected to show much resonant 
absorption even at equilibrium have already been 


2 That only a few levels with the smallest quantum numbers 
would have, in the actual case, sufficiently equal spacing to be of 
importance in cyclotron resonance in Ge, along with the inverted 
nature of the levels, was orally presented at the American Physical 
Society meeting in New York, January 1959 [Bull. Am. Phys. 
Soc. 4, 28 (1959)]. The level inversion was independently dis- 
covered by Dr. Kroemer (private communication). In this work 

reference 2), in reference 10, and in work by Fisrov, related to 

this subject, the axial approximation is used [Yu. A. Firsov, 
Soviet Phys., Solid State t 48 (1959) ]. See also R. C. Williams 
and F. Herman, Proceedings of the International Conference on 
Semiconduction Physics, Prague, 1960 (Publishing House, Czecho- 
slovakian Academy of Science, Prague, 1961), p. 599 

'8 Anisotropic scattering has been considered in detail by D. O. 
North of these Laboratories (private communication). 
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discussed.'!! We wish to emphasize here the significance 
of “anharmonicity,” that was pointed out quite 
early,” in the re-entrant region: For each k, value 
(Fig. 2) the significant properties of this region arise 
from the fact that, once H is applied, no states exist 
near point A (high conductance region) but at n=0, 1, 
etc., which are in regions of lower conductance, because 
of the change of curvature, even at these low quantum 
numbers. In a parabolic band the small number of 
levels and the fact that the quantum numbers are 
small would not be significant. If the curvature were 
the same, essentially comparable absorption may be 
expected at equilibrium from both a classical and a 
quantum calculation. However, in the present case, a 
classical calculation would be assuming a high positive 
conductance as if the particles were near A and would 
overestimate the result of such absorption. Even the 
semiclassical treatments with the axial approximation 
would tend to overestimate resonant absorption at 
equilibrium for the real Ge surface since they under- 
estimate the anharmonicity if they uniformly extend 
the negative-mass region to 34° from the [100] axis. 

The main mt region B (k, close to zero) consists 
(except for the unequal spacing of the lowest levels 
that yield the structures called quantum effects*) of 
essentially a single harmonic oscillator system with 
equal spacing up to energies at least two orders of 
magnitude larger than the Landau level spacing 
(microwave range). In sharp contrast the m~ region 
consists of a whole series of anharmonic oscillator 
systems, one for each value of k,. Only one of these 
systems is represented in Fig. 2. The anharmonicity, for 
a given band and value of the magnetic field, is a func- 
tion of energy of the contour, and is higher at lower 
energies. 

The deviation of the band from parabolic behavior is 
of much greater significance in m~ cases than in the mt 
ones: The negative-mass population is concentrated 
in the nonparabolic (lower energy) and nonresonant, 
low rf conductance, region under near-equilibrium 
conditions. By contrast most of the m* population 
occupies at equilibrium the parabolic regions that are 
at lower energies, are resonant, and strongly absorptive 
at equilibrium. 

Application of a magnetic field along the re-entrant 
axis in warped surfaces creates a particle redistribution 
between m+ and m~ regions of momentum space.' 
This redistribution will not be treated here, but we may 
point out that the m~ region of unequally-spaced levels 
(Figs. 1 and 2) gives, under thermal equilibrium condi- 
tions, a paramagnetic contribution to the magnetic sus- 
ceptibility, in contrast to the usual Landau diamag- 
netism of the m* regions of holes or electrons. 

In conclusion, we have pointed out basic differences 
in the behavior of negative-mass Landau levels in 
comparison to that of positive-mass levels by examining 
qualitatively properties of the former. These include: 
(1) The reversal of energy levels, electric dipole moment 
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matrix elements, and transition probabilities in the m— 
region. A single particle injected into the m~ region will 
emit rather than absorb rf power in cyclotron resonance. 
(2) The Landau levels contract to a closely spaced 
system with decreasing energy, again in contrast to 
the m* cases. (3) The upper energy states are discrete 
and fairly well defined, whereas the lower states are 
broadened and their density is higher. (4) The an- 
harmonicity of the oscillator-type levels is of much 
greater significance in the m~ rather than the m* case. 
This is particularly so in the re-entrant case whose small 
extent allows only a few equally-spaced levels with the 
smallest quantum numbers to be of significance in rf 
resonant transitions. All these factors will affect the 
relaxation processes in these systems (shorten the 
relaxation of lower states) and make the establishment 
of emissive distribution under excitation more likely in 
m~, rather than m* regions, as suggested earlier.'4* A 
decreasing population with increasing k, (Fig. 2) i.e., 
overpopulation of the central cone region (region A, 
Fig. 2), is necessary for observation of the emissive 
resonance. This may be considered as resulting from 
anisotropic scattering" or lifetime decrease in the states 
with decreasing energy (increasing k,) suggested by the 
increasing level density, level broadening, and other 
factors discussed here. 
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Note added in proof. We make some further remarks 
on statements made above and their relation to recent 
work here and elsewhere. 

The mention of the carrier scattering, rather than 
recombination time, is based on recent work*!*5 on 
the behavior of the emissive negative mass resonance 
in Ge with increasing rf signal power. These measure- 
ments indicate that the characteristic time of the 
emissive distribution is larger (as expected), but closer 
in magnitude to the scattering time (=0.8X10-" sec) 
rather than the recombination time (>10~7 sec). 
Further details on this work and its analysis falls 


4 RCA Laboratories Report, March 15, 1961 (unpublished). 
‘6B. W. Faughnan, G. C. Dousmanis, R. C. Duncan, Jr., and 
R. M. Josephs (unpublished). 
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outside the limited scope of the present paper. The 
same holds for some computations'® (based on well- 
known work,'® and not directly involving the Landau 
structure) that indicate that for a group of phonon 
emission processes, the carrier energy loss is larger for 
decay (towards k=0) along the DO (and ZO), rather 
than the AO, directions of momentum space (Fig. 2). 
These differences arise from the band anisotropy. We 
simply point out here that the differences in density of 
quantized states, Landau level broadening, etc. between 
regions A and C, D arise from the same cause, and would 
lead to similar conclusions regarding the establishment 
of anisotropic distributions in k space. This, of course, 
is not to be taken as “proof” of connection between the 
lifetimes of the quantized states and the scattering 
time that is affected by a wide variety of solid state 
processes. 

The limitations of classical transport calculations 
apply strictly to these portions of energy-momentum 
space where the Landau spacing is unequal, the number 
of levels small, and the quantum numbers small, 
such as is the case in the re-entrancy. The success of 
classical treatments in the case of other regions or 
effects (main m* region B, harmonics of heavy holes, 
etc.) should not be underestimated. 

The exact fractional volume of momentum space, 
taken up by particles in the eight “bumps” of this 
energy surface at equilibrium, is subject to some 
arbitrariness as to the solid angle one assigns to them, 
and to some extent in slight uncertainties’ in the band- 
structure constants A, B, and C. Thus the figure quoted 
above (45%) has an accuracy of about 15%. What is 
emphasized here is the large fraction they take up. And 
it is interesting to note that an appreciable effect of this 
warping on the temperature dependence of the mobility 
has been very recently computed."” 

That the observation of effects arising from the re- 
entrancy is affected by impurities has been indicated, 
aside from the early impact ionization studies with 
shallow states,’ from more recent work!® involving 
deeper acceptors. 


16J. M. Ziman, Electrons and Phonons (Oxford University 
Press, New York, 1960), Chap. X. 

17 G. Tauber, in Proceedings of the International Conference on 
Semiconductor Physics, Prague, 1960 (Publishing House, Czecho- 
slovakian Academy of Science, Prague, 1961), p. 653. 

1D. M. S. Bagguley, R. A. Straddling, and J. S. S. Whiting, 
Proc. Roy. Soc. (London) A232, 340 (1961) 
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The value of the critical current-critical field of cold-worked 
Nb, Mo-Re and Nb-Zr wires at constant temperature is not a 
single-valued function of the field and current direction. The 
previous history of a specimen during an experiment plays an 
important role and a measurement of the critical field-critical 
current can influence the response of the specimen to subsequent 
measurements. When J, vs H, curves are determined by proceeding 
from low to high fields, anomalous resistive transitions are ob- 
served which may not occur in measurements proceeding from 
high to low fields. Further, it is possible to condition a specimen 


ECENTLY, measurements of critical current vs 
field have been reported for a number of hard 
superconductors.'“* We have made similar measure- 
ments with unannealed wires of Nb, Nb-Zr, and Mo-Re 
which show many new features which appear under 
certain specific experimental conditions. Since these 
features may be common to hard superconductors, we 
describe our experimental procedures and observations. 
To illustrate the behavior encountered, we present data 
obtained with an unannealed wire of Mo-Re (49% by 
weight) 5 mil in diameter.’ 

Some remarks on our samples are relevant. A con- 
tinuous piece of specimen wire some 16 ft in length was 
coiled on a Lucite former at approximately 1-mm inter- 
vals, with half the turns wound in opposition to the 
other half. The orientation of the coil was controlled 
externally by means of a stainless steel rod attached to 
the former, and the sample was positioned with the 
entire length of wire transverse to the field. Electrical 
contact was made by coiling the end sections of the 
specimen around copper terminals, electroplating a 
thick layer of copper on the assembly and soldering 
copper leads to each terminal. Voltage leads were 
simply wrapped on the input and output sections of the 
superconducting specimen. The external circuit resist- 
ance was kept at a fraction of an ohm. When a resistive 
transition occurred, the current dropped abruptly to a 
small residual value of less than 1 amp and an apprecia- 

* This research was supported by the Alfred P. Sloan Founda 
tion and by the joint program of the Office of Naval Research and 
the United States Atomic Energy Commission. 

1M. A. R. LeBlanc and W. A. Little, Proceedings of the Seventh 
International Conference on Low-Temperature Physics, Toronto, 
1960, edited by G. M. Graham and A. C. Hollis (University of 
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2S. H. Autler and L. J. Donadieu, Bull. Am. Phys. Soc. 6, 64 


3J. E. Kunzler, E. Buehler, F. S. L. Hsu, B. T. Matthias, and 
C. Wahl, J. Appl. Phys. 32, 325 (1961). 

‘J. E. Kunzler, E. Buehler, F. S. L. Hsu, and J. H. Wernick, 
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6 J. O. Betterton, Jr., R. W. Boom, G. D. Kneip, R. E. Wor- 
sham, and C. E. Roos, Phys. Rev. Letters 6, 532 (1961). 

7 We are indebted to Dr. G. A. Williams, of Bell Telephone 
Laboratories, for this specimen. 


to enable it to reach maximum values of the critical field and 
critical current. This phenomenon is also encountered in the op- 
eration of superconducting solenoids. The polarity of the field and 
current during this treatment is seen to be significant. For a given 
field, the resistive transition depends on the rate of increase of the 
current. Quenching of the superconductivity on reducing the field 
has been observed. Low critical current-critical field curves are 
observed on rotation of a transverse field in the plane perpen- 
dicular to the axis of the wire. The influence of current density and 
temperature on these phenomena has been investigated. 


ble voltage developed across the sample. The resistance 
which appears indicates that the specimen remains in 
the intermediate state at each measurement. 


I 


(a) The solid circles in Figs. 1 and 2 represent re- 
sistive transitions which occurred with the Mo-Re wire 
placed in a fixed transverse field as the current was in- 
creased slowly from zero. After a “breakdown”, the 
residual current is interrupted briefly to allow super- 
conductivity and thermal equilibrium to be restored, 
then the current again increased from zero until another 
“breakdown” takes place. In this way a series of points 
are obtained at a fixed field. The remarkable feature of 
each of these series of transitions is that they progressed 
towards higher current densities until a ‘‘maximum criti- 
cal current” was attained. Further transitions occur at 
this value. Figure 2 exhibits sequences of points ob- 
tained at several fields in the course of a single run at 
1.5°K proceeding from low to high fields. Figure 1 shows 
data secured in the same way during another run at 
4.2°K. To avoid cluttering the figures, sequences for 
intermediate fields in each of these runs are not plotted. 




















Fic. 1. Training phenomena and anomalous resistive transitions 
in an unannealed Mo-Re wire at 4.2°K. The curves and points are 
explained in the text. 
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. Training phenomena in an unannealed Mo-Re wire at 
K. The curves and points are discussed in the text. 


A process of adaptation, therefore, seems to take 
place which enables a specimen to pass larger currents 
until a “maximum”’ is eventually reached. Whether the 
occurrence of the intermediate transitions is necessary 
to this process or merely accelerates the phenomenon 
of adaptation is not clear. We notice and are puzzled 
by the fact that although the superconductivity is 
quenched at successively higher currents, the residual 
current remains practically constant indicating that a 
linearly increasing fraction of the specimen is trans- 
formed into the normal state. Attempts to “condition”’ 
a specimen quickly by driving it further into the inter- 
mediate state at the initial or intermediate points yield 
inconclusive results. It is possible that the adaptation 
can take place entirely in the state of zero resistance if 
the time constant of the current rise is sufficiently long 
in the “dangerous” range. Results given below indicate 
that the rate of increase is important and must be slower 
at higher current densities. 

At 1.5°K the adaptation is observed to be “irre- 
versible,” i.e., after the specimen has been “‘conditioned”’ 
to pass the maximum current at a selected field, if this 
field is altered appreciably and returned to the initial 
value (cycled), the specimen must again be “trained”’ 
to tolerate the maximum current. Whether the adapted 
state is unstable in a constant field and there exists a 
relaxation time for its disappearance remains to be 
investigated. 

At 4.2°K this irreversibility is either less evident or 
not present and the need for training definitely less 
pronounced. Indeed, the conditioning process can ap- 
parently be by passed by a definite procedure. For 
example, curve A of Fig. 1 was measured by proceeding 
from the high to the low fields with a virgin sample. Some 
training was required over a narrow range of current 
at the maximum field, but all subsequent points fell on 
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the curve even though the field was cycled between 
some of the measurements, and several measurements 
were made at any given field. It is noted that this curve 
falls gradually below maximal points observed 
previously. 

(b) Curve B of Fig. 1 and curve D of Fig. 2 show the 
“maximum” current which can be sent abruptly 
through the specimen (by closing a switch in our exter- 
nal circuit) in the presence of a transverse field at 4.2°K 
and 1.5°K, respectively, without causing a resistive 
transition. That the rate of increase of the current is 
significant is further confirmed by measurements with 
different time constants in our apparatus. The previous 
history can also influence the response of a specimen 
to rapidly increasing currents in ways which remain to 
be determined. 

The main features of the phenomena described above 
under (a) and (b) have been observed also in un- 
annealed niobium wires in longitudinal fields where the 
behavior seems quantitatively less marked. We have 
not studied Mo-Re and Nb-Zr in longitudinal fields 
to date. 

(c) Immediately after a series of transitions was 
measured with the current flowing in a given direction 
at constant field, the direction of current was reversed 
and a series progressing to higher currents was ob- 
served. The latter series are represented by the dashed 
vertical lines of Fig. 2. The data indicate that a path 
must be cleared for the current in each direction and the 
specimen must adapt to the polarity as well as the 
density of the current. 

The pattern of behavior on further reversals of 
current at a constant field and after changes of direction 
of field (but not of magnitude, in view of the irreversi- 
bility effects mentioned above) seems complex and is 
being explored. 


Il 


(a) The open circles in Fig. 1 (upper quadrant) 
represent successive resistive transitions observed with 
a steady current of 10 amp flowing through the specimen 
when the field was increased gradually from zero. After 
a breakdown had occurred, the residual current was 
interrupted, the field removed, the current again raised 
to 10 amp and the field applied gradually once more 
until another breakdown took place. The remarkable 
feature of these transitions is that they occur at pro- 
gressively higher fields. Finally, the field could be raised 
to 10 kgauss (the maximum field of our magnet) with 
a current of 10 amp flowing in the specimen, and sub- 
sequently removed and reapplied without breakdown 
occurring. Again, we see that a process of adaptation 
takes place and the questions raised above in connection 
with the analogous phenomenon at constant field and 
increasing currents remain to be studied carefully. 
There is some preliminary evidence that the rate of 
increase of field is significant and that a specimen 
adapted to remain superconducting in the presence of 
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a slowly varying field of a certain intensity is not 
necessarily adapted to rapidly varying fields. 

(b) After the virgin specimen has been “educated” 
to tolerate changing fields of a certain intensity while 
carrying the steady current of 10 amp flowing in a given 
direction, if the direction of this current is reversed 
(in zero field), it is observed that the specimen must 
again be conditioned to tolerate progressively higher 
fields. Once this has been achieved, the sample can now 
tolerate varying fields up to this intensity with currents 
of 10 amp flowing in either direction. The open circles 
in Fig. 1 (lower quadrant) indicate the successive 
transitions experienced by the specimen as it adapted 
to fields of increasing intensity after the polarity of the 
current was reversed. 

The pattern of behavior when the direction of the 
field is reversed or oriented at intermediate angles in 
the plane perpendicular to the axis of the wire appears 
complex and is being explored. 

(c) At 1.5°K for a steady current of 10 amp the be- 
havior is different, and successive transitions in gradu- 
ally applied fields do not occur at significantly higher 
fields. No adaption seems possible. However, one may 
proceed to higher fields by adopting the following pro- 
cedure. After the initial transition has occurred and the 
residual current interrupted briefly, the field is main- 
tained at the value reached and the current again raised 
to 10 amp slowly. The field is then increased gradually 
from the previous value until a new breakdown takes 
place, and this procedure is repeated at each transition. 
A sequence of transitions observed in a “virgin” sample 
are shown by the open circles in Fig. 2. After this series 
had been measured, the field was removed and the pro- 
cedure repeated. This second sequence of transitions is 
represented by the open triangles. The points are dis- 
placed vertically for clarity of presentation. We note 
that the higher frequency of transitions in the lower 
field region is not fortuitous but appears to be a general 
feature. 

(d) The behavior of a specimen in the presence of 
increasing fields is a function of the current density. 
Preliminary results indicate four regions of behavior 
in going from low to high current densities: (i) No 
anomalous transitions occur; (ii) anomalous transitions 
occur but adaptation takes place; (iii) anomalous 
transitions occur but the adaptation is “unstable”; 
(iv) anomalous transitions occur and no appreciable 
adaptation is observed. 

Finally, we note that these regions shift to lower 
current densities on reducing the temperature. 

(e) The interval inside the rectangle in Fig. 2 indi- 
cates a region of fields for which resistive transitions 
occurred at 1.5°K at a current of 10 amp when the field 
was decreased from arbitrary values between this region 
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and 10 kgauss. Anomalous transitions upon reduction 
of the field were also observed for currents greater than 
10 amp and 12 amp at 1.5°K and 4.2°K, respectively. 

(f) The performance of a hard superconductor when 
both the field and current vary simultaneously as in a 
solenoid is of immediate practical concern. We have 
tested several solenoids wound with unannealed 
niobium wire and observed a wide range of resistive 
transitions progressing to higher field and current 
values. Generally, after these solenoids have been 
trained to operate at their optimum value, they can 
be cycled below this value without breakdown. The 
performance of solenoids however seems more complex 
than these remarks indicate. In particular, a niobium 
solenoid of 2-in. inner diameter and 7-ia. length, with 
optimum field of 8.2 kgauss at 6.8 amp at 1.5°K, has 
been in frequent use in our laboratory for several 
months. This solenoid always attains the optimum 
performance. However, the need for training and the 
steps ia this training procedure, if it is required, vary 
from run to run. Whether this is associated with the 
rate of cooling is a possibility under study. 


Il 

Resistive transitions are observed in a specimen 
carrying a steady current during gradual rotation of a 
constant transverse field in the plane perpendicular to the 
axis of the wire. Actually in our measurements the 
field direction remained fixed and the sample was ro- 
tated manually clockwise and counterclockwise by 
360° or more. Curve C of Fig. 1 and curve E of Fig. 2 
show the maximum current which the specimen can 
carry without breakdown occurring during rotation in 
a given field at 4.2°K and 1.5°K, respectively, proceed- 
ing from low to high fields. The influence of rate of ro- 
tation and the existence of a time constant in this effect 
are being investigated. This phenomenon cannot be 
attributed to cutting of lines of force by the lateral 
motion of the specimen during rotation, since resistive 
transitions occur only at considerably higher current 
densities when the specimen is moved in and out of the 
magnet at the given fields. The latter transitions were 
discussed in Sec. II. Parts of the wire cease to be in a 
transverse field during the rotation. It is known that 
critical currents are higher in a longitudinal than in a 
transverse field of equal intensity.'* > However, there 
are indications that these sections may play a signifi- 
cant part in causing these anomalous transitions and 
we are, investigating elongated samples which extend 
far outside the pole faces. 
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Measurements on single-crystal silicon show that the thermal conductivity varies nearly as T~', from 
1.26+0.19 w/cm C° at 30°C, to 0.46+0.07 w/cm C° at 425°C. The series comparative method employed 
reduces errors due to radiation, thermocouple calibration, and contacts. The charged-carrier contribution to 
the conductivity is less than 1% at 425°C. The lattice conductivity is discussed in terms of phonon-phonon 
scattering at 425°C and in terms of isotope and phonon-phonon scattering at 30°C. 


INTRODUCTION 


HERMAL conductivity measurements in silicon 

and germanium! below room temperature have 
been reported. Recently values above room tempera- 
ture have been given by Abeles,? Kettel,? Stuckes,* and 
Slack and Glassbrenner® for germanium, and by 
Stuckes* to 300°C for silicon. The present paper reports 
results of thermal conductivity measurements from 
30°C to 425°C for single-crystal silicon® and discusses 
the findings. 


MEASUREMENTS 


Five measurement runs were made on two different 
samples of single-crystal p-type silicon (acceptor con- 
centrations ~6X10" and 3X10" cm~). The crystals 
were supplied through the courtesy of F. J. Reid, 
Battelle Memorial Institute, Columbus, Ohio. The 
measurements extended from 30° to 425°C and utilized 
a series comparative method and analysis developed by 
Morris and Steigmeier.’? This method, based in part on 
earlier work by Stuckes and Chasmar® and by others,’ 
provides nearly the same heat flow Q through both a 
sample of unknown conductivity K, and a standard 
of known conductivity K, placed in series as shown in 
Fig. 1. Then we have ideally for 0, when the tempera- 

* This work supported in part by Office of Naval Research. 

t Based in part upon a dissertation submitted by Jerome G. 
Hust to the South Dakota School of Mines and Technology, 
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t Present address: National Bureau of Standards, Boulder, 
Colorado. 
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(1956); H. M. Rosenberg, Proc. Phys. Soc. (London) A67, 837 
(1954). 
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ture in the specimens is independent of the time, 
Q=K,A,.(AT/AX),.=K,A,(AT/AX),, (1) 


where A is the cross section and AT is the temperature 
difference between two planar isothermal surfaces sepa- 
rated by distance AX. In practice it is difficult to de- 
termine the heat flow Q through the sample in terms of 
heat delivered to some source at one end of the sample, 
in order to solve the left-hand side of Eq. (1) for K,. 
This is especially true at high temperatures and for low- 
conductivity samples, where radiated heat may be 
large in comparison with conducted heat. The compara- 
tive method does not require knowledge of Q and so 
eliminates this experimental difficulty. Morris” has 
discussed errors inherent in absolute and comparative 
methods of different geometries. 

For the experiment the sample was mounted between 
two standard materials as shown in Fig. 1. The second 
standard is used as a check. Sample and standards were 


HOLES FOR THERMOCOUPLE 
wes 


HEATER WOUND 
ON 1-V2" COPPER PIPE 


suPPoRT 


GRADIENT HEATER 


STANDARD 
€ 
STANDARD 


COPPER 
HEAT SINK 


Fic. 1. Sample holder for thermal conductivity measurements 
(14 in. diam X4 in. long). Lava radiation shield around “sand 
wich” not shown. 


“10 Robert G. Morris, Proc. S. Dakota Acad. Sci. 39, 52 (1960) 
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about 12 mm in diameter and 7 mm thick. Armco iron 
(99.9+-% Fe) was used for both standards, and values 
of the thermal conductivity were taken from Armstrong 
and Dauphinee" and from Powell." The copper sample 
holder was operated in a vacuum chamber under pres- 
sures less than 10-° mm Hg to reduce convection and 
conduction losses. 

The temperatures were measured with 36-gauge 
butt-welded chromel-p-alumel thermocouples fastened 
to the sample and standards with Insalute (Sauereisen) 
cement thinned with water. This gave a strong bond, 
and the thermocouples were in thermal and electrical 
contact with the specimens. The thermocouple leads 
were clamped in a Lava™ (fired talc) heat sink on the 
sample holder support rods to reduce conduction along 
the leads from the specimens. The thermocouples were 
led without a break from the specimens to the reference 
junction. They were fed out of the vacuum chamber 
through slits cut in the undrilled neoprene sealants of 
Conax™ thermocouple glands mounted in the chamber 
lid. They terminated in tubes of mercury placed in 
holes drilled around the rim of a four-inch copper 
cylinder kept in a covered Dewar flask. The flask was 
about half-full of water and the water temperature was 
measured with a mercury thermometer. A circuit con- 
taining low-thermal-emf Leeds and Northrup" type 
31-3 switches provided for selection and combination 
of thermocouples. 

A modified back-to-back thermocouple connection 
was used to measure the small temperature differences 
(AT <0.75C°) across sample and standards. Separate 
temperature measurements taken at slightly different 
times and then subtracted may give an erroneous result 
if some drift is present. The ambient heater was regu- 
lated and maximum sample temperature drift was 
0.05C°/min. A simple back-to-back connection of the 
thermocouples will not give a difference emf corre- 
sponding to AT because of shorting through the sample. 
A circuit due to Dauphinee’® was utilized in measuring 
these difference emf’s. This is shown in Fig. 2. 
Dauphinee’s original circuit utilized motor-driven 
switches ; we used Stevens-Amold"’ BA-12-12-50 50-cps 
dpdt choppers, break-before-make type. The chopper 
alternately connects a 40-uf Mylar-dielectric capacitor 
to one thermocouple, and then switches the capacitor 
across the second thermocouple in series with a Leeds 
and Northrup K3 potentiometer. When the poten- 
tiometer is balanced it reads the difference emf although 
the thermocouples are never directly connected to- 
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18 Leeds and Northrup Co., 4907 Stenton Avenue, Philadelphia, 
Pennsylvania. 

16 T. M. Dauphinee, Can. J. Phys. 31, 577 (1953). 

17 Stevens-Arnold, Inc., 7 Elkins Street, So. 
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gether. Two choppers 180° out of phase were used to 
double the sensitivity. 

A Lava radiation shield composed of three segments, 
one for each part of the standard-sample-standard 
sandwich, surrounded the sandwich almost completely. 
A copper bridge was placed across the top of the shield 
and between the top standard and the gradient heater 
so that the temperature distribution along the shield 
was similar to that along the sandwich. During the last 
run the temperature at the midpoint of the radiation 
shield was monitored and it was found that the tem- 
perature was usually near the temperature of the mid- 
point of the sandwich and was at all times between the 
highest and lowest temperatures along the sandwich. 

Equation (1) is based on the assumption that iso- 
thermal surfaces are planes perpendicular to the direc- 
tion of heat flow; radiation losses will be minimized if 
the temperature of the sandwich overall is not much 
different from the temperature of the surroundings. 
Both these conditions require that thermal contacts 
between sample, standards, heater, and sink be homo- 
geneous and of low contact resistance. Even high- 
pressure contacts between polished surfaces are poorly 
conducting'*; and these pressure contacts conduct even 
less in a vacuum. This indicates that most of the con- 
duction is through the air between the surfaces. For 
making measurements in a vacuum it is thus advisable 
to bridge the contact with some material which inti- 
mately bonds to each surface. The best junction mate- 
rial of many tried was powdered graphite in sodium 
silicate solution. Plated or soldered contacts were not 
used on the samples so as to eliminate any possibility 
of diffusion into the semiconductor. When the apparatus 
failed at elevated temperatures it was usually due to 
deterioration of the contacts. 
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Fic. 2. Schematic design of comparator circuit. When 4-pole 
switch is in position shown, circuit measures difference emf 
between thermocouples TC1 and TC2 without connecting them 
together. Two break-before-make dpdt choppers 180° out of phase 
are used to double the sensitivity. When 4-pole switch is in posi 
tion 2, circuit measures emf of thermocouple TC1 alone. For this 
measurement, points B—B and D—D may be shorted with 
another switch but it is not necessary. 


18 A. Ascoli and E. Germagnoli, Energia Nucleare 3, 113 (1956). 
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RESULTS 


When A7, is plotted vs AT, for different values of 
gradient heater input at the same ambient temperature 
a straight line usually results, as would be expected 
from Eq. (1). But this line does not pass through the 
origin. Thus a heat flow appears to exist in one specimen 
under conditions of no heat flow in another. This be- 
havior could be due to heat losses, small differences in 
thermocouples, or reference junction temperature drift. 
rhe fact that the plot is liriear, however, means that 
Eq. (1) need be modified only by the addition of an 
error term (» constant at a given ambient: 


KAy(AT/AX),=K.A.(AT/AX).+Qo. (2) 


The slope of the plot of AT, vs AT, contains the un- 
known conductivity A, along with known factors: 
Slope= (K,A,AX.)/(KyAuAX,). Ay and A, are made 
equal. An experimental plot for silicon is shown in 
Fig. 3. AV g is the measured difference emf between the 
sample thermocouples, and AV,z and AV. are the 
difference emf’s of the thermocouples on the lower and 
upper standards, respectively. Each AT is given by the 
corresponding AV divided by the thermoelectric power 
of the thermocouple. The values of thermal conductivity 
obtained from the slopes of the two curves are averaged. 
Each value of thermal conductivity was computed from 
the slopes of curves like those shown in Fig. 3. The re- 
sulting values for five runs on two samples are shown 
in Fig. 4. The excellent agreement with the measure- 
ments of Stuckes* to 300°C is shown; also given in 
Fig. 4 are some of the low-temperature results of 


Carruthers ef al.' Our value at 30°C differs from that of’ 


Carruthers et al., by 0.19 w/cm C°, a value just equal 
to our maximum experimental error. 

Because the heat radiated by a body of temperature 
T°K varies at 7“, radiation error has plagued measure- 
ments of thermal conductivity, especially in poorer 
conductors. The approximate ratio of radiated to con- 
ducted heat may be computed,*” and the ratio de- 
creases, the shorter a sample is with respect to its 
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Fic. 3. Typical plot of thermocouple difference emf for sample 
AV.) vs difference emf’s for lower and upper standards (AV 12 
and AVs). Sample thermal conductivity is obtained from the 
two slopes. Negative values of AVi2 and AV often occur for 
high ambient temperatures and low gradient-heater inputs. Am- 
bient temperature here is 195°C 


AND J. G. 


HUS1 


diameter. The ratio varies in proportion with the sample 
temperature gradient, and with the average difference 
in temperature between the sandwich and the radia- 
tion shield. We used samples 7 mm thick and 12 mm in 
diameter and small temperature differences across the 
specimens (<0.75C°). A radiation shield was used and 
low-resistance homogeneous contacts reduced the 
average temperature difference between the sandwich 
and the shield. The temperature of the shield was moni- 
tored. The result for this computed error due to radia- 
tion for our experiment was about 1% at 425°C. 

Uncertainties in the reported values for the conduc- 
tivity in the Armco iron standards is 2%. Error due to 
differences between thermocouples is less than 1%. 
This small error is due to our method of obtaining K, 
from the slope of curves such as those in Fig. 3. This 
method depends only on small increases in thermo- 
couple voltage and not on any voltage magnitude. This 
means two thermocouples may be considered identical 
if their voltage-vs-temperature characteristics have 
identical slopes, a far less stringent condition than that 
the characteristics coincide. The error in ambient tem- 
perature determination is less than 2%. Greatest error 
is in determination of the thermocouple separation and 
this is judged to be within 10%. This error of 10% is 
nearly constant for any one run, however, changing 
only about 0.1% due to thermal expansion. We shall 
attempt to reduce this maximum 10% uncertainty in 
future work. 

The total calculated maximum error for the experi- 
ment is £15%, but the relative error for any run is 
£5%. The experimental difference between con- 
ductivity values at the same temperature on different 
runs appears less than 10%. The data from all five runs 
on both samples merged. This seems to show good re- 
producibility and to indicate that for these two samples, 
differing in impurity concentration by a factor of five, 
the thermal conductivity does not vary with impurity 
content. 
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THERMAL CONDUCTIVITY 
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Fic. 4. Results of five measurement runs for the thermal con 
ductivity of silicon. Results of other workers are shown for 
comparison 
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DISCUSSION 
Charged-Carrier Contribution 


It is customary to consider the thermal conductivity 
K as being composed of two parts: 


K, is the contribution of charged carriers and K, is the 
contribution of the lattice vibrations. Writing Eq. (3) 
implies K, and K, are essentially independent. A, 
depends on the number of carriers present, which is in 
turn proportional to exp(—A/2kT), where AE is the 
energy gap, k Boltzmann’s constant, and T the absolute 
temperature. Thus any dominant contribution made to 
K by K, will be seen as a turning up of the conductivity 
curve at higher temperatures. This turning up is not 
observed in Fig. 4. 

A calculation of K, was based on an equation of 
Price® which includes kinetic energy transport and 
bipolar diffusion (transport of electron-hole pair for- 
mation energy): 


ky? nO p/AE 2 
K = a(-) oa] 14 (— +4) | (4) 
€ 207 \kT 


e is the electronic charge, o the total conductivity, o, 
and a, the electron and hole conductivities, ney, and 
peu, respectively. m and p are the electron and hole 
concentrations, u, and yw, the electron and hole 
mobilities. 

Equation (4) is derived under the assumptions the 
carriers obey Maxwell statistics and that the scattering 
of the carriers is by lattice acoustic modes. We obtain 
intrinsic values of n, p, un and uw, at 698°K from the 
work of Morin and Maita,”? which we may use since 
our samples are so pure as to be intrinsic at that tem- 
perature. The result is K,=5.3X 10 w/cm C°, or only 
about 0.1% of the experimental value of K. Thus K, 
plays no essential role in conductivity to 425°C. 


Lattice Contribution, T>6 


The discussion of K, may be taken up at tempera- 
tures above and below the Debye temperature 6, which 
is given by different observers for silicon as 658°,” 
636°,” and 645°K* from specific heat measurements. Our 
measurements extend to 698°K, just above the Debye 
temperature. At temperatures above @, phonon trans- 
port of energy is limited by scattering with other 
phonons, giving rise to a conductivity treated by 


 P. J. Price, Phil. Mag. 46, 1252 (1955). 

2%}, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

‘1 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 

22 P. H. Keesom and G. Seidel, Phys. Rev. 113, 33 (1959). 

*3 P, Flubacher, A. J. Leadbetter, and J. A. Morrison, Phil 
Mag. 4, 273 (1959) 
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Leibfried and Schlémann*: 


3(4)3 k® Ade 6 


10x? h8N ¥? T 


In Eq. (5), A is the gram-atomic weight, V is Avogadro’s 
number, 6° is the volume per atom, y is the Griineisen 
constant and % is Planck’s constant divided by 2z. 
With an average 6=646°K and y=2, we obtain at 
425°C 

K,=0.42 w/cm C°. 


The experimental value is 0.46+0.07 w/cm C°. 

It is customary to use y=2 if no better value is 
known. Calculations of y for silicon, germanium, and 
indium antimonide lead to values less than 2 (White 
and Woods'; Gibbons*®). Busch and Steigmeier®® find 
close agreement between the experimental value of Ky 
in InSb at 400°K and that predicted by Eq. (5) using 
y=2.0. Our own calculations for silicon, with y=2, 
give K,=0.42 w/cm C°, compared with the experi- 
mental value of 0.46-++0.07 w/cm C°. It seems possible 
that the Leibfried-Schlémann result could have a wrong 
numerical factor which is corrected by the use of a 
too-large value of y. However, Toxen”’ also had to use 
a Griineisen constant of 1.42 for germanium, con- 
siderably larger than the calculated value,®® to fit ex- 
perimental data on Ge-Si alloys to a different theoreti- 
cal model (that of Berman ef al.,?* for low-temperature 
conductivity). 

Point-imperfection scattering of phonons above the 
Debye temperature would lead to a_ temperature- 
independent contribution to the limitation of K,” 
and must therefore be fairly small since our observed 
conductivity goes nearly as T—*. 

Although our measurements extend only a little way 
above the Debye temperature, both the observed tem- 
perature dependence of the conductivity and its value 
at T=698°K are consistent with the theory of Leibfried 
and Schlémann. We admit, of course, an uncertainty 
in the value of the Griineisen y and the possibility of a 
small temperature-independent contribution due to 
point imperfections. But phonon-phonon scattering is 
indicated as the dominant mechanism limiting thermal 
conductivity just above the Debye temperature. 


Lattice Contribution, T<6 


For 7 <6, if phonon-phonon scattering alone con- 
tinued to limit the conductivity it would give rise to 

*4 Guenther Leibfried and Ernst Schlémann, Nachr. Akad. 
Wiss. Goettingen, Math.-physik. K1. Ifa, 71 (1954). 

26 —D. F. Gibbons, Phys. Rev. 112, 136 (1958). 

26 G. Busch and E. Steigmeier, Helv. Phys. Acta 34, 1 (1961). 

*7 Arnold M. Toxen, Phys. Rev. 122, 450 (1961). 

*8R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer. 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 

2 P. G. Klemens, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 4. 





1430 R. G. MORRIS 
K,« exp(@/8T),” where 8 is of the order of unity. 
Phonon scattering by point imperfections would lead to 
K,«T-™ Our results (Fig. 4) indicate K is nearly 
proportional to 7~' over the entire range studied 
(303°K—698°K). This leads us to investigate point 
imperfections present in the samples. 

Common point imperfections are substitutional or 
interstitial foreign atoms (chemical impurities) and 
isotopes. The expression for K, limited by these im- 
perfections and with no other scattering present is given 
by Klemens": 


hv*?(0.90)G 1 
K,-———_—-, 
3(2x)?a* S? T 


(7) 


where a* is the atomic volume, S* a parameter of order 
unity, » the average phonon velocity, and G the number 
of atoms in a volume containing one point imperfection. 
We use the relationship® between the phonon velocity 
v, the Debye temperature @, and the number of atoms 
per unit volume N to find »=6/(6x°N)'#=5.9X 105 
cm/sec. If we substitute our acceptor impurity con- 
centration of 310° cm™* for Klemens’s (a*°G)-' and 
take S*~1, we estimate that the ionized impurities 
limit the thermal conductivity only to a value about 
5X 10° w/cm C°, far greater than the observed value. 

Berman ef al.* and others have pointed out the pos- 
sibility that phonons may be effectively scattered 
because not all lattice points in silicon are occupied by 
atoms of the same mass. Normal silicon consists of 
92.27% Si, 4.68% Si*®, and 3.05% Si.** This is termed 
isotope scattering. 

Equation (7), according to Klemens,” serves to de- 
scribe the thermal conductivity limited by isotope scat- 
tering if S*G-' is replaced by </12, where e=)o. fa 
<[(M.—M)/MF. fa is the relative concentration of 
each mass M,, and M is the average mass. Using the 
abundances and masses listed by Bainbridge,™ we find® 
for silicon e=1.98X10~. Equation 7 now gives a value 
of K,=17.6 w/cm C° at 303°K; the experimental value 
is about a factor of 14 smaller: 1.26 w/cm C°. 


* Reference 29, p. 50. 

* Reference 29, pp. 59-61. 

* See, for example, C. Kittel, Introduction to Solid-State Physics 
John Wiley & Sons, Inc., New York, 1956), 2nd Ed., p. 128. 

*R. Berman, E. R. Foster, and J. M. Ziman, Proc. Roy. Soc. 
(London) A237, 344 (1956). 

“K. T. Bainbridge, Experimental Nuclear Physics, edited by 
E. Segre (John Wiley & Sons, Inc., New York, 1953), Vol. I, 
pp. 682-691, 745-758. 

% A value of e=2.64X10~ listed by other authors appears to 
have been derived using the values of f, obtained by McKellar 
(Phys. Rev. 45, 761 (1934) ]: 0.896, 0.062, and 0.042 for Si**, Si, 
and Si®. Mass spectrometer values obtained since 1934 have 
mostly been close to the values given by Bainbridge (reference 33). 
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Any phonon-phonon scattering present must be 
treated not only for its own limitation of K, but also 
for its effect on K, as limited by point imperfections." 
And one needs to consider also, in general, the relative 
amount of scattering by normal (momentum-conserv- 
ing) processes and by Umklapp (momentum-noncon- 
serving) processes,”**6*7 although only the latter limit 
K, acting alone. We now estimate whether phonon- 
phonon scattering may be appreciable at 303°K. 

Ziman* estimates that the relative importance of 
Umklapp to isotope scattering in silicon is about five to 
one*® at T=8@ by obtaining the mean free paths. If we 
assume the Umklapp scattering effect varies as 
exp(0/8T) (obtaining 8 from Slack**), and that the 
isotope scattering varies at 7~', we find at T=303°K 
the relative importance is virtually the same as at 
T=0. 

For our case, then, Callaway and von Baeyer’s*® 
treatment for the additional limitation of K, due to 
small isotope scattering in the presence of phonon- 
phonon scattering dominated by Umklapp processes is 
preferable to that leading to Eq. (7). The difference in 
the result is a factor of 0.464 in front of Eq. (7), giving 
a numerical value of 8.2 w/cm C°. This corresponds to 
a resistivity of about 0.12 cm C°/w, or roughly one- 
sixth of the experimental resistivity of 0.79 cm C°/w, 
in agreement with our estimate of the relative impor- 
tance of Umklapp and isotope scattering at 303°K. 

The experimental results at 303°K are in rough 
agreement with the idea of a thermal conductivity 
limited by both Umklapp processes and scattering of 
phonons by isotopes. 
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Measurements of the Electric Polarizabilities of the Alkalis Using 
the E-H Gradient Balance Method*+ 
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The atomic beam E-H gradient balance method has been used 
to measure the polarizabilities of the alkali atoms. In this method, 
congruent electric and magnetic fields are established in the same 
region of space by applying a potential difference to pole pieces 
of high permeability which are insulated from their magnet yoke. 
The condition that atoms in a particular magnetic substate suffer 
no deflection in such a field region is c7EdE/0z=perrdH /dz, where 
ais the atomic polarizability, err is the effective magnetic moment 
in the field H, and dF/ds and 8H/dz are the transverse com- 
ponents of the gradients of the electric and magnetic fields, 
respectively. Because of the congruence of the E and H fields, 
(@E/ds)/E=(0H/dz)/H, and therefore a=per:H/E* when the 
balance condition is satisfied. The determination of a is therefore 
independent of the velocity distribution in the beam, the field 


INTRODUCTION 


URING the 1930’s, Scheffers and Stark conducted 

a series of experiments in which they measured 

the polarizabilities of lithium, potassium, cesium,' and 
atomic hydrogen* by passing beams of atoms through 
a strong inhomogeneous electric field. A beam atom in 
such a field experiences a transverse force equal to the 
product of the induced dipole moment a£, and the com- 
ponent of the gradient of the electric field in the trans- 
verse direction, where @ is the atomic polarizability 
and £, the electric field strength. The polarizabilities 
were obtained from an analysis of the resulting deflec- 
tion patterns. The basic shortcoming of this method is 
the smearing out of the deflection pattern due to the 
distribution of velocities in the beam. An elaborate 
analysis is required to obtain a polarizability value. 
The determination depends critically upon precise 
knowledge of the velocity distribution, apparatus geom- 
etry, and the beam shape, and it becomes very difficult 
to obtain good precision. Recent calculations of alkali 
polarizabilities by Sundbom,’ Dalgarno and Kingston,‘ 
and Parkinson® have not been in agreement with the 
Scheffers and Stark values. Furthermore, the early 
semi-empirical estimates by Fues,® based on the optical 
Stark effect, ranged from over 100% higher (for lithium) 
to 35% higher (for potassium). Haun and Zacharias’ 

* Supported by the U. S. Office of Naval Research. 

t For a preliminary report of this work, see Bull. Am. Phys. 
Soc. 5, 381 (1960). 

t From part of a thesis submitted by A. Salop in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy, 
Department of Physics, New York University, New York, New 
York. 

1H. Scheffers and J. Stark, Phys. Z. 35, 625 (1934). 

2H. Scheffers and J. Stark, Phys. Z. 37, 217 (1936). 

3M. Sundbom, Arkiv Fysik 13, 539 (1958). 

4A. Dalgarno and A. E. Kingston, Proc. Phys. Soc. (London) 
A73, 455 (1959). 

5D. Parkinson, Proc. Phys. Soc. (London) A75, 169 (1960) 

8 E. Fues, Z. Physik 82, 536 (1933). 


7R. D. Haun, Jr. and J. R. Zacharias, Phys. Rev. 107, 107 
1957) 


gradients and the apparatus geometry (except where it enters into 
the calculation of the electric field). The magnetic field H is readily 
measured by making use of the convenient alkali zero moments. 
In these experiments, absolute accuracy for the a’s is limited by 
the uncertainty in the determination of E, which is calculated 
from a knowledge of the applied voltage and the gap geometry. 

The results in units of 10-* cm are: Li, 2043.0; Na, 2042.5; 
K, 36.54+4.5; Rb, 40+5.0; Cs, 52.54-6.5. These are considerably 
higher than the values obtained in early beam experiments using 
electrostatic deflection techniques. They are, however, in fairly 
good agreement with the recent calculations of Dalgarno and 
Kingston and with other theoretical determinations of alkali 
polarizabilities. 


have examined the effect of an electric field on the hyper- 
fine structure of Cs'**, Subsequently, Mizushima® has 
shown that their results are consistent with a cesium 
polarizability considerably higher than the Scheffers 
and Stark value. 

In the polarizability measurements described in this 
paper, a new atomic beam method is used in which the 
disturbing effect of the velocity distribution is essen- 
tially eliminated. Furthermore, in this method, the 
results turn out to be independent of specific values of 
the field gradient and, with the exception of the electric 
field determination, independent of the apparatus 
geometry. We call this technique the “EZ-H Gradient 
Balance Method.’” 

Concurrently with this work, Chamberlain and Zorn, 
at Yale, have made measurements of the alkali polariza- 
bilities using a modified electrostatic deflection tech- 
nique. They will present their results in a forthcoming 
publication. 


EXPERIMENTAL METHOD 


An alkali beam is produced and detected by con- 
ventional means."° The beam passes through a region 
of strong, transverse inhomogeneous electric field. The 
electrodes which produce this field are made of high 
permeability soft iron, and also act as the pole pieces of 
a magnet. They are insulated from the yoke which is 
placed outside the vacuum system. The electric and 
magnetic fields between the electrodes should be almost 
perfectly congruent, provided saturation effects in the 
iron are avoided. That is, the electric field should be 
proportional to and in the same direction as the mag- 
netic field at every point in this region. 

The individual beam atom traversing the field region 


8M. Mizushima (private communication). 


*B. Bederson, J. 
Instr. 31, 852 (1960). 

1 N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956). 
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experiences transverse forces due to both the inhomo- 
geneous electric and magnetic fields. The magnetic 
force is ers(OH/ Az), where pers is the effective magnetic 
moment in the direction of the field, and 0H/dz is the 
transverse component of the gradient of the magnitude 
of the magnetic field. The electric force is aE(dE/dz), 
where aE is the induced electric dipole moment and 
0E/dz is the transverse component of the gradient of 
the magnitude of the electric field. 

For certain magnetic substates (those for which pers 
is negative in the sense of being opposite to the mag- 
netic field direction), it is possible to make the magnetic 
and electric forces equal and opposite. Thus, when the 
forces are balanced, 


aE (OE/ 02) = pers(0H/d2), (1) 


where in this equation, wers represents the magnitude 
of the effective moment. Now, in the gap region, 
dE/dz=CE and dH/dz=CH, where C is a geometry 
factor which, because of the E-H congruence, is the 
same for both fields. Using these relationships in Eq. (1), 
we obtain for a particular magnetic substate when the 
E-H balance prevails, 

a=perrH/E. (2) 


For the alkalis, were is a known function of H, and 
therefore the determination of areduces to the problem of 
obtaining E and H at the balance condition. The method 
is therefore independent of the velocity distribution in 
the beam, the specific values of the field gradients, and 
the apparatus geometry (except where it enters into 
the calculation of the electric field). 

Generally, in performing the measurements, the mag- 
netic field was fixed at some convenient value, which 
could be accurately measured by the use of the “zero 
moment” technique." The electric field was then varied 
until the balance condition was achieved for a particular 
magnetic substate, whereupon a clearly defined beam 
intensity maximum was observed at the detector. The 
electric field may, of course, be calculated to a fair de- 
gree of accuracy from a knowledge of the electrode geom- 
etry and the applied voltage. In practice, it was the 
uncertainty associated with the determination of the 
electric field at the position of the beam which limited 
the accuracy of our results. 
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Fic. 1. Schematic diagram of the atomic beam apparatus 


V. W. Cohen, Phys. Rev. 46, 713 (1934) 
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The balance condition is valid only for beams of 
infinitesimal width. For beams of finite width, the 
condition cannot in general be simultaneously satisfied 
over the full beam. It can be shown, however, that for 
the beam widths used in this experiment, the broadening 
effect is quite small (see Appendix). 


APPARATUS 


A schematic diagram of the beam apparatus is shown 
in Fig. 1. The vacuum system consists of a large cylindri- 
cal oven chamber, a long, narrow main chamber made 
up of several easily demountable components, and a 
small detector chamber. The oven chamber is pumped 
by an Edwards 9 in. type F903 oil diffusion pump, with 
associated refrigerated baffling. The main chamber is 
pumped by two Litton type PB oil diffusion pumps, 
each possessing a water baffle and a bakeable charcoal 





j-0.247 - 

















ee, 


\ 


‘ 
QUARTZ sPaceR \. 
‘Ss i. NN 


. oe. 


Fic. 2. Cross section of inhomogeneous field pole pieces (elec 
trodes) listing all relevant dimensions in inches. 




















baffle. In normal operation, these pumps maintain a 
pressure in the entire system of about 10-* mm Hg. 

The sources were conventional alkali ovens’ ma- 
chined from nickel for cesium, rubidium, potassium, 
and sodium, and from molybdenum for lithium. The 
oven slit was 0.0025 in. wide and 0.125 in. high. 

The detector was a conventional surface ionization 
hot wire detector of 0.002 in. diam. For cesium, rubid- 
ium, and potassium, the detecting element was a Pt-W 
wire.” For sodium, pure tungsten was used, which 
was oxidized by heating under forepressure vacuum 
before a run. For lithium, the Pt-W alloy was used with 
continuous oxygenation from a carefully controlled 
oxygen spray mounted above the hot wire. 

The entire detector chamber was mounted on a uni- 
versal table (actually a milling machine attachment) 


292% Pt-8% W, procured from the Sigmund Cohn Corpora 
tion, Mount Vernon, New York, as alloy 479 
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with a precision feed screw, so that it could be moved 
in a direction transverse to the beam path. The chamber 
was connected to the rest of the system through a short 
section of flexible metal hose, enabling the detector to 
be translated over distances of up to one inch off the 
beam axis. A dial gauge was used to measure the rela- 
tive detector position to within 0.0005 in. The ion cur- 
rent was measured by a Keithley model 610 electrom- 
eter used in conjunction with an automatic recorder. 
The inhomogeneous field magnet (or electrode system) 
was machined from Armco iron and heat treated in 
accordance with standard procedure. Figure 2 is a 
cross-sectional view showing the contours of the pole 
pieces, which are included within the vacuum system. 
The pole pieces are 14 inches long, and are shaped to 
conform with magnetic equipotential surfaces which 
result from a two wire configuration. Two precision 
ground quartz spacers, also 14 in. in length, fit between 
the pole pieces and determine the gap spacing. The 
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Fic. 3. Qualitative demonstration of E-H field congruency, 
showing potassium beam profile under the conditions: A. No 
fields; B. magnetic field and no electric field; C. magnetic and elec 
tric fields at balance condition. 


entire assembly fits snugly into a 15-in. long rectangular 
cross section glass tube with precise inner dimensions 
which also serves as the vacuum envelope. (The yoke 
is positioned externally to the glass tube.) Located just 
before the entrance to the field region is the 0.002 in. 
wide collimating slit placed so that the beam can be 
made to run parallel to the pole pieces at a distance 1.2a 
from the line joining the equivalent two wires, where 2a 
is the distance between these equivalent wires. The 
beam is limited in height to 0.060 in. in order to mini- 
mize the effect of the variation of field and gradient in 
the vertical plane. 

Since these pole pieces also serve as electrodes for an 
inhomogeneous electric field, precautions were necessary 
to prevent high voltage breakdowns. The contour curva- 
tures were made as gentle as possible, and the pole face 
surfaces were highly polished. 

The high voltage supply was a Spellman model lab 
60 PN having a range of 0-60 kv. A Sensitive Research 
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Fic. 4. Quantitative demonstration of E-H field congruency, 
showing comparison of undeflected beam profile and balance 
peak profile for potassium in a “strong”? magnetic field. 


type ESHMIX electrostatic voltmeter was used to 
measure the applied voltages. The instrument calibra- 
tion was checked at the National Bureau of Standards. 

The exciting coil for the magnetic field, consisting 
of 2400 turns of No. 16 Formvar coated copper wire, 
was driven by a Kepco SC 36—1M power supply 
having a range of 0-36 v at one amp. With a one-amp 
coil current, the magnetic field at the beam position 
was about 4500 gauss. The maximum magnetic field 
required during the experiment was only about 3000 
gauss. Both the electric and magnetic fields were capable 
of being automatically varied at a slow rate for contin- 
uous recording purposes. 


EXPERIMENTAL PROCEDURES AND RESULTS 
1. Field Congruency Tests 


Several checks were made to test the general per- 
formance of the balance method, and particularly the 
assumption of field congruency. The three curves of 
Fig. 3 demonstrate the operation of the balance method. 
Curve A shows a potassium beam profile taken at zero 
E and H fields. Curve B shows a profile taken at E=0, 
H=317 gauss, i.e., a typical Stern-Gerlach pattern, 
showing two velocity-broadened peaks at either side 
of the beam axis. (The applied field is large enough so 
that the electron and nuclear spins are essentially de- 
coupled, i.e., wert -Ewo.) Curve C shows a profile taken 
at E= 81,900 v/cm and H= 317 gauss, which represents 
a balance condition for this case. The left-hand peak 
(u=-+ po) has shifted further to the left and has been 
further broadened by the velocity distribution. The 
right-hand peak (4+ —yo) has shifted to the origin and 
has sharpened up so as to closely approximate the origi- 
nal beam shape. It is apparent that, at least qualita- 
tively, the broadening effect of the velocity distribution 
has been eliminated for this state. 

The same procedure was followed at a higher field 
in order to obtain a quantitive check on the field 
congruency. Figure 4 shows an undeflected beam profile 
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for potassium and a balance peak profile at E= 115 700 
v/cm and H=595 gauss. (The deflection, in the trans- 
verse plane of the detector, of atoms having the most 
probable velocity in a magnetic field of 595 gauss is 
about 0.010 in.) The half-width of the original beam is 
0.0075 in., and the half-width of the balanced peak is 
0.0082 in. The maximum intensity of the balance peak 
is slightly less than half that of the full beam. The slight 
broadening of the balance peak is consistent with the 
assumption of perfect congruence and perfect balance 
at the center of a beam of finite width. However, it can 
only be stated for certain, that all unbalanced forces, 
including the effects due to incongruency, the finite 
beam width, fringing fields, etc., altogether produce 
a 9% broadening of the original beam for this case. It 
is seen that the fields are indeed congruent to a fairly 
high degree of approximation. 


2. Cesium Measurements 


Balance measurements for cesium (as for the other 
alkalis) were made in a number of ways and the experi- 
mental runs were repeated over an extended period of 
time. Figure 5 shows the effective magnetic moments 
of an T=}, J=} atom (Cs™) for the various magnetic 
substates, plotted as a function of the dimensionless 
parameter x~g yuoll/AW, where gy is the atomic g 
factor, and AW the zero field hyperfine energy separa- 
tion. In a typical experiment, the magnetic field was 
adjusted to one of the zero-moment fields," for example, 
the second zero-moment field of Cs. With reference to 
Fig. 5, if a vertical line is drawn downward from the 
point on the x axis corresponding to the second zero 


(F.mc) 
0 F 














-|.9U 


Fic. 5. The variation of effective magnetic moments with di- 
mensionless parameter x (proportional to H) for an I=}, J=} 
atom (Cs) 





% Alkali isotopes with odd half-integral nuclear spins have 
zero-moment states at zero magnetic fields. For such isotopes, 
we refer to the first zero moment as that one which occurs at the 


lowest nonzero value of magnetic field 
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moment, the line intersects the various magnetic sub- 
state curves. If the applied voltage is now turned on 
and gradually increased, the zero-moment atoms will 
be deflected away from the detector, and one by one, 
the balance condition will then be realized for each of 
the negative effective moment substates, resulting 
in the appearance of sharp maxima in the detector 
current. In principle, seven balance peaks should be 
observed at the cesium second zero-moment field, but 
because of high voltage breakdowns, the applied volt- 
age was limited to a maximum of about 18 000 v and 
only three substates could be observed, corresponding to 
(4,—1), (3,—3), and (4,0). 

Typical recorder traces of beam intensity vs applied 
voltage taken automatically with both increasing and 
decreasing voltage are shown in Fig. 6. The appreciable 
differences in the widths and intensities of the three 
balance peaks observed are attributable to the differ- 
ences in focusing action of the fields for these three 
substates (see Appendix). 

Data were taken at the second zero-moment field of 
Cs'*, (H = 1634 gauss), at the third zero-moment field 
(H=2451 gauss), and at a field intermediate to the 
second and third zero moments, with H determined 
using an interpolation technique. 

The data obtained for cesium and the resulting polar- 
izability determinations are presented in condensed 
form in Table I together with similar data for rubidium, 
potassium, and sodium. The values listed for the electric 
fields represent, in general, averages obtained from 
several measurements of the applied voltage at a bal- 
ance peak taken with both increasing and decreasing 
voltage scans. The averages of the “up” and ‘‘down” 
balance condition voltages were used in order to elimi- 
nate time lag errors. 

The final value of a for Cs was obtained as an 
average of 22 independent runs taken over a period of 
several months. In obtaining the final value of a, the 
determinations at the zero moments were given twice 
the weight of those made at the intermediate field. A 
conservative estimate of the total errorin the polariz- 
ability average (including possible systematic errors) 
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Fic. 6. Recorder traces of the balance peaks of three Cs™ 
substates at a magnetic field of 1634 gauss, corresponding to the 
second Cs zero moment 
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is +12%. (See section on Discussion of Results.) We 
find 
a(Cs)= (52.54+6.5) KX 10-*4 cm’. 


3. Rubidium Measurements 


Measurements on various substates of Rb* were 
made at the second zero moment of Rb*® (H=722 
gauss), the zero moment of Rb*’ (1221 gauss), and at 
an intermediate field value (U=972 gauss). Figure 7 
shows the ratios pers/uo for the ten negative substates of 
Rb*® (7=$) and Rb*’ (J=$), including the zero moment 
substate of Rb**, at H=722 gauss. At this field value, 
it was convenient to perform the balance measurements 
on the Rb* (3,0) substate, since it is well separated here 
in were from its neighbors. The Rb* (3,3), Rb*? (2,2), 


TABLE I. E-H gradient balance measurements for cesium, 
rubidium, potassium, and sodium. 


Effective 
magnetic 
moment 
(Bohr 
magnetons) 


Electric 
polariza- 
bility 
(10-* cm?) 


Electric 
field*® 
(esu) 


Magnetic 
substate 
(F, Mp) 


(4, -1) 


Magnetic 
field 
(gauss) 


Alkali Run 
isotope No. 
266.9 
267.3 
266.9 
271.2 
272.4 
318.9 
314.8 
319.9 
323.7 
360.4 
362.6 
365.4 
366.2 


344.2 
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« Each value represents, in general, an average, corresponding to several 
up and down sweeps of the applied voltage. 

> The measurements for potassium were made in strong magnetic fields 
such that | wert/uo| ~1 for all of the magnetic substates. 

¢ Each value represents a weighted average over the various magnetic 
substates (having negative effective moments) of K® and K*, 
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Fic. 7. Effective moments of Rb** and Rb*’ substates at a 
magnetic field corresponding to the second zero moment of Rb*®5 
(722 gauss). 


and Rb*® (3,2) substates required voltages higher than 
the sparking potential to obtain balance. At the Rb* 
zero moment field, the balance measurements were made 
on the Rb* (3,—2) substate, for similar reasons. Figure 
8 shows a recorder trace of the balance substates Rb** 
(3,0), Rb* (3,1), and Rb*’ (2,1) taken at H=722 gauss. 
Note that the latter two states are not resolved because 
their were’s are insufficiently separated. (See Fig. 7) In 
obtaining the final value for a, the determinations at 
the zero moments were given twice the weight of those 
made at the intermediate field. An estimate of the 
overall error, including possible systematic errors, is 
+12%. We find 


a(Rb) = (40.0+5.0) K 10-4 cm’, 
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Fic. 8. Recorder traces of the balance peaks of three Rb sub 
states at a magnetic field of 722 gauss, corresponding to the second 
zero moment of Rb**. Note that the (3,1) Rb* and (2,1) Rb* 
substates are unresolved 
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Fic. 9. Plot showing the linear relation between perp H and F? 
at the balance condition for the (2,1) Rb® substate for magnetic 
fields above 1221 gauss. (Actually, the proportional quantities 


tuert/o and V? are plotted.) The measured slope of such a curve 
yields an independent determination of a. 





An additional demonstration of the proper operation 
of the E-H gradient balance method was the expected 
linearity between wer and E*. Experimental curves 
were obtained for particular substates of both Rb* 
and Cs which showed this linearity over a wide range 
of magnetic fields. A typical curve for the (2,—1) 
substate of Rb*’ for a range of magnetic field values 
above that of the zero moment of Rb* is plotted in 
Fig. 9. Actually, it was convenient to plot porrx/po 
(proportional to u.rH) vs V? (proportional to E*). The 
slope of such a curve is proportional to the polariza- 
bility, and using this technique, the polarizability of 
Rb* was found to agree within experimental error with 
that of the previously determined Rb*® value. (The 
balance measurements at the zero moment fields were 
all made on Rb*® since the apparatus was unable to 
resolve completely any of the Rb* substates.) 


4. Potassium Measurements 


Because of the relatively small hyperfine separations 
for the potassium isotopes, the region of intermediate 
coupling, where the yes;’s of the various substates are 
widely separated, occurs at very low field values (< 150 
gauss). The apparatus resolving power at these low 
fields is insufficient to separate the substates. Instead, 
the balance technique was employed in the high field 
region where pefstuo for all the substates. The data, 
which are presented in Table I, were taken at, or near, 
the second Rb** zero moment magnetic field. An extra- 
polation technique was employed to determine the mag- 
netic fields using the rubidium zero moments as refer- 
ence points. Note that the wer values for potassium 
represent the weighted averages over the eight negative 
substates of K® and K*. The over-all error is again 
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estimated to be +12% 
weighted equally, is 


. The value of a, with all runs 


a(K)= (36.5+4.5) X 10-4 cm’. 


5. Sodium Measurements 


Measurements were made on the (2,0) and (2,1) 
substates of Na™ at its own zero-moment field (H = 316 
gauss), and on the (2,—1) state at, or close to, the sec- 
ond zero moment field of Rb*®. The over-all error is 
estimated to be +13%. The value of a obtained from 
the data presented in Table I, with all runs weighted 
equally, is 

a(Na)= (20.0+2.5) X10-*4 cm’. 


6. Lithium Measurements 


As with potassium, the hyperfine separations for the 
lithium isotopes are quite small, so that the resolving 
power of the apparatus was insufficient to separate 
the substates in the intermediate field region. Unfor- 
tunately, it was not practical to work in the high field 
region since this would have required electric fields in 
excess of the electrode breakdown field (about 130 000 
v/cm) in order to obtain E-H balance. Determinations 
for lithium were therefore made without complete 
separation of the various lithium substates. However, 
certain of these could be indentified by the abrupt 
changes in slope of the beam intensity vs applied voltage 
curves. Measurements were made at the zero moment 
field of Na* and also at a field approximately 17% 
smaller for various lithium substates. Similarly, meas- 
urements were made at the same magnetic fields for 
the rubidium substates for which pers= —uo. The quan- 
tity a(Li) was then calculated in terms of a(Rb), since 


a(Li)=[V(Rb) V (Li) P (uert/po)a(Rb), 


where at the particular magnetic field, V(Rb) and V (Li) 
are the applied voltages at the balance condition and 
ett iS the effective moment of the lithium substate. 
The data for lithium are presented in Table II. The 
over-all error is estimated to be +15% and the value 
of a(Li) is 
a(Li) = (20.0+3.0) X 10-** cm’. 


TABLE II. E-H gradient balance measurements for lithium 


Effective 
Li? magnetic 
Magnetic magnetic moment 
field substate (Bohr V (Li)* V (Rb) 
(F, Mp) magnetons) (kilovolts) (kilovolts) 


Lithium 
polariza 
bilitye 


(gauss) (10-** cm?) 


4.55 1 
2.23 1 
8 1 


0.38 20. 
1.28 19. 
1.28 19. 


* Average value of applied voltage at balance condition for Li’. 

> Average value of applied voltage at balance condition for pert = —yo 
substates of rubidium. 

© Calculated from formula a(Li) =[V(Rb)/V (Li) ]*(wett/po)a( Rb) 

1 Magnetic field corresponding to the zero moment of Na® 
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TABLE III. Experimental and theoretical determinations of alkali polarizabilities (in units of 10-%4 cm® 








Investigators Method 


Li Na K Rb Cs 





Atomic beam E-H gradient balance method 
Atomic beam electrostatic deflection method 


Scheffers and Stark* 
Fues® 

Drechsler and Miiller® 
Dalgarno and Kingston 


Optical Stark effect 


theoretical values of oscillator stren 
Perturbation calculation 
Perturbation calculation 


Sundbom® 
Parkinson! 


* See reference 1. 

> See reference 6. 

¢M. Drechsler and E. W. Miiller, Z. Physik 132, 195 (1952). 

4See reference 4. The uncertainties for the 
(private communication). 

* See reference 3. 

* See reference 5. 


7. Experimental Error 


The largest contribution to the error in our determi- 
nations of a is due to the uncertainty regarding the 
value of the electric field at the beam position. This un- 
certainty results largely from the error in location of 
the beam relative to the pole faces. In our case, this 
location was essentially determined by the positioning 
of a collimating slit which was fixed directly onto the 
pole face assembly. We estimate that the uncertainty 
in the beam location introduces a possible systematic 
error in E of at most 4%. The additional errors intro- 
duced by the fringing fields, machining imperfections, 
warping during heat treatment, and the voltmeter, in- 
crease the total estimated error in E to 5.5%, or an 
error in a of 11%. 

In almost all cases, the error in the determination 
of the magnetic field was quite small and random in 
nature. We estimate the error in H to raise the over-all 
error in a@ at most by 3%. The errors introduced because 
of the lack of perfect congruency, and the defocusing 
effects of the finite beam width can be shown to be 
insignificant compared to the above errors. The total 
percentage errors differ slightly for the various alkalis, 
with the largest error being associated with lithium (see 
previous section). 


DISCUSSION OF RESULTS 


The values of the alkali polarizabilities obtained by 
our method are listed in Table III, which also sum- 
marizes other experimental and theoretical determina- 
tions. Our values agree quite well with those of Dalgarno 
and Kingston, whose calculations rely upon experi- 
mental and theoretical values of oscillator strengths for 
discrete and continuous transitions. The Scheffers and 
Stark results for lithium and cesium are considerably 
lower than ours, with the discrepancy probably at- 
tributable to the difficulties involved in the analysis 
of their large shift deflection patterns. Our results agree 
within the limits of the errors involved (experimental 
and theoretical) with the other values tabulated, in- 


Field emission microscope measurement 
Calculations relying upon experimental and 


Dalgarno and Kingston calculations are 


5 40+5 
‘ 


52.5+6.5 
42+2.1 
61 


36+4. 
34+1. 
45 


20+3 
12+0.6 
27 
16+3 
24.44+2.4 


50 


24.6425 41.64+4.2 43.9444 53.8454 


gths 


2 
2 


estimated to be about 10% by Professor Dalgarno 


cluding the rather high estimates by Fues for which the 
uncertainties are probably quite large. 

In addition, we have recently been informed that 
the results obtained by Chamberlain and Zorn are in 
good agreement with our determinations." 

We can conclude from our data that the polariza- 
bility values for the various substates of each of the 
alkalis for which balance measurements were made 
are the same to within the experimental error. The re- 
sults of measurements which were made over a range of 
electric fields for cesium, rubidium, and sodium also 
show that the polarizabilities are essentially independ- 
ent of the magnitude of the electric field (up to about 
400 esu). 

It is believed that the type of apparatus used in these 
measurements (based on the E-H gradient balance 
method) can be quite useful in applications where 
highly efficient magnetic substate selection is required 
e.g., the production of beams of polarized ions by ioniza- 
tion of atoms in selected Zeeman substates. 
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APPENDIX 


Deviation from Balance Condition Over Width 
of Beam; Defocusing Conditions; 
Resolution of Substates 


We assume the balance condition to hold along the 
central line of a beam of finite width traveling parallel 


14 We are indebted to Dr. Chamberlain and Dr 
forming us of their results prior to publication 


Zorn for in 





1438 SALOP, 


to the pole faces of the E-H field assembly. Deviations 
from balance generally occur over the beam width, and 
we now estimate the resulting defocusing action. We 
label all quantities along the central line with the 
subscript 1, and so 


wi ,=aEF;’. (Al) 


At a small transverse distance 6s, from the central 
line (s=0), the electric field, magnetic field, and effec- 
tive moment are given, respectively, to first order by 


E\+ (0E/dz),6z, H,+(0H/dz),6s, and wit (dp/dz) 6s. 


Using the congruency condition dE/ Edés= 0H /Hdz=C, 
where C is assumed independent of z for small z, and 
using (Al), the unbalanced force, 5F, on a beam atom 
becomes 


6F =aCE*—pCH 


=(2Cak?—wCH — (du/d2)H],Céz, (A2) 


where we have neglected second and higher order terms. 

Dividing (A2) by the magnitude of either the electric 
or magnetic force on a beam atom at z=0, the ratio of 
the unbalanced force to the electric (or magnetic) 
force at 6z becomes 


6F/F =(1— (dp/dz)/Cy ),Cés. 
We let (du/0z)= (0u/0H)(dH/dz), and obtain 
6F/F=(1— (0u/0H)/ (u/ A) ),Coz. 


(A3) 


Note that a defocusing of the beam occurs if the ex- 
pression in brackets in (A3) is positive or, equivalently, 
if 


(0u/8H);/ (u/H).<1. (A4) 


This inequality was satisfied in most of the balance 
measurements. 

To give an idea of the magnitude of the defocusing 
action, consider the potassium experiments which were 
performed under high field conditions for which up~yo 
and therefore (du/0H),~0. With a few exceptions, the 
deviation from balance was smaller in the other alkali 
measurements since (du/0H) was generally positive, 
and so the potassium deviation can be considered to be 
an upper limit.'® 

Assume an original beam width of 0.010 cm (a con- 
servative estimate). We therefore substitute 6z=0.005 
cm in (A3), and assuming C=2.50 cm™, we obtain 
6F/F =0.013=1.3% as the largest relative force on a 
beam atom. This corresponds to a deflection in the plane 
of the detector of about 0.001 in, with the magnetic 
fields used in the experiment. 


‘8 Tt should be recalled that we have consistently referred to 
ws as a magnitude throughout our discussion, and therefore the 
statement (du/dH),<0 implies a positive slope for a substate 
with negative effective moment 
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It is interesting to note that in the special case of 
(Ou/0H),= (u/H);, the balance condition can be rigor- 
ously satisfied for a finite beam, and that a definite focus- 
ing of the beam will occur if 


(Ou/90H);/(u/H),>1. (AS) 


This discussion explains the noticeably different focus- 
ing characteristics for the three Cs" magnetic substates 
recorded as balance peaks in Fig. 6. The calculated 
values of the quantity (0u/0H),/(u/H), for the (4,—1), 
(3,—3), and (4,0) substates at this field (1634 gauss) 
are 1.9, —1.8, and 0.8 respectively. It is therefore seen 
that the very sharp (4,—1) peak is indeed focusing 
whereas the attenuated (3,—3) peak is strongly de- 
focusing. The (4,0) substate has weakly defocusing 
characteristics. 

We now derive a criterion for resolution of adjacent 
magnetic substates, one of which is balanced. The de- 
flection S, of a beam atom possessing the most probable 
oven velocity is S,=GF/(4kT), where F is the average 
value of the transverse force on the atom in the region 
between the pole faces and G=/,?+2/,/2 (see Fig. 1). 
We require that S, for the unbalanced substate (labeled 
2) be considerably greater than W/2 for the undeflected 
beam, where W is the width at half-maximum intensity. 
As a reasonable statement of the resolution criterion, 
we can say that resolution is achieved if S,>2(W/2). 

Since 

F.= 20H /dz—akKdE/ dz, 
it follows that 


Cl: —ak?)>4kTW/G, (A6) 


where the uw, H, and E values represent averages over 
the trajectory, which can for the purposes of our calcu- 
lation be replaced by the values for an undeftlected 
path. Using (A1), we obtain 


(u2—p1)/po> (4kT/GCuol)W. 


For our apparatus, G=4900 cm? and C= 2.50 cm™, so 
that 


(t2— 41) /mo> 4.85(T/H)W, (A7) 


with W expressed in centimeters. 

As an example of the application of this resolution 
criterion, consider the recorder traces of Fig. 8 showing 
the balance peaks of the Rb** (3,0), Rb** (3,1), and the 
Rb*”? (2,1) magnetic substates at a magnetic field of 
722 gauss. Letting W=0.020 cm and T=500°K, the 
resolution criterion becomes (u2—41)/"o>9.07. This 
criterion is certainly satisfied for the Rb* (3,0) sub- 
state since the adjacent Rb* (2,1) substate is higher 
in effective moment by 0.12 uo. However, the Rb® (2,1) 
and the Rb* (3,1) substates differ in effective moment 
by only 0.05 yo, a difference not great enough to permit 
resolution. 
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An extensive investigation is presented on the role of direct 
exchange as the mechanism responsible for ferromagnetism. The 
direct exchange integral J which arises in Heisenberg’s theory of 
ferromagnetism and which has been a subject of considerable 
speculation and controversy (particularly concerning its sign 
behavior as a function of internuclear separation) is considered 
for several cases for which (as Léwdin has shown) J is rigorously 
defined. (1) A pair of atoms with a single electron per atom (the 
hydrogenic case). J is calculated for the unrealistic but historically 
interesting case of hydrogen 3d functions and the computationally 
more difficult case of the exchange between 3d orbitals for the 
iron series elements. The fact that the iron series 3d orbitals are 
not eigenfunctions of the free atom (hydrogenic) Hamiltonian is 
shown to profoundly affect the results. Calculations for all pairs 
of 3d orbitals show that J is sensitive to the angular dependence 
of the wave functions (and the precise radial shape as well). (2) A 
single hole in otherwise closed shells (such as a pair of iron series 


I. INTRODUCTION 


T was not long after the discovery of the phenomenon 

of exchange by Heisenberg! and Dirac? as a char- 
acteristically quantum effect that Heisenberg’ first used 
the exchange concept in order to explain the origin of 
ferromagnetism. Since then a number of approaches** to 
a theory of magnetism for the ferromagnetic metals 
have been developed, all of which invoke as their 
dominant mechanism a particular exchange interaction 
from among the various types which are possible. To 
date no approach has succeeded in providing satis- 
factory quantitative ab initio predictions and thus a 
detailed understanding of the phenomena. The refine- 
ments necessary to make any one theory “realistic’”’ 
have made the computation associated with it in- 
tractable. Two of these approaches should be men- 
tioned here: first, there is the ‘‘collective” or “itinerant”’ 


* Guests of the Solid State and Molecular Theory Group, 
Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 
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2 P. A. M. Dirac, Proc. Roy. Soc. A112, 661 (1926). 

3 W. Heisenberg, Z. Physik 49, 619 (1928). 

‘ For a good compilation reviewing the different viewpoints see 
the Proceedings of the Conference on Magnetism published in 
Revs. Modern Phys. 25, 1 (1953) particularly the articles listed 
as references 5 through 8 inclusive. We shall refer to these papers, 
where extensive references may be found, rather than try to cite 
the complete literature. 

®J. C. Slater, Revs. Modern Phys. 25, 199 (1953). 
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atoms in the 3d* configuration). The effect on J of “‘clothing’’ the 
atoms with the remaining electrons is discussed first with regard 
to the effect of the core electrons on the one-electron potentials 
and secondly with respect to the effect of the overlap of the core 
electrons. (From an analysis of these terms it is suggested that 
the paired “‘4s”’ conduction electrons of the metal can play an 
important role in “‘direct exchange,” quite aside from a Zener 
type of effect.) We find that the direct exchange parameter J is 
large and negative for the two-electron case [case (1) ] and nega 
tive, but smaller, for the ‘‘clothed’’ 3d® case [case (2) ], whereas 
for ferromagnetism it should be positive. From this one may 
conclude that either the direct exchange mechanism is not the 
dominant source of the ferromagnetism of the transition metals 
or that the direct exchange model is an inappropriate description 
of their magnetic behavior. Finally, a more exact model of direct 
exchange is discussed, as are some of the problems inherent in 
carrying it out. 


electron model*®:’ whose starting point is the energy 
band-molecular orbital formalism; secondly, there is 
the atomic orbital—Heitler-London model originally 
proposed by Heisenberg and more recently refined by 
Van Vleck® in the minimum polarity model. The 
collective electron model emphasizes the “free” nature 
of electrons in the solid and includes in the wave 
function the periodicity of the lattice, whereas the 
Heisenberg model stresses the “bound” or highly 
localized nature of the electrons by treating the solid 
as a collection of atoms. The relative merits and short- 
comings of each model have been discussed often and 
at length in earlier papers.‘ The collective model is 
currently the more popular approach®* but we must 
re-emphasize the difficulties associated with obtaining 
quantiative predictions with either scheme. 

Central to the Heitler-London approach of Heisen- 
berg is the ‘direct exchange” parameter. Starting from 
the model of the solid as a collection of atoms, the 
simple Heisenberg approach regards each pair of atoms 
as behaving like a hydrogen molecule, i.e., each atom 
is thought to have a single 3d electron which interacts 
with its neighbor and the dominant interaction for 
producing ferromagnetism in the solid is considered to 
arise from a superposition of this two-electron inter- 
action. Despite the fact that the obvious naiveté of 
the model precludes a realistic description of the 
phenomenon, the Heisenberg approach has had many 
adherents and the model is still frequently invoked as 
an explanation of ferromagnetism. Until now, accurate 
calculations to check the prediction of the theory with 


’C. Herring, J. Appl. Phys. 31, 31S (1960 
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experiment have not been possible, although it is now 
more commonly believed that such investigations would 
give negative values for the direct exchange parameter. 

In this paper we are reporting results of calculations 
of the direct exchange interaction as predicted by the 
Heisenberg model starting with its simple form and as 
developed in several ways. We find in all these cases that 
the Heisenberg exchange integral is negative whereas 
for ferromagnetism it should be positive. From this 
one may conclude that either the direct exchange 
mechanism is not the dominant source of the ferro- 
magnetism of the transition metals or that the direct 
exchange model is an inappropriate description of their 
magnetic behavior. 

In the Heitler-London’® picture the energy of the 
molecule for the triplet and the singlet can be simply 
written as 

CartJ av 
2e+-— —, (1) 
1+S,%" 


where the plus sign is associated with the singlet state 
and the minus sign with the triplet. For two atoms A 
and B, separated by a distance r.5 having one-electron 
wave functions ¢, and @¢, each with an atomic one- 
electron energy ¢, we denote the interaction potential 
in atomic units as 
1 1 
V~=—+ : ; (2) 
Yoab "12 Vib 2a 


and the overlap integral between the one-electron 
functions as 


Sea= | 6o*(1)ps(1)de1=(o b); 


then 


Ca= | 2*(1)o0"(2)Varba(1)oo(2)dride: 
: =(a(1)b(2)| Van'a(1)b(2)) (4) 


is the Coulomb energy and 


Je= | 6.*(1)6s%(2) Verbs (1)a(2)dnidos 
, =(a(1)b(2)| Ves! b(1)a(2)) (5) 


is the exchange energy. Equations (3) to (5) serve also 
to define the notation. Since J,» produces the electro- 
static energy difference between the triplet and singlet 
states it was considered by Heisenberg to be responsible 
for ferromagnetism and is called the Heisenberg direct 
exchange integral. It is J,» as defined in Eq. (5) which 
has been used in the familiar Dirac-Van Vleck vector 
coupling formula for the spin-dependent interaction 
energy between two spins associated with the electrons 
on the two atoms, 


E= Eo—2J atSa‘ Sp. (6) 
” W. Heitler and F. London, Z. Physik 44, 455 (1927) 
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The generalization of Eq. (6) to many-electron 
systems by means of the spin Hamiltonian 


H=-2¥F.J;S,‘S, (7) 


has been the basis of numerous discussions of both 
ferromagnetism and antiferromagnetism but usually 
with the assumption of a constant exchange integral 
J between nearest neighbors only. With J treated as 
an empirical parameter, a wide variety of experimental 
data can be understood. 

As is well known, Heisenberg postulated that the 
direct exchange integral, J4,, was positive for ferro- 
magnets, whereas for the hydrogen molecule and indeed 
for almost all molecules, J is in fact negative. This 
change in sign Heisenberg explained as being a conse- 
quence of the use of functions with a high principal 
quantum number. It remained for Slater"! to improve 
upon this rather unsatisfactory interpretation by 
stressing the overlap of the 3d functions as a function of 
internuclear separation. Slater argued that for small 
overlaps J was positive but changed sign as the overlap 
increased. Since the overlap depends on the ratio of the 
internuclear distance to the radius of the d shell Slater’s 
simple postulate explained why just a few elements are 
observed to be ferromagnetic, i.e., for these the calcu- 
lated ratio is such as to make J positive. Bethe” 
subsequently amplified Slater’s arguments and stressed 
the dependence of J on the angular part of the wave 
functions. 

Since then there has been considerable controversy 
regarding the validity of these arguments and dis- 
agreement as to the sign and magnitude of the direct 
exchange parameter. This has in part been due to an 
ambiguity in rigorously defining the term and in part to 
difficulties in carrying out accurate computations. 
Details of the role it does play in the magnetic proper- 
ties of the metals and other magnetic materials should 
be understood before going on to more refined treat- 
ments. In the light of the above-mentioned controversy, 
its behavior is also a matter of some historical interest. 

Several quantitative estimates of direct exchange 
have been made by Wohlfarth® (J,, negative) and 
Kaplan (J,) positive) but computational difficulties 
limited these investigations to internuclear distances 
and/or wave functions of symmetry inappropriate to 
the iron series metals. Because of this their results 
have been regarded as inconclusive. Recently Stuart 
and Marshall'® made detailed calculations of J over a 
wide range of internuclear distances for a pair of free 
atom iron’® 3d, orbitals (i.e., m,;=0 along the inter- 


J. C. Slater, Phys. Rev. 35, 509 (1930) ; 36, 57 (1930) 

2 A. Sommerfeld and H. Bethe, Handbuch der Physik, edited by 
S. Fliigge (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part II, 
». 595. 

Pa E. P. Wohlfarth, Nature 163, 57 (1949) 

4H. Kaplan, Phys. Rev. 85, 1038 (1952). 

'6R. Stuart and W. Marshall, Phys. Rev. 120, 353 (1960). 

‘6 J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957) 
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nuclear axis). They found that J was always positive 
(the correct sign for ferromagnetism) but too small to 
account for the experimentally observed exchange 
effects. The magnitude of J found by these authors has 
disturbed those who felt that direct exchange was 
responsible for ferromagnetism while the sign they 
obtained convinced others that the result was 
anomalous.'’ We shall show that the problem lies in 
the question of definining direct exchange properly. 
Léwdin'* has shown that if one starts by asking for 
the J that appears in the vector coupling model [Eq. 
(6) ] there is one case where J can be uniquely defined ; 
this is the case of a pair of atoms with one unpaired 
electron per atom. As we will show in the next section, 
the familiar Heisenberg parameter [Eq. (5)] can be 
derived as the direct exchange parameter appropriate 
to the two-electron Heitler-London formalism only if 
the orbitals used are hydrogen atom eigenfunctions 
and if Sas? in Eq. (1) is neglected. Otherwise Eq. (5) 
should be “extended” to include additional terms. 
Since Stuart and Marshall'® considered some, but not 
all of these terms, their results were not obtained from 
an appropriate definition of J and so are not conclusive. 
One purpose of the present work is to consider the form 
and effect of these additional terms and also to consider 
direct exchange for pairs of 3d, (m;=1) and 3d; (m,=2) 
orbitals, cases not previously considered, but which 
must play an important role in a more exact treatment 
of the problem. 

We shall follow Léwdin’s'’ approach for those cases 
for which J is rigorously defined. Examples of these are 
a pair of atoms with a single electron per atom (the 
hydrogenic case), with a single electron outside of 
closed shells (e.g., a pair of alkali atoms) and with a 
single hole in otherwise closed shells (such as a pair of 
iron series atoms in the 3d° configuration). The principal 
objectives of this investigation are to resolve some of 
the earlier controversies concerning the Heisenberg 
parameter and to further our understanding by a study 
of concrete examples of the role actually played by 
direct exchange. 

In Sec. II we consider the form of direct exchange 
for the case of a two-electron two-atom system. We 
first derive the formula for J and after carrying out 
calculations for the unrealistic but historically inter- 
esting case of hydrogen 3d functions we discuss the 
case of exchange between 3d orbitals for the iron series 
elements. We then consider, in Sec. III, J for a pair of 
iron series atoms in the 3d° configuration which permits 


'7 See W. J. Carr, Jr. (to be published) for a discussion of direct 
exchange based on some calculations similar to those we are 
reporting here. 

18 P. O. Léwdin, International Symposium on Magnetism and 
Transition Metals, Oxford University, September, 1959; Technical 
Note No. 46, Quantum Chemistry Group, Uppsala University, 
Uppsala, Sweden (unpublished) ; and P. O. Léwdin, Revs. Modern 
Phys. (to be published). 
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us to retain the uniqueness in the definition of J while 
discussing a more realistic case than a simple two- 
electron system. This involves a “clothing” of the two 
atoms with the remaining electrons, thus abandoning 
the point charge model of Sec. II. The discussion is 
presented in two parts, considering first the effect of 
the “core” electrons on the one-electron potentials and 
then the effect of the overlap of the “core’’ electrons on 
the determination of J. Section IV discusses a more 
exact model of direct exchange and some of the prob- 
lems inherent in carrying out calculations with it. 
Finally, Sec. V states some conclusions. 


II. TWO-ELECTRON DIRECT EXCHANGE 
A. Derivation and Definition of J 


In a recent discussion, Léwdin!* has shown that if 
one considers a two-electron system (or a two-electron- 
like system such as a pair of 3d° atoms) and defines J by 


J=}((E—'B), (8) 


where '£ and °£ are the singlet and triplet state ener- 
gies, that the familiar vector-model equation, Eq. (6), 
follows immediately in an almost trivial way. Eo of 
Eq. (6) has a simple definition; it is the weighted 
average energy of all possible spin states. Equation (8) 
is a particularly convenient starting point for obtaining 
J; it also gives an exact form of the vector-model 
formula which, as Léwdin points out, is independent of 
any assumptions about correlation, nonorthogonality, 
polar states, relativistic effects, and the like. 

Consider for the two-atom system a two-electron 
Hamiltonian consisting of kinetic energy and Coulomb 
energy terms, i.e., 


Seb b 


tate Be hs 
SS eee, 
Tab Yi2 Tia Tib Tra 2b 


where subscripts 1 and 2 denote electron coordinates 
and Z, and Z, (which are taken to be equal) are 
effective nuclear charges on centers A and B, respec- 
tively. Using the notation introduced in Sec. I, the 
Heitler-London ground configuration energies are then 


1E= (14See2)[(a(1)b(2) | 1} a(1)b(2)) 
+(a(1)b(2)| H|b(1)a(2))], 

8F = (1—Ses?)[(a(1)(2) | H| a(1)6(2)) 
—(a(1)b(2) | H|6(1)a(2))]. 


(10) 


These equations can be specialized to yield Eq. (1) by 
assuming Zg=Z»=1 provided that $, and ¢» are hydro- 
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gen atom eigenfunctions. Using Eq. (8) one finds 


. oe: cme 
I= (1— Ses] (a(1)002) — '6(1)a(2) ) 
ry) 


Tra = T1b 


a a 
- Saat a(1)0(2) a ee ce ae a(1)6(2) ) 
fe (f 


12 ta «ib 


Z> Za| 
+Sal (8 —3}v°- a)+(a —iv?— »» | 
rs tf. 
Zo 
~Sal (6|-37-- ») 
Tr 
Za 
+(a|-37——|a) |} (11) 
Ta 


We take Eq. (11) to be the appropriate definition, of 

J for the two-electron direct exchange. Now if the $’s 

are eigenfunctions of the one-electron one-center prob- 
lem, i.e., if 

(—$V°—Z./ra)ba(r) = eba(r), (12) 


then 


sa\ —$V°—Z,/r4| b)=Savld| —$V°—Za/1a| a) 


= €§ 437 = Sas*(a —iV°-Z, f,\a), (13) 
an thus the last two lines of Eq. (11) cancel, resulting 
in 
© 2a ds 
J=(1— Ses} (a(1)0) ~———}a(1)0(2) 
r 


12 T2q 71d! 


b 2, a 
Sai a(1)0(2) ae a(1)6(2) ). (14) 
iz Tae Vib 


ia 


Note that J, of course, does not depend on the inter- 
nuclear repulsion term, Z,Z»/ras, in contrast with Eq. 
(5), but that if one wishes to include it [it must appear 
in both lines 1 and 2 of Eq. (14) ] the value of J will 
not be changed.” 

Further, if one introduces Z,Z,/ra» terms into Eq. 
(14), neglects all terms with overlap integrals of order 
two or greater, and sets Z,=Z,=1 then one obtains 
the familiar, and often used, Heisenberg integral [Eq. 
(5)]. Note that Eqs. (5) and (14) are derived if and 
only if the @’s are hydrogen atom eigenfunctions. For 
discussions of the exchange interaction between a pair 
of iron series 3d orbitals, in which the nucleus and the 
other electrons of each atom are approximated by a 
point charge with Z=1, neither Eq. (5) (the Wohlfarth* 
and Kaplan‘ case) nor Eq. (14) (the Stuart and 
Marshall’® case) are altogether appropriate expressions 
for J. 

As an instructive comparison here and because it is 
pertinent in what follows, we show in Fig. 1 the one- 


Stuart and Marshall (reference 15) chose to include this term 
in their counterpart to Eq. (14 
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Fic. 1. Co** 3d wave function compared with the 
hydrogen atom 3d wave function. 


electron 3d radial charge densities for hydrogen and 
for*® Cot+. The difference between them is very striking. 
We shall report results of calculations for the hydro- 
genic case [for which Eq. (14) is exact ] and for iron 
series 3d orbitals using Eqs. (11) and (14) with Z=1. 
We shall see that the additional terms in Eq. (11) 
profoundly affect the computed J. 

Alternatively, one could choose an “effective” 
nuclear charge (Z) with a value other than +1 so that 
the last two lines of Eq. (11) cancel, in which case Eq. 
(14) would be exact. [With a hydrogenic 3d orbital 
defined for that Z, the two radial densities in Fig. i are 
brought into closer (but still poor) coincidence. But 
since the iron series 3d orbitals are not hydrogenic in 
shape (quite apart from scaling) the choice of Z is not 
unique but is dependent on the angular behavior of 
the orbitals and on the A-B internuclear distance. | 
On doing this, as we shall see, the new Z (typically of 
a value of +8 to +10) must be inserted into the 
nuclear potential terms of Eq. (14) and one is no longer 
approximating the remainder of each iron series atom 
by a charge of +1 as has been done in all previous 
investigations. Values of Z such that the last two lines 
of Eq. (11) cancel and the resulting J’s will also be 
given later in this section when we report our numerical 
results. 


B. Evaluation of Integrals 


Two-center integrals are, of course, necessary for 
the evaluation of the equations given in the previous 
section. To do this we have used the Coolidge-Léwdin- 
Barnett-Coulson method”! as developed by Switendick 
and Corbat6” for the IBM 704 and 709. A few com- 
ments should be made concerning the method and the 
resultant integrals. First, the Barnett-Coulson ex- 

”R. E. Watson, Phys. Rev. 118, 1036 (1960) 

2 A. S. Coolidge, Phys. Rev. 42, 189 (1932); P. O. Léwdin and 
S. O. Lundqvist, Arkiv Fysik 3, 147 (1951); M. P. Barnett and 
C. A. Coulson, Phil. Trans. Roy. Soc. (London) A243, 221 (1951) 

2A. C. Switendick and F. J. Corbat6, Quarterly Progress 
Report, Solid-State and Molecular Theory Group, Massachusetts 
Institute of Technology, October 15, 1959 (unpublished), p. 70 
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pansions break down for very small internuclear 
distances and therefore J was not calculated and hence 
will not be reported for such distances. This is not too 
serious since the Heitler-London approach to direct 
exchange is inappropriate at these distances anyway. 
For large internuclear distances there are also some 
difficulties in obtaining accurate ‘‘Coulomb” integrals.”* 
This problem could be remedied with finer integration 
meshes—meshes beyond the scope, however, of com- 
puter and program size. This has not been a serious 
problem for the evaluation of the J’s of Eqs. (11) and 
(14) but it can produce difficulties when we “clothe’’ 
the iron series atoms, a matter to be discussed later 
(see Sec. III). Integral accuracy can be a serious 
problem when evaluating a quantity like J which 
involves terms of differing sign. We have endeavored 
to have terms accurate to the digits reported in this 
paper and while we believe that we have been generally 
successful in this, it is not impossible that errors have 
crept in which affect some of the details, but not the 
substance, of the results to be reported here. 


C. Direct Exchange Integral for Hydrogen 
3d Wave Functions 


We have previously noted that Eq. (14) was the 
appropriate expression for J for the case of a two- 
electron system if and only if the expression was 
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Fic. 2. Overlap integrals, Sad, for the hydrogenic 3d wave func 


tions as a function of internuclear distance, rq» (in au). 





3 Two-center integrals of the form (a!1/r,!a) and (a(1)6(2)!1 
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Fic. 3. Angular dependence of the 3d wave functions. The z 
(internuclear) axis is included in the plane of the drawings; dashed 
lines denote regions 180° out of phase with solid-line regions. 


evaluated with hydrogenic orbitals. Otherwise Eq. (11) 
was the appropriate definition of J. Before discussing 
the case of exchange between 3d orbitals for the iron 
series elements it is instructive to calculate J for the 
unrealistic but historic case of exchange between 
hydrogen atom 3d wave functions. This is done to end 
speculation about the sign of J for this simple case 
and to fix ideas for what follows. 

The J of Eq. (14) (with Z,=Z»,=1) was calculated 
as a function of the internuclear separation for pairs of 
hydrogen 3d orbitals of like m, value. We have not 
considered J for pairs of differing m; for which both 
Eqs. (14) and (5) reduce to the simple exchange integral 


JTy2= (a(1)(2)| 1/112|b(1)a(2)) (15) 


because the overlap integral Sa», is zero. As is well 
known the exchange integral J. is always positive. 

When viewing the results of this section it should be 
borne in mind that the hydrogen 3d radial function is 
very diffuse with a maximum at r=9a.u. (atomic units). 
(See Fig. 1.) If one scaled this function to bring it into 
rough agreement with the iron series orbitals one would 
find that an internuclear distance, ~40 to 50 a.u. 
corresponds to observed internuclear distances in the 
Fe, Co, and Ni metals. 

Before considering J let us inspect the important 
overlap integrals (Sq»’s); these have been graphed as a 
function of internuclear distance rq, in Fig. 2. Their 
behavior is easily understood if one considers the 
angular dependence of the wave functions. The reader 
may remind himself of this dependence™ by inspecting 
Fig. 3. Note that the z (internuclear) axis is included 
in the plane of the drawings and that dashed lines 
denote regions 180° out of phase with solid line regions. 
The phase of one atom with respect to the other as 


* We shall be discussing the calculation of J for 3d orbitals in 
the m;, (spherical harmonic) representation. Equivalently, one 
can consider J’s defined for the cubic e, (322—r? and x*—,y*) and 
tog (xy, ys and xz) orbitals. The two representations are related 
by a simple transformation; for convenience we have chosen to 
work in the m; representation. The results are not very different 
for the two representations, the center of gravity for the sum of all 
the J’s being shifted by very small additional integrals 
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Fic. 4. Several 3d functions, for Co** (3d"), Co (3d*), anda 

hydrogenic (single exponential) 3d orbital which would yield 

approximately the same multiplet structure as the neutral Co 
function. 


shown in Fig. 3 is that also used in the calculations. 
The negative S,,’s occur when one atom’s loop of one 
phase has its principle overlap with the loop of opposite 
phase on the other atom. Aithough the angular de- 
pendence of the orbitals dominates, the behavior of the 
S’s is also a function of the shape of the radial functions, 
a feature not indicated in Fig. 2. The S,,’s obtained for 
iron series 3d orbitals by Stuart and Marshall'® and by 
ourselves (to be reported later) do not go negative. 
This difference in shape can be seen in Fig. 4 where 
several 3d functions, for Co and Cot**, are plotted 
along with a hydrogenic (single exponential) 3d orbital 
which would yield approximately the same multiplet 
structure as the neutral Co function. 
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Fic. 5. The simple exchange integral, J12, of Eq. (15) calculated 
for hydrogen 3d wave functions as a function of internuclear 
separation 
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Let us now consider the Heisenberg direct exchange 
parameter, J, of Eq. (14) and also the simple exchange 
integral, Ji2, of Eq. (15). The latter is included (as 
Fig. 5) because it has been a common (but incorrect) 
practice to neglect all overlaps in the definition of the 
exchange parameter. Our calculated values for J are 
plotted in Fig. 6 also as a function of ra», the inter- 
nuclear distance (note the differences in scale of the 
two figures). We see that only /,, resembles the simple 
J\2 integral. This is in large part due to the small 
magnitude of S,, over much of the range of investi- 
gated internuclear distance. Of greater interest is the 
sign behavior of the J’s—a behavior which has been 
found to be strongly dependent on the angular behavior 
of the orbitals. J,, is positive over the region studied 
(smaller internuclear distances were not studied for 
the reasons given earlier), J,, is positive for smaller 
internuclear distances and becomes negative for larger 
distances and Js is everywhere negative. Although the 
Heitler-London approach is completely inappropriate 
for small ras, the behavior of J is a matter of curiosity 
for such distances. A study of the individual integrals 
(not tabulated here) which contribute to J suggests 
that Js very likely reverses itself and becomes positive 
at some very small distance and also that it is not 
impossible that J,, and J,, reverse their behavior, 
becoming smaller in magnitude and perhaps even 
negative at some extremely small internuclear distance. 








-—. 2 
f,Jou) 


Fic. 6. The Heisenberg direct exchange parameter, J, of Eq 
(14) calculated for hydrogen 3d wave functions as a function of 
rab, the internuclear separation. Note that the scale differs from 
that in Fig. 5. 
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It should be noted that for the internuclear distances 
of 40 to 50 a.u., which bear some corresponding relation 
to the iron series metals, J,. is small and positive and 
J, and Jss are smaller in magnitude and negative. 

The results of Fig. 6 contrast with the two schools 
of argument concerning the behavior of J, one of which 
said that J is always negative and the other which said 
that J is negative for small internuclear distances, 
becomes positive, goes through a maximum and decays 
to zero. The computed J’s are strongly dependent on 
the angular behavior of the orbitals and as a result are 
in general disagreement with either of the above points 
of view. 


D. Direct Exchange Integral for Iron 
Series 3d Functions 


The simple but totally unrealistic case of hydrogen 
3d functions provided us with a case for which Eq. (14) 
was an exact definition of J. We shall now consider the 
more realistic and computationally more difficult .case 
of direct exchange between iron series 3d wave functions. 
First we discuss our choice of the iron series element and 
the specific orbitals to be used and then present the 
numerical results. 


Choice of Iron Series 3d Functions 


The choice of the element is simplified by our in- 
tention to evaluate J for “‘clothed” ions in Sec. III as a 
less naive model of the interaction between the two 
atoms. Experimental neutron form factor data*® and 
energy band calculations®® can assist us in our choice 
of orbitals. 

For the “clothed”? atom, we will consider the case 
of a hole in an otherwise closed shell neutral atom. 
Co 3d® falls in this category and will be our choice. 
The metal, of course, is better described as being in 
the 3d*4s configuration. 

Neutron form-factor measurements” and _ energy 
band calculations®* (for Fe) tell us that the unpaired 
3d-band electrons have a radial distribution which is 
contracted relative to the average behavior for the 
band. The energy band results suggest that the neutral 
free atom Co 3d° Hartree-Fock 3d functions” provide 
a reasonable description of the average radial behavior 
of the band. Such a choice would be advantageous 
because it would allow a cancellation of terms similar 
to that used on going from Eq. (11) to Eq. (14). On 
the other hand we are interested in the exchange 
coupling of the unpaired 3d band electrons. Comparison 
of experimental”> and computed?’ neutron form factors 
suggests that the Hartree-Fock Cot* 3d’ orbitals better 


2°R. J. Weiss and A. J. Freeman, J. Phys. Chem. Solids 10, 
147 (1959); R. Nathans, C. G. Shull, A. Andreson, and G. Shirane, 
ibid. 10, 138 (1959); R. Nathans and A. Paoletti, Phys. Rev. 
Letters 2, 254 (1959). 

26 J. H. Wood, Phys. Rev. 117, 714 (1960) and further work (to 
he published) ; F. Stern, ibid. 116, 1399 (1959). 

“7 R. E. Watson and A. J. Freeman, Acta Cryst. 14, 27 (1961 
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approximate the unpaired d-band radial behavior. The 
choice of the 3d orbital from the 3d’ configuration 
calculation would be analogous to that of Stuart and 
Marshall.!® They used an Fe 3d orbital obtained in a 
neutral Fe 3d*4s? calculation'® and due to the fact that 
4s electrons have little or no effect on the 3d orbitals 
their choice is equivalent to a divalent ion solution. 
Calculations with Cot+ 3d’ orbitals would provide a 
more meaningful comparison with the Stuart and 
Marshall results. 

The one-electron charge densities for the two Co 
orbitals appear in Fig. 4 along with that of the hydro- 
genic (single exponential) 3d orbital previously de- 
scribed. It is clear that there is an important difference 
in shape between the latter function and the Hartree- 
Fock Co orbitals. 

Below, we report J values for both the Co and Cot+ 
orbitals; this will also give some indication of the 
important question of the sensitivity of J to orbital 
choice. Equations (11) and (14) are evaluated with 
Z.=Z»=1, i.e., a model in which the rest of the atom 
is replaced by a point charge. A more realistic treatment 
is given in Sec. III. 


Numerical Results for Co 


The observed internuclear distance for fcc Co is 
approximately 4.75 a.u. and so we have evaluated J 
with the Co and Cot+ 3d orbitals at this distance using 
Eqs. (11) and (14) (with Z,=Z,=1). J’s have also 
been evaluated with the Cot* orbitals for a number of 
other distances and we will report the results for a 
distance of 2.25 a.u. This gives some idea of the variation 
of J with 7,5 over a reasonable range of internuclear 
separation. 

Before inspecting values for J, let us consider the 
See overlap which behaved so strikingly as a function 
of ras for the hydrogen 3d orbital. S,,’s, evaluated for 
the Cot*+ and Co 3d orbitals, are plotted in Fig. 7. The 








Fic. 7. The overlap integral between 3d, functions, S,., for Cot” 
and Co as a function of internuclear separation 
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ase I. Integrals* necessary for the evaluation of Eqs. (11) and (14) for pairs of 3d orbitals of like m; value. These were obtained for 


Co** 3d orbitals at 4.75 and 2.25 au and for Co 3d orbitals at a 4.75-au separation. Energies are in au (1 au=27.07 ov). 











Se P Q B 


Y 3 





3d of Cot** at 4.75 au 


0.02128 
0.01132 
0.00169 


0.1504 
0.2134 
0.2049 


0.1471 
0.2121 
0.2078 


0.00972 
0.00453 
0.00061 


0.0004297 
0.000067 1 
0.0000011 


1.3264 
1.3264 
1.3264 


0.00503 
— 0.00063 
—0.00044 


3d of Cot* at 2.25 au 


oo 0.09054 
nT 0.17538 
56 0.07797 


0.4983 
0.4510 
0.3959 


0.4809 
0.4491 
0.4160 


0.09682 
0.12975 
0.04572 


0.03604 
0.02960 
0.00340 


1.3264 
1.3264 
1.3264 


0.3548 
0.3118 


8.3470 0.0713 


3d of Co at 4.75 au 


ao 0.04640 
3 0.05563 
44 0.01672 


0.1701 
0.2168 
0.2017 


0.1649 
0.2151 
0.2064 


0.02250 
0.02078 
0.00523 


* P =(a(1)6(2)|1/ri2|a(1)b(2)); O =(a| 1/rs\a 


Cot** case shows a trough, as did the hydrogen orbital 
See, but it nowhere goes negative. The Co S,, shows no 
trough but a slight flattening out in the region of 2.5 
to 3 a.u. The difference in S,, behavior is, as noted 
earlier, due to the important difference in shape of the 
radial orbitals. 

The integrals necessary for evaluating Eqs. (11) and 
(14) appear in Table I. When viewing these, comparison 
should be made with the experimental exchange 
parameters of 0.0006 au from spin-wave dispersion 
measurements** and 0.0009 au from low temperature 
magnetization data.** The J’s for pairs of orbitals of 
differing m; values appear in Table II; these are the 
simple exchange integrals, Ji2 [Eq. (15)], in the two- 
electron Heisenberg approximation to J. They are 
small but not negligible. Table III shows J’s evaluated 
for orbitals of common m;, using both Eqs. (11) and 
(14). It is clear that Eqs. (11) and (14) yield very 
different J’s for orbitals of like m; value. Equation 
(14) was evaluated by Stuart and Marshall for J,, 
but with Fe 3d functions; our values for this case are 
in substantial agreement with theirs. The Eq. (14) 
values are similar to what has been seen for the hydro- 


Taste II. Direct exchange [i.e., Eq. (15)] for pairs of 3d 
orbitals of unlike m; value obtained for Co*++ 3d orbitals at 
internuclear separations of 4.75 and 2.25 a.u. and for Co 3d 
orbitals at 4.75 a.u. Energy units are in a.u. (1 au=27.07 ev). 


J for Co 
orbitals at 
4.75 au 


0.000561 
0.000160 
0.000169 
0.000127 
0.000028 
0.000003 


T for Co** 
wrbitals at 
4.75 au 


J for Co** 
orbitals at 
2.25 au 


nter B 


0.00815 
0.00266 
0.00399 
0.00393 
0.00098 
0.00014 


0.000037 1 
0.0000040 
0.000007 2 
0.0000027 
0.0000007 
0.0000000 , 


Sr St Or yO 


2%R N 
1960) 

™ P. Weiss and M 
n ref. 28 


Sinclair and B. N. Brockhouse, Phys. Rev. 120, 1638 


Forrer, Ann. phys. 12, 359 (1929) discussed 


;T= a(1)b(2) |1/ ris! 18(1)4(2)); 


0.00314 
0.00144 
0.000085 


1.1647 
1.1647 
1.1647 


6.7779 
6.7779 
6.7779 


0.0307 
0.0191 
0.0028 


R =(a|1/re|6); U =(a|1/ra| a) 


; V =(a| —4v"\a); W =(a| —hy2|b 


gen orbitals, i.e., J,. is positive and J,, and J55 are 
smaller in magnitude and negative. Equation (11), 
which is, however, the appropriate definition of J, 
yields J’s which are large and negative. As one might 
suspect, and indeed is found, J is sensitive to orbital 
choice. There is a large increase in the magnitude of 
the J’s on going from the Cot* to the Co 3d orbitals. 
One also sees that J,, (and S,,) can be smaller than 
Jr~ (and S,,), a fact that runs counter to prevailing 
estimates. 

For comparison with experiment one wishes an 
average J. This in turn requires an assumption con- 
cerning the probability that a pair of “unpaired” 
orbitals have any one assignment of m; values. Let us 
assume (as did Stuart and Marshall) that any one of 
the twenty-five possible assignments is equally 
possible. For r,,=4.75, one obtains average J’s of 
—0.00041 au for the Cot** orbitals and —0.00380 for 


TaBLe III. J (in au) evaluated using Eqs. (11) and (14) (and 
the integrals of Table 1), the effective nuclear charge (Z) such 
that the last two lines of Eq. (14) cancel and the value, J(Z), 
obtained by inserting that Z into Eq. (11) or (14). Values are 
reported for the Cot+* 3d orbitals at internuclear distances of 2.25 
and at 4.75 au and for the Co 3d orbitals at 4.75 au 


J of Eq. (14) 


J of Eq. ( Zz 
3d of Cot + at 4.75 au 
~0.00648 9.33 
—0.00192 9.07 
—0.000044 8.91 
4d of Co** 
0.0461 17.21 
~0.3702 11.20 
—0.0824 10.04 
3d of Co at 4.75 au 
—0.0220 
—0.0351 
—0.0033 


I(Z) 


+0.00008 1 
~0.000008 
-0.0000004 


0.00225 
0.00040 
0.000007 


at 2.25 au 
+0.0223 


~0,0022 
~0.0011 


0.134 
0.185 
0.0198 


+0.00140 
—0.00021 
—0,000031 


9.01 
8.14 
7.78 


0.0097 
-0.0072 
0.00043 





S Stuart need Marshall’s averaging only included their calculated 
value for J,, whereas we use all twenty-five contributions from 
Tables II and ITI 
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Co as compared with the observed** spin-wave exchange 
parameter of +0.0006 to +0.0009 au. The calculated 
value of J may be changed by a more refined assump- 
tion regarding orbital occupancy but this will in no 
case change the sign. Thus, if one assumes that the 
two-atom two-electron Heisenberg exchange parameter 
is relevant to the “direct exchange” of the metal one 
concludes that, because of its sign, direct exchange is 
not the source of the metal’s ferromagnetism but that 
it is a large effect and cannot be neglected in a more 
sophisticated treatment of the problem. 

If one is willing to insert Z’s of other than +1 into 
Eqs. (11) and (14) one can ask what nuclear charge 
would cause the last two lines of Eq. (11) to cancel, 
making the two equations yield identical results. This 
charge is given by 


—}$Sar(a| V?| a)+43(a| V?| b) 


(16) 


re Sava} 1/ra|a)—(a! 1 /ya\b) 


Calculated values for such Z’s are given in Table III 
along with the J(Z)’s which are obtained by inserting 
these Z’s into Eq. (11) or Eq. (14). The 2’s for the 
Cot+ (or Co) 3d orbitals do not have a common 
value; their value is dependent on both m; and the 
internuclear separation. This variation is another 
indication of the nonhydrogenic behavior of the iron 
series orbitals. The J(Z)’s differ with the other J’s of 
the table but they are substantial and negative, be- 
having much like the Eq. (11) values. One should note 
that the Z’s and J(Z)’s represent an abandonment of 
the basis for going to the two-electron Heisenberg 
parameter, i.e., abandoning a description of the re- 
maining electrons and the nucleus of the iron series 
atom by a point charge of +1. 


Ill. DIRECT EXCHANGE FOR A PAIR 
OF 3d° ATOMS 


rhe one-electron per atom case discussed in the 
previous section showed that for this simple model J 


| 1 
J=(1—Sap*) | (a(1)6(2) 1)a(2) )— Sat a(1)6(2) 
Tie 


Z , 1 
+ 2San€ B(1)| — +> | vie*(2) 
Too la . 


r) 


1 
i> & b(A)Wia(2)| vio(1)0(2) )+Ses° ES (dit)vie(2) 
‘a 'Ti2 ‘a 
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Wia(2)dv» a(1) )—28as°( 6(1) |= t 2 
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was negative and, therefore, that “direct” exchange 
was not responsible for ferromagnetic coupling. One 
might argue that this was not a realistic case and that, 
since the 3d electrons are part of an atom having many 
other electrons, a more “realistic” calculation of the 
direct exchange parameter would result in totally 
different results. In order to test this let us consider J 
for the case where a pair of iron series atoms is 
“clothed” with the remaining electrons and in this way 
abandon the point-charge model (with either Z=1 or 
effective Z,’s and Z,’s) of the previous section. We shall 
divide our discussion into two parts considering first 
the effect of the “core” electrons on the one-electron 
potentials and then the effect of the overlap of the 
“core” electrons on the determination of J. 


A. J for “Clothed” Potentials 


Consider the case of two 3d® ions for which *E—'E 
argument of the last section holds. The most obvious 
effect of going to the new model is to replace the simple 
nuclear attraction terms in the Hamiltonian by the 
more realistic multi-electron potential, e.g., 


Ze zZ : 
~ 4 Vig=—-— +E | iat (2) 


ia Tla 2o 1\2 


1— Pr 
Wia(2)dve, (17) 


where the summation over i, is over the twenty-six 
“paired” electrons (the y’s) on the A atom, Z is the 
actual nuclear charge, and P;2 is a permutation operator 
(of coordinates 1 and 2) so that exchange interactions 
are included along with the Coulomb interactions. We 
shall continue to denote the unpaired 3d electrons 
involved in the “direct” exchange by ¢ [and by a(1) 
or 6(1) when brackets are used to denote integrations ] 
and the other paired electrons by y. With this change, 
Eq. (14) (for example) becomes 


1 
a(1)6(2) ) 
T12 


7 2 1 
sy | vio (2) Wig(2)dv> v1) 


7 ee r 


] 
¥a(1)6(2) ) (18) 
12 


r 


Here we have assumed a common radial behavior for ¢. and @». Several simplifications were made in writing Eq. 
(18). This equation should of course be symmetrical in summations over i, and i, but we have chosen to write out 
only one of the summations and to combine terms. The differing coefficients (2 and 1, respectively) arise from spin 
orthogonality and the last two terms were written as a4 summation over all the other electrons on the A site instead 
of as two times (once for each site) a summation over all the other electrons having spins parallel to the “‘ex- 
changing” electrons (i.e., a summation over one-half the other electrons) 
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Similarly, if one uses Eq. (17) for the one-electron nuclear attraction potentials then the last two lines of Eq. 


(11) become 


la 


Z 
2= (1-S.8)-4| Su (601 —3V°—-—+D, | Wi.*(2) 
Tia 


1— Pi: 
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ix~Fre 


p ( ’ 
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These terms together with Eq. (18) form the new 
counterpart of Eq. (11) as the definition of J for two 
interacting but “clothed” holes (3d® atoms). 

It is clear that the possibility of exact cancellations 
among these terms in the manner expressed by Eqs. 
(12) and (13) is here extremely desirable since it avoids 
taking differences between a large number of terms 
(of equal magnitude) and the resulting loss of significant 
figures. Before discussing the numerical results obtained 
for J for this case let us first consider one feature of this 
problem in the light of the conventional Hartree-Fock 
formalism. 

The one-center Hartree-Fock equations have the 
orm 


( —$V 2+ Via)bil(ri) = ewi(ri), (20) 


when defined for an individual one-electron wave 
function y,(r), and when >> i, in V4, the multi-electron 
potential operator given in Eq. (17), includes all the 
other electrons on center A. If the y,’s (which include 
the yi,’s and @’s) were obtained by the solution of such 
equations defined for the 3d° configuration then the 
sum of all terms of Eq. (19) (i.e., the quantity labeled 
©) equals zero. As was seen for the case discussed in 
Sec. II, this makes the computation much easier arid 
reduces the possible sources of numerical error. 
Unfortunately, the Hartree-Fock equations solved 
by the conventional method do not take on the form of 
Eq. (20). One restriction associated with the con- 
ventional method is that there be a single radial 
function per shell: (we have in fact made use of this 
restriction by having “paired” orbitals which make no 


Taste IV. J’s (in au) for “clothed’’ potentials with Co** 3d 
wave functions at r4s=4.75 au and 2.25 au and Co 3d wave 
functions at r.5=4.75 au. [See Eqs. (18) and (19).] 








Cot* at 
Tab =4.75 au 


Co** at 
rab=2.25 au 


Co at 
rap =4.75 au 





—0.00050 
-0.00151 
0.00011 


—0.001073 
—0.000295 
0.000007 


—0,.00774 
—0,09158 
—0.01716 


Viz 


Z j 1— Py» | 
4V2—-— +>. | viet(1) Win(1)do, 6(2)) |}. (19) 


fs 8d Ti2 


contribution to the spin symmetry of the system). For 
an open shell ion, the solution of equations of the form 
of Eq. (20) will in general yield different radial functions 
for different orbitals. In order to meet this restriction, 
what is generally solved for is an average*! equation, 
per shell, of the equations which can be individually 
derived. The cancellation of terms in Eq. (19) becomes 
considerably complicated by this, a matter discussed 
at greater length in the Appendix. In practice we will 
ignore the fact that the 3d orbitals are the solution of 
averaged Hartree-Fock equations. We expect that the 
errors associated with doing this are small (see the 
Appendix) ; they are, in fact, smaller than the numerical 
errors which would accumulate if these terms were 
included. When effecting the cancellations in Eq. (19) 
it should be noted that when the 3d’ Co** orbitals are 
used we must account for the fact that Eq. (19) was 
written for the 3d° configuration. Terms involving the 
two extra electrons are not involved in the cancellation 
and their contribution to J must be evaluated. As we 
shall see, these terms are of substantial magnitude. 
Numerical values of J, for the “clothed” atoms, 
appear in Table IV. Again we see that J is large and 
negative although smaller in magnitude than the two- 
electron results quoted earlier in Table III. The results 
of Table II hold here as well for pairs of orbitals of 
unlike m;. Two approximations were made in the calcu- 
lations. First, as indicated above, the 2 contribution 
[Eq. (19)] was set equal to zero (with the exception of 
the terms associated with the two extra 3d orbitals 
when the Co** 3d functions were used). Secondly, the 
“clothing” was limited to the 3s, 3p, and 3d electrons, 
i.e., the ten 1s, 2s and 29 orbitals were neglected and 
Z was replaced by Z—10 in Eq. (18). Serious numerical 
errors were encountered when the necessary integrals 
involving the 1s, 2s, and 2 orbitals were obtained. 
Being the most localized, they contribute the least to 
the effect of the “‘clothed”’ potentials and in view of this 
they were neglected. Accurate inclusion of these terms 


*D. R. Hartree, The Calculation of Atomi 


Structures (John 
Wiley & Sons, Inc., New York, 1957) 
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(and the parallel adjustment of the Z used) would 
produce very small quantitative changes in the J’s 
reported in Table IV. Their inclusion would not effect 
the qualitative behavior of the results appearing there. 
Because of the accumulated numerical errors associated 
with the terms [of Eq. (18) ] included in the J’s, the 
results of Table IV should be viewed only qualitatively 
anyway. The numerical uncertainty of these results is 
greater than that of the preceding sections. Evaluation 
_ of the second and third terms of Eq. (18) is the primary 
source of the errors. These terms involve a differencing 
of terms of almost equal magnitude which is most 
serious for term three. These terms are made up of two- 
center “Coulomb” integrals, the type of integral 
which has given us the greatest difficulty with numerical 
accuracy. 

In the face of the numerical uncertainty associated 
with the J’s of Table IV, it does not seem appropriate 
to supply a detailed listing of the various terms [of 
Eqs. (18) and (19) ] contributing to them. Inspection 
of one case may, however, be instructive. Let us con- 
sider J¢¢ for Co** at 4.75 au. For this case the five terms 
of Eq. (18) make contributions of +0.000362, 
—0.000628 (of which the “clothing” contributes 
—0.000214), + 0.000137 (of which the “clothing” 
contributes +0.000004), —0.000062 and +0.000000 au, 
respectively; the fact that our orbitals are eigen- 
functions for the 3d’ provides an @ contribution of 
—0.000882 au. We see that the Q contribution is 
substantial; it drives the negative J’s determined for 
Cot* orbitals more negative than those evaluated for 
neutral Co. This effect is similar to that seen in the 
preceding section. One should also note the small 
magnitude (zero to the number of digits quoted) of the 
last term of Eq. (18). This term is the one term which 
we have considered which is proportional to the 
fourth,” rather than the second, order in Sq». It is 
substantially smaller for J,, and Js. Its small size is 
important to the discussion which follows, and so has 
been included here. 

If now we compute an average J, as we did earlier 
for the two-electron problem (Sec. II D), we find some 
different (and surprising) answers (if one considers 
only Table IV). Assuming that each 3d orbital has an 
equal probability of being occupied by a hole, J,,y for 
Cot+ 3d orbitals at ra4=4.75 is —0.000059 au whereas 
for Co 3d orbitals, at the same rap, it is +0.00000; au 
(which is at the limit of accuracy of our calculations). 
Thus, while an examination of the J,. term only (or 
of the other diagonal terms as well) would lead to the 
conclusion that J was negative (and substantial), the 
off-diagonal positive terms have a large enough mag- 
nitude to greatly reduce the diagonal estimate and in 
fact to change the sign of J for the Co case. These 
results point out the importance of the off-diagonal 
terms and the sensitivity of the result to the assumption 

“Tt is made up of two-center “exchange” integrals which are 
of the order S? multiplied with a coefficient S:?. 
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concerning the probability of orbital occupancy. It 
should be noted that the assumption of equal proba- 
bility of hole occupancy by each of the orbitals is about 
the most restrictive one that can be made. Therefore 
for any other assumption which correlates the holes on 
the two centers the value of J will be more negative 
than the J,, values quoted above. However, in view of 
the simplicity of the model, the tenuousness of the 
arguments, and the fact that so far we have only 
treated half of the question of clothing we shall not 
dwell on this matter any longer. 


B. Effect of Core Electron Overlap 


We have seen the effect of “clothing” the free atom 
potentials with the “core” electrons on the calculation 
of J. Having allowed these electrons to play a role in 
the interaction we must now recognize that some of 
these paired electrons, the y,’s, have the same radial 
extent as the exchanging 3d’s (i.e., the ¢’s) and there- 
fore one can expect other overlaps of the same order 
of magnitude as S,, and in turn additional contributions 
to J. To obtain these contributions one can set up wave 
functions for the triplet and singlet states (of the 54 
electron problem) and calculate one-half the singlet- 
triplet energy difference. 

If we let 


I= det{a(1)a(1)b(2)8(2)~i(3)a(3)Yi(4)8(4)- + -}, 
and 
II = det{b(1)a(1)a(2)8(2)Wi(3)a(3)Y~i(4)8(4)---}, 


then with 

lW=I+II and Y=I-II, 
1 (Ara + Ain Hy,1—Hin| 

J=}(1E—4£) =-|—— - 


2| SITein 8h ori 


Sy u— Si nA11 


(21) 


S1°—S1,17 


Here H;,1 is the matrix element of energy between 
determinants I and II and Sj, is the corresponding 
overlap determinant. The terms in Eq. (21), which 
can be grouped in ascending powers of overlap integrals 
present all the elements of the well-known “overlap 
catastrophe” for a solid, only on a more modest scale. 
If we account for the fact that the integrals which are 
multiplied by products of overlap integrals are them- 
selves proportional to the (zero, first and second powers 
of) overlaps, then one observes that the individual 
contributions to Eq. (21) are of the order of (ascending) 
even powers of overlaps. With the sole exception of the 
last term in Eq. (18) (which is of the fourth order) all 
the terms considered so far have been second-order 
terms. If the overlap of the one-electron functions is 
sufficiently small (as it is for our case of two Co atoms 
at the observed internuclear distance of 4.75 au) there 
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is no overlap problem and we can limit our attention 
to those additional terms which are of the second order 
in the overlaps. S;,1 is of the order 1 whereas Sj,11 is of 
the order S,,”. With these approximations these terms 
are easy to find. One of these is: 


> a 4 


Tia Vib 


Ai= —2Sas >” Sia 


ta 


‘ 1— Py. 
+>’ | dvs ¥5*(r2) —w;(re) via(l)) 


2 


+a similar term for center B. (22) 
The >.’ is over all the p’s of both centers except for Pia 
and >~” indicates that this sum should be limited to one 
orbital of each pair of paired y’s for the center in 
question. Note that one can carry over the discussion 
of the one-center eigenvalue equation of the previous 
subsection [cf. Eq. (20)] and a similar cancellation of 
terms can be affected here. In this case, however, the 
cancellation follows from the orthogonality of ¢’s and 
y’s associated with the same nucleus. In general the 
same features apply here as discussed above for the 
cancellation of terms in Eq. (19) and the same care 
must be observed. 

Other contributions to 
overlaps are 


J of the second order in 


1 
Au= +E" Sis? a(t)via(2) ¥ie(1)a(2)) 
ie 


la 


+a similar sum for center B, (23) 


1 
Am=-2>” Siar a( )b(2)|— Ysa(1)0(2)) 


ie 


le 


+a similar sum for center B, (24) 


Aiv= +2 » yg = [Sia inant Sia dSip a | 
| 1 

<( a(t)¥0(2) — Ysa(1)6(2) , (25) 
= 
and finally 


Ay= +2 —— a Sie Sia b 


1 
X¢ Pia(1)a(2) a(1)¥se(2) ) 


ae 


1 


+a similar sum for center B. (26) 

Up to this point in our treatment J for a pair of ¢’s 
differing in m; was simply given by J 12 of Eq. (15) (due 
to S.» being zero by symmetry). However, An through 
Ay make nonzero contributions to J for this case and 
our calculations show that their individual contributions 
can be larger in magnitude than the Jz. of Eq. (15). A 
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second feature of the A terms is that the symmetry 
requirements for nonzero S’s reduces the individual 
integrals which must be considered to a manageable 
number. Finally with exception of A; and A;y (which 
happen to make the smallest nonzero contributions to 
J), the necessary two-electron integrals are either 
easily obtainable one-center integrals or are those which 
have already been obtained in the process of evaluating 
Eq. (18). 

In Table V we give the results of our calculations for 
the correction terms to J due to the overlap of the ‘‘core”’ 
electrons for the Co++ and Co 3d orbitals at r4,=4.75 
au. The first column gives the previous J values (see 
Table II for the off-diagonal terms and Table IV for 
the diagonal terms), the next five are the various A 
terms of Eqs. (22) through (25), and the last is the final 
J which is the sum of all the previous terms. Only Ay; 
provides any difficulty with accuracy (although Ary, 
which is made up of two-center Coulomb integrals,** 
would if it were not so small). The “averaged” Hartree- 
Fock correction to A; has been neglected, as has been 
done previously, whereas the 3d’ — 3d* correction for 
the Cot* orbitals was included. We see that individual 
A contributions can be appreciable. Again the separate 
diagonal J’s are negative, much smaller than was found 
for the two-electron case, but of the same magnitude 
as the observed values. The core overlaps have not 
made drastic changes in the /’s (due to the differing 
signs of the A terms) but the relative values of the terms 
has been shifted about. This is particularly true of the 
nondiagonal terms which, for the first time in our dis- 
cussion, are now no longer just the simple electrostatic 
exchange integrals of Eq. (15). Again if we invoke an 
occupancy argument, assigning equal probability for a 
hole to have any specific m,; value on any center, we 
find J,,’s of —0.00006 au for the Co 3d orbital and 
— 0.000076 au for the Co*+ function. We see that here 
too the nondiagonal terr s play an important role and 
will also be important in any more exact treatment 
(such as discussed in the next section). Occupancy 
arguments will again affect the /,,’s, making them more 
negative than the values just quoted. These results 
bring our conclusion (but not our values) into agree- 
ment with that of Stuart and Marshall® (but for 
different reasons). J is small and of the wrong sign to 
account for the observed ferromagnetism of the tran- 
sition metals. 


IV. DISCUSSION OF DIRECT EXCHANGE 
AND A MORE EXACT MODEL 

We have been studying the predictions of a model of 
exchange interaction which has, as we have noted, 
serious deficiencies. In this section we will consider 
some aspects of what would be involved in a more 
rigorous treatment which uses the two-atom localized 
orbital picture as its basis. It is beyond the scope of 
the present paper, however, to either report such an 
investigation or to give a detailed description of how it 
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TABLE V. A,’s [see Eqs. (22) through (25)] and the resultant J’s (in au) for Co and Co** 
The J’s to which the A,’s are added are also included. 


3d orbitals at rap=4.75 au. 


J of Table 
Il or IV 


—0.001073 
0.000037 
0.000004 

—0.000295 
0.000007 

—0.000007 

0 
0.000003 
0.000001 


—().00050 
0.00056 
0.00016 

—0.00151 


0.000053 


0 
0.000001 


0 
0 
0 
0 


0.00013 
0 
0 
0.00004 


Ai 


Ain 





0 
0.000009 
0.000003 


Cot** at rap=4.75 au 
0.000045 
0.000034 
0.000027 
0.000001 
0.000020 

0 


—0.000120 
—0.000042 
0.000003 
— 0.000005 
— 0.000007 
0 
0 
— 0.000004 
— 0.000001 


Co at rap =4.75 au 


0.00049 
0.00032 
0.00020 
0.00003 


—0.00131 
—0.00061 
—0.00005 

0.00012 


0.000002 
0 


0 
0 
0 
0 
0 
0 
0 


0.00002 

0.00001 
0 

0.00002 


Aiv 


Ay 


0 
—0.000018 
—0.000036 

0 

0 

0 

0 

0 

0 


0 
0.00016 
0.00031 


preceding 
terms 


—0.001093 
0.000011 
—0.000002 
—0.000298 
0.000020 
—0.000007 
0 
0.000008 
0.000003 


—().00117 

0.00012 
0 

0.00154 


0.00017 0.00038 
0.00011 0 

0 0.00002 
0.00013 0.00018 
0.00003 0.00006 


should be carried out. The approach utilizes configu- 
ration mixing, some aspects of which have also been 
used in Van Vleck’s “minimum polarity” model* of 
exchange. Before discussing what the approach would 
involve and what some of its limitations might be, let 
us consider several investigations which shed light on 
some phases of how the problem could be handled and 
in what way the results should be viewed. 

The hydrogen chain problem, which is amenable to 
solution, has been the subject of considerable investi- 
gation.* Mattheiss*® has recently reported a detailed 
configuration interaction study for the six atom case 
where, using H 1s orbitals, all configurations were 
considered and all multi-center integrals* were evalu- 
ated and used. Configuration interaction calculations 
were done for wave functions of common symmetry 
and then the resulting energy spectrum was fitted to 
see how well it matched a vector coupling equation 
[ Eq. (7) ]. The chain was studied as a function of inter- 
nuclear separation and at the stable internuclear 
distance of ~2 au (i.e., where the ground-state total 
energy is a minimum) it was observed that neither a 
single configuration atomic (localized) orbital nor a 
single configuration molecular (itinerant) orbital de- 
scription satisfactorily yields the energy spectrum, i.e., 
configuration interaction or perturbation theory is 
necessary. In addition, using perturbation theory, 
Mattheiss obtained an analytic expression for an 
effective nearest-neighbor exchange integral J. While 


’L. F. Mattheiss, Phys. Rev. 123, 1209, 1219 (1961) and 
references therein. 

* The three- and four-center integrals, which are normally just 
estimated, were calculated using programs of M. P. Barnett 
(unpublished). 


— 0.00003 


0.00002 0.00053 
0 0.00011 
0 0.00002 
0.00012 0.00019 
0.00006 


there are many interesting features*? of Mattheiss’s 
results, the technique of inspecting the spectrum after 
configuration interaction, the perturbation theory 
analysis and the observation that a single configuration 
description is inadequate are of greatest interest to us 
here. The model of the preceding sections is, after all, a 
single configuration description. 

The hydrogen s orbital, one-electron (or pair of 
electrons) per atom case just discussed differs in many 
ways from the problem of interest here. Diatomic 
molecular calculations such as that of Nesbet*® for Ne 
are more akin to the case at hand. Nesbet’s investi- 
gation is of particular interest because he related the 
various types of configurations, which appeared in the 
calculation, to several mechanisms of superexchange 
theory. In addition he showed which configurations 
would contribute to a JS;-S; term and which would 
yield terms of a higher order in S. This relied on an 
observation*’ of a property of spin projected functions. 
In Nz» the unfilled shells are the atomic 2 and for some 
internuclear distances of interest Nesbet observed that 
the lowest energy single configuration was one in which 
some of the 2 orbitals were treated as atomic orbitals 
and some as molecular orbitals. This observation is of 
interest because the recent work of Anderson,** 
Clogston,** and Wolff on magnetic moments in alloys 
have emphasized the localized behavior of the orbitals 


5 See reference 30 and J. C. Slater, Quarterly Progress Report, 
Solid State and Molecular Theory Group, Massachusetts Institute 
of Technology, October 15, 1960, (unpublished), p. 4. 

46 R,. K. Nesbet, Phys. Rev. 122, 1497 (1961). 

7 P.O. Léwdin, Phys. Rev. 97, 1509 (1955) 

‘’ P| W. Anderson, Phys. Rev. 124, 41 (1961). 

® A. M. Clogston (to be published) 

 P. A. Wolff (to be published). 
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contributing to the moment. The one-electron energies 
of these orbitals overlap the conduction bands for which 
the itinerant orbital description is most appropriate. 
These observations suggest that the most successful 
single configuration or limited multiconfiguration de- 
scription of a pair of iron series ions is one in which 
some of the 3d orbitals are molecular orbitals and some 
are atomic orbitals. Nesbet discusses an approach 
similar to this for the metal; we will consider a much 
more limited investigation. 

We are interested in the magnetic interaction of an 
iron series ion with its neighbors in the crystal. We 
would like to treat a case such as the interaction of that 
ion with the cluster of its nearest neighbors. Unfor- 
tunately such an investigation is formidable and we 
will instead limit ourselves to the interaction between 
a pair of neighbors. 

Above, we have surveyed several investigations which 
help illustrate how one might treat the problem. Let 
us now briefly consider what would be involved in 
such an investigation. This will be followed by a dis- 
cussion of two shortcomings associated with such a 
treatment. 

For our example let us consider the problem for a 
pair of Ni atoms. If one considers all functions belonging 
to a particular set of configurations the resulting con- 
figuration interaction calculation is on a smaller scale, 
hence simpler, than investigations with similar sets for 
Fe or Co. This does not necessarily mean that in 
practice the Ni: case converges more rapidly to a 
“final” result. 

As already observed, energy band results tell us that 
configurations involving 4s as well as 3d orbitals should 
be included in the investigation. In addition there is 
also “4p” behavior in both the “3d” and “4s” bands 
and therefore configurations involving 4) orbitals 
cannot be ignored. Eqs. (22) to (26), above, suggest that 
the presence of 4s and 49 orbital behavior in the many- 
electron function will play an important role in the 
spin dependent terms of the energy. Perhaps the 4p 
character can be introduced with some “hybridized” 
orbitals* in such a way as to minimize the complications 
(i.e., the number of additional configurations) asso- 
ciated with the 49 orbitals. 

Let us consider the scale of the configuration inter- 
action problem where neutral, singly, and doubly 
ionized (one ion positively and at the same time, the 
other negatively) ion configurations are included. If 
one restricts oneself to configurations involving just 
3d and 4s orbitals one has a problem involving over 
eleven thousand different molecular functions. If one 
adds atomic configurations of the form 3d"*4p’ to 
those already considered, the number of molecular 
functions increases by a factor of one hundred. Other 
types of “4 configurations” would further increase 
the scale of the problem. 


“| As suggested by J. C. Slater (private communication). 
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The problem is not as formidable as the numbers 
above suggest. First, we could be selective in the ‘4p 
configurations” and secondly the problem factorizes 
since the many-electron Hamiltonian has zero-valued 
matrix elements between molecular functions of 
differing spacial and/or spin symmetry. Secondly, a 
number of the molecular symmetries will be associated 
with states of high energy and so can be ignored. 
Finally, judicious use of molecular many-electron 
functions constructed from sets of atomic and molecu- 
lar orbitals could reduce the number of important 
configurations. 

The scale of such a computation depends on the 
specific choice of many-electron functions which are 
included. A “reasonably” defined scope of the problem 
is likely to involve one with at least a few secular 
equations which are 5050 to 100X100 in dimensions 
(as against the 8X8 treated by Nesbet). Such cases 
can be solved with current computational techniques. 
More serious is the question of accurately evaluating 
the matrix elements in the matrices to be diagonalized. 
The problems of numerical accuracy encountered by 
us in the present paper (such as matrix elements of the 
“clothed” potentials) are less serious than what would 
be involved here. Terms such as Eqs. (22) to (26) and 
others of similar form would have to be included. 
Reduction in the scope of the investigation and the 
use of perturbation theory for all but the most im- 
portant configurations” would reduce the number of 
matrix elements to be evaluated but it will not resolve 
the problem of numerical accuracy. Greater accuracy 
than what we have obtained is necessary for such an 
investigation. Another, more easily resolved, difficulty 
is that of obtaining the properly symmetrized functions 
for which the matrix elements are to be evaluated. For 
an investigation of this scale it might be desirable to 
do the group theory on a digital computer as Mattheiss® 
did for his problem. Observations of the type made by 
Nesbet® would be more difficult because of the more 
complicated (due to several partially filled shells) 
spatial symmetry problem. 

Assuming that such a Ni» configuration interaction 
investigation was carried out and that the resulting 
energy spectrum is scrutinized, there remains the 
question of what bearing the results have on the mag- 
netic properties of the metal. First, do the symmetries 
built into the molecular calculation distort the relevance 
to the metal and secondly, how would the presence (if 
included) of the other neighboring ions in the metal 
perturb the results? Paired electrons associated with 
these neighbors would make nonzero contributions to 
total energies in a manner similar to the effects dis- 
cussed in Sec. III. Except for new “clothed” Coulomb 
potential terms, the contributions would be proportional 
to the fourth and higher orders (note that our investi- 


* Nesbet, reference 36, believes that perturbation theory can, 
in practice, be relied on for this. See his Table IV for a comparison 
of configuration interaction and perturbation theory results. 
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gation was limited to second-order terms) in overlap 
integrals. While these individual contributions are 
small, there are many of them and they greatly increase 
the possibility of the “overlap catastrophe.” This is a 
problem which Carr® has investigated. Experiments 
using inert gas crystals‘* as hosts for near neighbor 
pairs of iron series ions would help resolve the impor- 
tance of the symmetry and additional neighbor effects. 
Experimental data of this sort would provide an in- 
valuable link between such a theoretical investigation 
and the observed magnetic properties of the metals— 
and in fact would indicate whether a two-interacting- 
atom description is relevant to the metal’s ferromagnetic 
behavior. 


V. SUMMARY AND CONCLUSION 


We have been investigating the role of direct exchange 
as a mechanism responsible for ferromagnetism by 
carrying out accurate calculations with the Heisenberg 
model, but extended and refined in several ways. In 
this way we have been able to check the predictions of 
the theory with experiment. We have determined the 
sign and magnitude of the direct exchange integral, 
J, as a function of internuclear separation (about 
which there has been considerable speculation and 
controversy) for several cases for which, as Léwdin has 
shown, J is rigorously defined. 

We first considered a pair of atoms with a single 
electron per atom, corresponding to the case of two 
hydrogenic atoms. J was calculated for the unrealistic 
but historically interesting case of hydrogen 3d func- 
tions and the computationally more difficult case of 
the exchange between 3d orbitals for the iron series 
elements. Calculations for all pairs of 3d orbitals showed 
that J is sensitive to the angular dependence of the 
wave functions—and to the precise radial shape as 
well. It was seen that J,, is not necessarily the dominant 
term and that other J’s can in fact be larger. In our 
observations for the hydrogen orbitals [for which Eq. 
(14) holds exactly ] we have seen that the behavior of 
the “diagonal” J’s (i.e., between like 3d functions on 
each center) as a function of internuclear separation 
does not consistently follow any one of the forms 
suggested by past authors (an observation which relates 
to an historic and fascinating controversy‘). The fact 
that the iron series 3d functions are not eigenfunctions 
of the hydrogenic Hamiltonian was found to markedly 
affect the results. The “correction” terms dominate, 
changing J’s which might otherwise be positive (the 
Stuart and Marshall result) to large megalive values 
(i.e., opposed to ferromagnetism). 

We then discussed the more realistic case of a single 
hole in otherwise closed shells; our example was Co in 
the 3d* configuration. Here the effect on J of “clothing”’ 
the atoms with the remaining electrons (both in the 

“W. J. Carr, Jr., Phys. Rev. 92, 28 (1953). 


“ Work along these lines is underway at the Lawrence Radiation 
Laboratory at Livermore, California by E. Lee. 
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core and in the rest of the 3d shell) was considered, 
first with regard to the effect of the core electrons on 
the one-electron potentials and secondly with respect 
to the effect of the overlap of the core electrons. From 
an analysis of these terms it was suggested that the 
paired ‘‘4s” conduction electrons of the metal can play 
an important role in “direct exchange,” quite aside 
from a Zener type of effect. We saw that the effect of 
clothing was to reduce the magnitude of J (i.e., make 
less negative) and that while the diagonal J’s were 
themselves fairly large the positive nondiagonal terms 
greatly reduced the diagonal estimate and gave final 
J ay’s which were still negative but smaller in magnitude 
(by one order) than the observed values. While the 
core overlap terms, i.e., the A’s of Eq. (22) through 
(26), do not appreciably affect the Jay’s they are sizeable 
and can greatly perturb the individual J’s, thus making 
the results even more sensitive to the occupancy argu- 
ment used. Finally, a more exact model of two-atom 
exchange was discussed as were some of the problems 
inherent in carrying out such calculations. 

From these results one may conclude that either the 
direct exchange mechanism is not the dominant source 
of the ferromagnetism of the transition metals or that 
the direct exchange model is an inappropriate descrip- 
tion of their magnetic behavior. Our particular prefer- 
ence is for the latter point of view. 
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APPENDIX 


We consider here the form of the Hartree-Fock 
equations that are actually solved and the implications 
of this form on the evaluation of direct exchange terms. 


Let us rewrite Eq. (20) for Co 3d orbitals in the form: 


a (1— Py) 
| | = b;* (ro) bi(rddea +R | dir) 


ri 


=e@i(r1), (A1) 


where @; is a 3d orbital. The sum (j= 1 to ») is over all 
occupied 3d orbitals and R includes nuclear potential, 
kinetic energy and two-electron Coulomb and exchange 
terms involving the 1s, 2s, 2p, 3s, and 3p shells. For 
the case of an unfilled 3d shell, the effect of the term in 
square brackets is a function of the m; and m, values 
associated with ¢; while R is not. In practice we solve 
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Hartree-Fock radial equations and the radial form of 
Eq. (Al) is: 


| | Omi (O,p)Xmef ¥ Omi (O,)Xms snadddgds |U.(r) 


=¢€U;(r), (A2) 
where U, ©, and x are the radial, angular, and spin 
parts of ¢; and the {_ } term is that of Eq. (A1). As 
already indicated, the operator in [ ] is dependent of 
m, and m, and as a result different U’,’s would be 
obtained for ¢,’s of differing m; and m, if such equations 
were solved. Now we want a single U(r) per shell and 
the normal* way of obtaining this is to solve Eq. (A2) 
averaged over occupied m; and m, values, i.e., 


* ; 
| > ( | O,*(0,0)X.{ }0,(0,o)x snalodeds 


n 


KU salr) = easy aa(r). (AS 
Here we have a radial equation with an averaged 
operator multiplying U’34(r). Unfortunately the parallel 
situation does not occur for an equation written for the 
¢;’s, i.e., one does not have an averaged operator 
operating on ¢;. The averaging involves the angular 
and spin behavior of the set of occupied ¢,’s. In other 
words, the ¢,’s are not strict eigenfunctions of an 
equation of the form 


Ho@:=€0; OF Eni, (A4) 


where H, includes terms or the average of terms of the 
type appearing in Eq. (20). 

This considerably complicates effecting a cancel- 
lation of terms after the manner used in Sec. II. As 
already indicated, such a cancellation is extremely 
desirable since it appreciably reduces the accumulation 


AND -R. E. 


WATSON 
of numerical errors in the evaluation of J. The cancel- 
lation is between the terms 

Sarldo| H | a)—Sav(ba! H ga), 


where H is defined for the nine 3d-electron Co atom. 
If Eq. (A4) did hold one would merely have to evaluate 


Sarr! H—H,\¢a)—Sav(oa! H— dH, | ¢.). (A6) 


(A5) 


The R terms of Eq. (Al) would drop out of each 
integral and terms of the type appearing in { } would 
undergo substantial cancellation within each integral 
separately. The second term can be easily evaluated 
for the case at hand separately. One simply multiplies 
equations similar to Eqs. (A2) (defined for H) and 
(A3) (defined for H,) by U;a(r), integrates and takes 
the difference.*® Since Eq. (A4) does not hold, the first 
term cannot be similarly handled and it is perhaps 
easier to evaluate Eq. (A5), abandoning the cancel- 
lations and accepting the accumulated errors. 

Fortunately, U3a’s which are eigenfunctions of Eq. 
(A3) are approximate eigenfunctions of Eq. (A2). This 
in turn implies that Eq. (A5) approximately equals zero 
if U3qa was obtained for the nine 3d-electron ion. In 
turn it implies that if we are using the Cot* U3q that 
we need only consider those terms involving the two 
3d electrons which contribute to the H of Eq. (AS) 
(which we remind the reader, is defined for the neutral 
atom) but do not appear for the Cot* ion. We have 
done this in the work reported in Sec. III since the 
errors introduced in an attempt to evaluate either 2 
[see Eq. (19)] or A, [Eq. (22)] with our integrals 
appear to be more serious than those associated with 
following such a policy. We expect that the errors will 
affect the last digit of the J’s so reported (see Tables 
IV and V). 

This is simply the difference between e,, and «. These 
quantities have been tabulated for the Co orbitals used here [see 


R. E. Watson, Tech. Rept. No. 12, Solid State and Molecular 
Theory Group, 1959 (unpublished) ] 
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Paramagnetic Resonance of Trivalent Pm‘’ in Lanthanum Ethyl Sulfate* 
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Paramagnetic resonance absorption at 3-cm wavelengths is observed for trivalent Pm!’ in a single crystal 
of lanthanum ethyl sulfate at 4.2°K. The observed spectra correspond to eight hfs transitions of a system 
described by the spin Hamiltonian # = g,,8H,S,+AI,S,+4,S,+Ay,Sy, with S =}, I =4, | g,,| =0.432+0.004, 
and |A|/h=496.6+4 Mc/sec. The value of A= (A,?+A,?)! is not directly measured in this experiment but 
is known from nuclear alignment to be A/k=0.02+0.01°K. The line shapes exhibit an asymmetry typical 
of non-Kramers doublets and become unobservable in a few days presumably due to broadening from radia- 
tion damage to the crystal. The experimental value of g,, is found to be in reasonable agreement with that 
predicted from crystal field theory. Effects from higher J level admixtures are taken into account in estimat 
ing the nuclear magnetic moment value |(Pm"”) | =3.0+0.3 nm. 


I. INTRODUCTION 


HE electronic configuration of trivalent pro- 
methium is that of Xe plus 4f* and according to 
Hund’s rules the free-ion ground level is §J4. When this 
ion is substituted for lanthanum in the ethyl sulfate, 
La(C2HsSO,4)3:9H,0, the 9-fold degeneracy of the J=4 
ground level is partially removed by the crystal field of 
Cs, symmetry, yielding three doublets and three 
singlets. For values of crystal fields interpolated from 
adjacent non-Kramers ions one would expect the lowest 
energy state to be a non-Kramers doublet.' Paramag- 
netic resonance of such non-Kramers doublets has been 
generally discussed by Baker and Bleaney? who have 
used a spin Hamiltonian of the form 


K= guBHS.+AIS.+AS2t+AySy. (1) 


Here 8 is the Bohr magneton and the terms represent 
the Zeeman interaction of an effective spin S with an 
applied field H,, the magnetic hyperfine interaction 
with nuclear spin J, and A, and A, represent the effects 
of random crystal field distortions and allow resonance 
to be observed. In this paper we report the observation 
of the paramagnetic resonance of Pm** in lanthanum 
ethyl sulfate and compare the results with those pre- 
dicted from crystal field theory. 


Il. EXPERIMENTAL DETAILS AND RESULTS 


Approximately 10 millicuries (5X10'* ions) of tri- 
valent Pm" were grown into a single crystal of lan- 
thanum ethyl sulfate whose mass was about 300 mg; 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

t Present address: Physics Department, University of Illinois, 
Urbana, Illinois. 

t Associate Research Professor in the Miller Institute for Basic 
Research in Science. 

'R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 

2 J. M. Baker and B. Bleaney, Proc. Roy. Soc. (London) A245, 
156 (1958). 


this corresponds to a 0.02 mole-% doping. Pm" has a 
2.64-yr half-life and emits weak y rays and 0.22-Mev 
beta rays, which damage the crystal structure. The 
crystal was sealed with GE 7031 varnish, mounted in 
a rectangular 7,9; mode cavity and placed in a metal 
helium Dewar between the poles of a magnet capable 
of producing fields up to 22 koe. The paramagnetic 
resonance spectrometer operated at ~9kMc/sec, and 
used video detection and modulation at 155 cps. The 
search for the Pm resonance was executed at 4.2°K at 
a frequency of 8.890 kMc/sec. 

Eight broad equally intense and equally spaced reso- 
nance lines of asymmetric shape were observed at high 
magnetic fields for various crystal orientations. Figure 1 
is a trace of the absorption derivative observed with the 
z axis of the crystal at an angle of 2.5° to the dc field H. 
The absorption derivative exhibits the asymmetry 
typical of non-Kramers doublets? which reflects the 
randomness of A, and A, from one paramagnetic site to 
another and results in an absorption curve with a sharp 
high-field cutoff. It is also a characteristic of these 
doublets that the transition probability is a maximum 
when the rf magnetic field is parallel to the dc magnetic 
field. 

The exact energy eigenvalues of Eq. (1) give rise to 
transitions when 


hv=((g,.8H cos0+ Am)?+ (AZ+A,?) ]}, (2) 


ersteds 


Fic. 1. Derivative of paramagnetic resonance absorption of 
0.02 mole-% trivalent Pm" in a single crystal of lanthanum ethyl 
sulfate at y=8.890 kMc/sec and T=4.2°K. The angle between 
H and the hexagonal crystal axis is 2.5°. The lines correspond to 
eight hfs transitions with S=4 and J=}. The absorption lines 
exhibit the asymmetric shape typical of non-Kramers doublets. 
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where v is the rf frequency, m is the nuclear spin mag- 
netic quantum number, and @ is the angle between the 
dc magnetic field and the hexagonal crystal axis z. The 
observation of eight hfs lines confirms the nuclear spin 
1(Pm™*)= 3, previously obtained by optical’ and 
atomic beam‘ measurements. 

The angle @ was determined by the paramagnetic 
resonances due to Ce* also present! as an impurity in 
the crystal together with Sm** and Pr*+. The spectrum 
was examined at four crystal orientations, each differing 
by about 10° and starting from a nearly parallel direc- 
tion. The value of A= (A2+<A,7)! in Eq. (2) could not 
be determined directly since the spectrum was observed 
at only one frequency, but Shirley e¢ a/.° have studied 
the y-ray anisotropy from oriented Pm'™ in neodymium 
ethyl sulfate and conclude that A/k=0.02+0.01°K. 
Using this value and probable error for A, the magnetic 
field values for maximum absorption best fit Eq. (2) 
for =} and S=} when 


and 


A|/h=496.6+4 Mc/sec. (3) 


The average deviation between all observed and pre- 
dicted absorption peaks (derivative nulls) is then 23 oe 
(0.15%). 

The linewidth can be described by the equation 
6H cosé= constant, where 6H is the width between the 
high-field derivative peak and the derivative null. For 


the first crystal, which had been grown 12 hr prior to 
the resonance experiment, (6H cos@),y=147410 oe. 
The same crystal was examined again after four days 
and no Pm resonance was observed, presumably because 
radiation damage to the crystal had broadened the lines 
excessively. A second crystal with approximately the 


same mole percent of Pm** was found to have a 
narrower linewidth, 6H cos@ being about 50 oe, when it 
was examined at 4.2°K within 4 hr of the end of its 
growth. 

An electron-nuclear double resonance (ENDOR) 
experiment was attempted on a third newly grown 
crystal at 2.0°K at a microwave frequency of 8.520 
kMc/sec. The transition corresponding to m=+-} in 
Eq. (2) was partially saturated while a second rf mag- 
netic field whole frequency varied from 200 to 280 
Mc/sec was introduced at the crystal site. No change 
in the amplitude of the electron resonance signal greater 
than noise (4%) was detected. Negative results were 
also obtained for ‘he m= —§ transition. 

Nuclear alignment experiments of Pm isotopes per- 
formed at Oxford® have indicated that when Pm** is 
grown into single crystals of concentrated cerium mag- 

?P. F. A. Klinkenberg and F. S. Tomkins, Physica 26, 103 
(1960). 

*A. Cabezas, I. Lindgren, E. Lipworth, R. Marrus, and 
M. Rubenstein, Nuclear Phys. 20, 509 (1960). 

®*D. A. Shirley, J. F. Schooley, and J. O. Rasmussen, Phys. 
Rev. 121, 558 (1961). 

*C. J. S. Chapman, M. A. Grace, J. M. Gregory, and C. V. 
Sowter, Proc. Roy. Soc. (London) A259, 377 (1960). 
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nesium nitrate, a singlet state probably lies lowest with 
a doublet about 1 cm higher. We have examined two 
lanthanum magnesium nitrate crystals containing 0.02 
mole percent Pm** at various orientations at a fre- 
quency of 8.2 kMc/sec at a temperature of 2.0°K. No 
resonances due to Pm were observed for magnetic fields 


up to 22 koe. 


III. THEORETICAL INTERPRETATION 


The effect of a crystal field of Cs, symmetry on the 
levels of Pm** can be treated using the methods of 
Elliott and Stevens.” The operator corresponding to the 
crystal potential can be written as 


KRy=A2 ¥ (32—P)+AP Dd (352'—30r'2?+ 3r') 
+A’ > (2312.—3159%s!+ 105942? —5r°) 
+A 8 Do (x8 — 1524? + 15x?y'— y') 
=V{+V0+V0+V.5, (4) 


where the summation is extended over the coordinates 
of all electrons. The matrix elements of V,” in Eq. (3) 
can be evaluated by the operator equivalent method of 
Stevens’ and involve A,”{r"), a known function of J, 
J,, and a reduced matrix element as tabulated by 
Elliott and Stevens.’ The crystal field parameters 
A,r") which best fit the observed optical and para- 
magnetic resonance data for several other rare-earth 
ethyl sulfates have been given by Judd.” We take the 
average of his values for Pr** (4f*) and Eu** (4f*) to 
give approximate values for Pm** and find 


A*(r’)=65+8 cm", 

Ag{r’)= —82249 cm", 
A P(r) = —4442 cm", 
A®(r*) = 585438 cm“, 


where the “errors” represent one half the difference 
between the corresponding best fitting values for Pr** 
and Eu**. With these center values the diagonalization 
of the crystal field interaction, Eq. (4), within the J/=4 
ground level results in a non-Kramers doublet lying 
lowest, whose wave functions are approximately 


| +)=0.63| J=4, J,= +4)—0.78| J=4, J,=F2). (6) 
For this wave function the value of g,; is given by 


go™ 2A(+ J a 0.44, (7) 
where A=.’ Although this is in good agreement with 
the observed value, Eq. (3), we feel that this may be 
fortuitous for the following reason. The predicted value 
of gi is very sensitive to the assumed crystal field 


7R. J. Elliott and K. W. H. Stevens, Proc. 
A218, 553 (1953). 

* K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952). 

* We note that their (J||y||J) for Pm** is correctly given by 
2? 17 X19/3*K 7X 118 13. 

i B. R. Judd, Mol. Phys. 2, 407 (1959). 


Roy. Soc. (London) 





PARAMAGNETIC 


parameters of Eq. (5). For example, a change in A ,°(r°) 
of 2 cm™ (i.e., within its uncertainty) produces a 15% 
change in the calculated g value. 
We note that the exact mixture of | J=4, J,=4) and 
J=4, J,=—2) states required to yield the observed 
value of gi, is 


+)=0.627|4, +4)—0.779|4, 2). (8) 


Using this wave function we evaluate the magnetic 
hyperfine constant 


A=4(un/DB(r)(+ | N.|+), (9) 


taking (r~*)=36.6 A~ as given by Judd and Lindgren" 
to find |u,|=3.4 nuclear magnetons for Pm’. This 
value is surprisingly large since the unpaired proton of 
the nucleus would be expected to lie in a g7/2 level from 
simple shell theory with resulting Schmidt and Dirac 
limits of +1.72 nm and +3.11 nm, respectively. 
Further, Klinkenberg and Tomkins* have estimated the 
nuclear moment to be 2.7 nm from optical data with an 
estimated error of less than 10%. We have not yet 
considered admixture from higher J levels and, as will 
now be shown, such admixtures affect the results 
critically. 

Crozier and Runciman” have studied the optical 
spectrum of Pm** in solution and conclude that the 
energy difference between the J/=4 and J=5 levels, 
mostly due to spin-orbit interaction, is about 1586 cm™. 
The effect of Eq. (4) operating within and between the 
J=4 and J=5 manifolds is to admix |J=5, J,=4) 
and | J=5, J,=—2) states with the | J=4, J,=4) and 
|J=4, J,=—2) states. The matrix of the spin-orbit 
and crystal field interactions [Eq. (4) with the values 
of Eq. (5) ] between these four basis states can be cal- 
culated with the aid of the reduced matrix elements” 
and the result is 


5,4) |5, —2) 
100.0 —68.8 
67.7 ; 135 9.7 
100.0 135 1584 —25.1 
—68.8 9.7 —25.1 1603.5 


—27.: 


(5,4 
(5, —2 


where the energies are expressed in cm~ and the energy 
of the degenerate J=4 level is arbitrarily set equal to 


1B. R. Judd and I. P. K. Lindgren, Phys. Rev. 122, 1802 
(1961). 

2M. H. Crozier and W. A. Runciman (to be published). 

‘8 Reduced matrix elements required for the crystal field 
interaction in addition to those tabled by Elliott and Stevens 


(see reference 7) are: (J=5jla\|\J=5)=29/3?X5X11X13, 
J =5)|e\|J =5)=2*X 17/3?>XS5X7X11?XK13, and (J=5||y\|J=5) 
= —19/33X7X112X 13. The additional reduced matrix elements 
required to calculate gu and (+|N.|+) are (J=5||Al|J=5)=9/10 
and (J =5\|N||J =5)=709/660. 
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zero. The energy eigenvalues and eigenfunctions of this 
matrix have been calculated on an IBM 704 computer 
and the lowest energy eigenvalue is E= — 113.63 cm™ 
as compared with the zero-order energy of —111.0 cm—. 
The associated eigenfunction is 


| +)=0.6125|4,4)—0.7894|4, —2) 
+0.0271|5,4)+0.0294|5, —2), (11) 


yielding a calculated g value of g,,= +0.256. As the co- 
efficients of the two admixture terms from the J=5 
level should not depend so critically on the values of 
the crystal field parameters, one might reasonably try 
to adjust the first two coefficients in Eq. (11), keeping 
the last two fixed to bring the calculated g value to 
0.432. The result is the function K: 


+ )=0.6317'4,4)—0.7741/4, —2) 


+0.0271) 5,4)+0.0294|5, —2). (12) 


From Eq. (12) (which we feel to be the best over-all 
estimate of the wave function) one can calculate 
(+|N.|-+)=+0.565, which yields 


| wn(Pm"7)| =3.0 nm, 


(13) 


using the same value of (r~*) as before. We feel that this 
value may be in error by as much as 10% because of 
the critical dependence of g,, and (+|N.|+) on the 
admixtures of higher states and the uncertainty in the 
crystal field parameters. 

Because consideration of the °J; level changed the 
theoretical value of g;; and uw substantially we have also 
computed the effect of the °/. level, using the spin-orbit 
spacing E(°/.)—E(*l,)=3305 cm™ given by Crozier 
and Runciman.” The computation of the matrix ele- 
ments of the crystal field terms in such a calculation is 
greatly facilitated by the use of Eqs. (25) and (26) 
given by Elliott, Judd, and Runciman, which allow 
one to express such elements as (J = 4, J/,=4|V2°|J=6, 
J,=4), etc., in terms of tabulated 3—j7 and 6—j 
symbols. 

An analysis was thus performed similar to that out- 
lined above but considering the *J¢ level as well as the 
57, and °/; levels. Using the crystal field parameters 
given in Eq. (5), we obtained a theoretical value of 
gi.=0.213 for the lowest doublet. After adjusting the 
|4,4) and |4, —2) coefficients to yield the experimental 
g value, one finds that the calculated |u| value is 
affected by less than 0.5%. 
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The differential cross section dex, for the Compton scattering of 660-kev photons by the K-shell electrons 
of tin and gold, is determined by an experimental method in which a scattered photon is selected in coinci 
dence with an accompanying K x ray. This cross section is compared with the Klein-Nishina cross section 
dor for an electron initially free and at rest. The results show that the ratio dox/dor approaches zero as the 
photon scattering angle decreases to zero. This behavior agrees qualitatively with the small angle behavior 
predicted by exact nonrelativistic calculations for the hydrogen atom. For large angles, this ratio is greater 
than unity and at 110 degrees is equal to approximately 1.2 for tin and 1.4 for gold. The experimental values 
for dex at large angles agree with the theoretical values for the Compton cross section (averaged over the angle 
between the incident photon and electron) for electrons initially free but with velocities corresponding to the 
K-shell binding energy. Also, the results indicate that the small- and large-angle behavior for dex has a 
compensating effect in which the ratio of the total cross sections ¢x/or (integrated over the photon scatter 
ing angle) is approximately equal to unity for both tin and gold. 


1. INTRODUCTION 


HE Compton process generally refers to the case 
in which a photon is scattered by an electron 
initially at rest and free to the extent that the atomic 
binding energy is negligible compared to the energy 
acquired from the photon. Under these conditions, the 
quantitative behavior' of the process is relatively well 
established. The kinematics for the process are derived 
from the usual conservation laws and the cross section 
is predicted with good accuracy by the Klein-Nishina 
formula.! 

On the other hand, the process becomes more com- 
plicated for the case where the binding energy of the 
electron cannot be neglected. The bound electron forces 
the atom to participate in the process and there is a 
certain probability that energy will be transferred to the 
atom. In the present discussion, the Compton process 
for the bound electron refers only to the incoherent 
scattering process in which the atom absorbs energy. 
A comparison of the Compton process for a free electron 
and for a bound electron can be expected to reveal two 
important differences: (1) the energies of the photons 
scattered at a particular angle by bound electrons are 
not uniquely determined, but have a certain distribution 
extending from zero to ko—J, where &o is the incident 
photon energy and / is the binding energy of the elec- 
tron, and (2) the differential Compton cross section at 
small angles is less for a bound electron than for a free 
electron. At present very few quantitative studies of 
these differences are available. 

Most of the present information on the Compton 
process for bound electrons pertains to the energy 


*On assignment from the National Bureau of Standards, 
Washington, D. C., September 1960-1961. 

1 An extensive review of this behavior has been given by Robley 
D. Evans, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1958), p. 218. Also a summary of detailed data about the Compton 
process has been prepared by Ann T. Nelms, National Bureau of 
Standards Circular No. 542 (U. S. Government Printing Office, 
Washington, D. C., 1953). 


distribution (width of the Compton-shifted line) of the 
photon scattered at large angles (>90 degrees) by all 
of the electrons in an atom. This information was 
provided principally by DuMond and his collaborators. 
Their studies were carried out in the nonrelativistic 
region (kox<myc*) for atoms with low atomic numbers 
(Z<6). Under these conditions the initial photon 
energy is small compared to the electron rest energy, 
the energy transferred in the collision is small compared 
to the initial photon energy, and the atomic binding 
energies are less than the energy transferred in a free 
electron collision. The main results obtained in these 
investigations were as follows: (1) The energy distribu- 
tion of the Compton line was shown to correspond to 
the Doppler broadening produced by electrons having 
a given momentum distribution prescribed for electrons 
in the atom; (2) the energy width of the line at half- 
intensity was estimated to be approximately equal to 
4[ 7 (ko—f) }*, where J is the binding energy of the elec- 
tron and kp and & are the initial and final photon 
energies, respectively, for scattering by free electrons; 
and (3) the most probable photon energy for incoherent 
scattering by bound electrons at large angles is greater 
than the photon energy for scattering by free electrons 
by an amount of the order of #7 /(k.?—k/). 
Information' on the Compton cross section for bound 
electrons has been obtained mainly from nonrelativistic 
calculations. These calculations give estimates of a 
correction factor for the Klein-Nishina formula evalu- 
ated for all of the atomic electrons of a given element. 
This correction factor is expressed in terms of an in- 
coherent scattering function which gives the probability 
that an atom will absorb energy and be raised to an 
excited or ionized state when an incident photon 
transfers momentum to any of the atomic electrons. 
Different nonrelativistic atomic models have been used 


2 J. W. M. DuMond, Revs. Modern Phys. 5, 1 (1933); J. W.M 
DuMond and P. Kirkpatrick, Phys. Rev. 52, 419 (1937) and 54, 
802 (1938); F. Bloch, ibid. 46, 674 (1934); I and P 
Kirkpatrick, ibid. 46, 668 (1934) 
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TABLE I, Summary of coincidence data 


Target 
Thick- Inclination 
ness angle, a 
(mg/em*) (degrees) 


Target-crystal 
Scattering distance (inches) 
angle @ y ; 
(degrees) detector detector Z 

20 ‘ 0.75 

79 
0.75 
0.75 
1.75 


1.75 


a~aA+1a-141 8") 
NUN 


to estimate this incoherent scattering function.’ The 
general behavior of this function is that it approaches 
zero or unity depending on whether the momentum 
transfer to the atomic electron is small or large, respec- 
tively, compared to the initial electron momentum. It 
should be emphasized that the cross-section formula 
obtained from these calculations is a function of the 
photon scattering angle and is integrated over all photon 
energies‘ at a given angle. Also this cross section applies 
to photon scattering from all of the atomic electrons, 
which can have different binding energies. In addition 
to these nonrelativistic calculations,’ an experimental 
investigation of the Compton cross section for bound 
electrons has been reported by Brini et al.,°** with the 
result that the cross section for the Compton scattering 
of 660-kev photons by the A-shell electrons of lead is 
roughly an order of magnitude Jarger than the cross 
section for scattering by free electrons. 

The present work was undertaken to provide more 
data on the Compton cross section for bound electrons, 
and was prompted by the fact that the above experi- 
mental study by Brini et al.° did not account for false 
events which are of paramount importance in the 
determination of any meaningful data (see Secs. 2B, 2E, 
and Table I). In the present measurements the cross 
section for the Compton scattering of 660-kev photons 
from the K-shell electrons of tin (Z=50) and gold 


*A survey of the various theoretical results that have been 
obtained for the incoherent scattering function has been prepared 
by Gladys White Grodstein, National Bureau of Standards 
Circular No. 583 (U. S. Government Printing Office, Washington, 
D. C., 1957), p. St. 

4 An example of a cross-section calculation that is integrated 
only over a small interval of photon energies has been given by 
J. Randles, Proc. Phys. Soc. (London) 70, 337 (1957). This 
calculation is intended to estimate the correction due to incoherent 
scattering effects in coherent scattering measurements, and only 
applies to photons scattered incoherently at large angles from 
bound electrons in a small energy interval near the upper limit. 

5D. Brini, E. Fuschini, N. T. Grimellini, and D. S. R. Murty, 
Nuovo cimento 16, 727 (1960). 

5@ Note added in proof. We have been informed that a similar 
study for the K electrons of lead has been reported recently by 
Z. Sujkowski and B. Nagel [Arkiv Fys. 20, 323 (1961) ]. For small 
angles (<90°), their results for the cross section ratio dox/dor 
are qualitatively similar to the present results for the K electrons 
of tin and gold. For large angles where the momentum transfer 
to the electron is large compared to its initial momentum, their 
data is not sufficient to confirm the present results that this cross 
section ratio is larger than unity and increases with the average 
velocity (or binding energy) of the K electron. 


oincidence counting rate (seconds™) 


otal Chance False 
T : - 


Nx 

c F (=T—C —F) 
x108 x<108 x108 
.69 +0.10 8.57 +0.39 -70+0.50 
81 +0.20 7.4224 0.54 
-12 +0.09 7.90 +0.55 
12 +0.10 16.9 +0.8 
5.30 +0.26 18.4 +0.7 
0.458 +0.047 4.54 +0.29 
2.24 +0.11 5.00 +0.34 
0.530 +0.040 0.755 +0.100 
2.44 +0.08 0.550 +0.055 


1 
5 
1 


2.90 +0.35 
3.40 +0.41 
1.26+0.14 
1.80+0.17 


(Z=79) is investigated as a function of the photon 
scattering angle (from 20 to 110 degrees). The selection 
of only K-shell electrons in the scattering process 
permits a study of the cross section as a function of the 
atomic binding energy. The atomic binding effects are 
most important for the A-shell electrons, and in these 
measurements the K-shell binding energies of the high-Z 
targets are relativistic and are comparable to the 
incident photon energy. 


2. EXPERIMENTAL PROCEDURE 
A. Method and Arrangement 


The incoherent scattering of a photon by a K-shell 
electron requires the ejection® of the electron from the 
K shell. Therefore, there is a certain probability that 
this type of scattering will be accompanied by the 
emission of a K x ray. The above condition is used to 
distinguish between the photons scattered incoherently 
by the K-shell electrons and the photons scattered by 
the free (or more loosely bound) electrons. In the 
present measurements, the apparatus is designed to 
select events in which the scattered photon is emitted 
in coincidence with a K x ray. 

The experimental arrangement for these measure- 
ments is shown in Fig. 1. Photons with an energy of 
approximately 660 kev are emitted from a 10-curie 
radioactive source of Cs'*’, and pass through a colli- 
mator to the target. For the A-shell scattering there 
are two different targets: a 6.7-mg/cm? gold foil with 
the angle of inclination, a, equal to 60 degrees and a 
7.5-mg/cm? tin foil with a equal to zero degrees (see 
Fig. 1 and Sec. 2E). The scattered photons are detected 
by a scintillation spectrometer (y-detector in Fig. 1) 
with a ?-in. diam lead collimator and a 1-in. diam, 1-in. 
thick NalI(TI) crystal. The 0.3-g/cm? aluminum window 
of the y-detector crystal stops the electrons scattered 
from the target and from the edges of the collimator. 
(For scattering angles less than 60 degrees the aluminum 
window thickness was increased to 0.6-g/cm*.) Meas- 
urements were made for values of the scattering angle, 
6, equal to 20, 30, 40, 60, and 110 degrees. The K x rays 
emitted from the target are detected by a second 

* If the electron is not removed from the K shell as a result of 


the momentum transfer from the incident photon, the atom does 
not absorb any energy and the scattering process is coherent. 
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Fic. 1. Experimental arrangement. The y detector and the K 
detector are two scintillation spectrometers with a 1-in. diam, 
l-in. thick NaI(T1) crystal (behind a }-in. diam lead collimator) 
and a 1-in. diam, }-in. thick NaI(Tl) crystal, respectively. Dis- 
tances between the target and the detectors are given in Table I. 
The angle of the target inclination, a, is 60 degrees for the 6.7-mg/ 
cm? gold target and zero degree for the 7.5-mg/cm? tin target. 
Values of the scattering angle, #, are equal to 20, 30, 40, 60, and 110 
degrees. The permanent magnet in the collimator is used to reduce 
the number of electrons scattered in the direction of the target. 


scintillation spectrometer (A detector in Fig. 1) with 
a 1i-in. diam, }-in. thick NalI(Tl) crystal, which is 
positioned with its axis at an angle of 110 degrees with 
respect to the direction of the incident photon beam. 
The K-detector crystal is covered with a 0.013-g/cm? 
beryllium window for the tin target measurements and 
an additional 0.27-g/cm* aluminum foil (to absorb the 
L x rays) for the gold target measurements (see Fig. 3). 
The distances between the target and the detector for 
the different scattering angles are given in Table I. 
The pulses from each detector in Fig. 1 pass to an 
amplifier, a single-channel pulse-height selector with a 
window width that can be varied from zero to 100 v, 
and a coincidence analyzer with a resolving time of 
approximately 510-7 sec. This resolving time was 
found to be large enough to accommodate the inherent 
time spread between the pulses with the minimum and 
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maximum heights accepted by the window of the pulse- 
height selector. Samples of the pulse height distributions 
for each detector were obtained with a 200-channel 
pulse-height analyzer, and are shown in Figs. 2 and 3. 

The pulse height distributions for the y detector are 
given in Fig. 2. These distributions were measured with 
0.22-g/cm? aluminum target for values of @ equal to 20, 
40, 60, and 90 degrees. The photon energies correspond- 
ing to these values of 6 for Compton scattering from the 
electrons initially free and at rest are equal to 612, 508, 
402, and 288 kev, respectively. For all angles in the 
coincidence measurements, the window of the pulse 
height selector for the y detector accepts pulses with 
minimum and maximum amplitudes corresponding to 
the values at the peak intensity of the photopeak curves 
produced by photons with energies approximately equal 
to 100 and 750 kev, respectively. 

The pulse height distributions for the A detector are 
given in Fig. 3. These distributions are produced by the 
K xrays (~25 kev)’ emitted from a tin target [Fig. 
3(a)] and by the K xrays (~70 kev)’ and L x rays 


scattering angle 
degrees 
20 


tN 


(d) 


Fic. 2. Pulse height distributions of the y detector measured 
with a 200-channel pulse height analyzeryand with a 0.27-g/cm? 
aluminum target. The approximate photon energies corresponding 
to the different scattering angles are 610 kev for 20 degrees, 510 
kev for 40 deg, 400 kev for 60 degrees, and 290 kev for 90 degrees. 


7S. Fine and C. F. Hendee, Nucleonics 13, 36 (1955). 
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(a) 

K xrays 
for tin 

( =25 kev) 


td "tght 'e a 


(b) 

K xrays 
for gold 

( =70 kev) 


ee meee 


(c) 

Land K xrays 
for gold 

(+10 and 70 kev) 


Fic. 3. Pulse height distributions of the K detector measured 
with a 200-channel pulse-height analyzer. These curves represent 
the difference in the distributions obtained (a) with a tin target 
and with an equivalent aluminum target (having the same number 
of electrons per cm?), (b) with a gold target and with an equivalent 
aluminum target, plus a 1-mm aluminum absorber over the K- 
detector window, and (c) with the same targets as (b) but without 
the 1-mm aluminum absorber. 


(~10 kev)’ emitted from a gold target [Fig. 3(b) and 
(c) ]. The distribution (b) for the K x rays from gold 
shows a second small peak produced by the escape of 
the iodine K x rays from the NaI(TI) crystal, and the 
distribution (c) which was obtained without the 1-mm 
aluminum absorber shows the additional peak produced 
by the Z x rays from gold. For all angles in the coinci- 
dence measurements, the window of the pulse height 
selector was adjusted for each target to accept the total 
distribution of pulses produced by the K x rays from tin 
and from gold (including the iodine escape peak but not 
the Z x ray peak) as shown in Fig. 3(a) and (b). 


For the experimental conditions described above, we 
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can define the following quantities: 


Nx=Coincidence counting rate produced by érue 
events in which the y detector (Fig. 1) receives a photon 
incoherently scattered by a AK-shell electron at the same 
time as the K detector (Fig. 1) receives the accompany- 
ing K x ray. 

N r=Counting rate produced in the y detector (Fig. 
1) from photons scattered by electrons initially free and 
at rest. 

nx = Number of K-shell electrons per cm’ in the target 
in a plane perpendicular to the incident photon 
direction. 

nr= Number of electrons per cm? initially free and at 
rest in the target in a plane perpendicular to the incident 
photon direction. 

m= Number of photons per second incident on the 
target. 

Q,= Solid angle subtended by the y detector (Fig. 1) 
from the center of the target. 

€.(r) = Detection efficiency of the y detector (Fig. 1) 
for photon scattered in the acceptance solid angle, Q:, 
by electrons initially free and at rest. 

€x(K) = Detection efficiency of the y detector (Fig. 1) 
for photons incoherently scattered in the acceptance 
solid angle, 0, by K-shell electrons of a given target. 

x= Ratio of the number of interactions in the K 
detector (Fig. 1) produced by K x rays to the total 
number of K xrays emitted isotropically from the 
target. 

a%(x)= Fraction of photons initially scattered in- 
coherently by K-shell electrons into solid angle Q;, and 
not absorbed by the target. 

ay r) = Fraction of photons initially scattered by free 
electrons into solid angle Q,, and not absorbed by the 
target. 

ax=Fraction of K x rays initially emitted into the 
acceptance angle of the A detector (Fig. 1) and not 
absorbed by the target. 

x= Probability that a K x ray will be emitted from 
the atom when an electron is removed from the shell 
(K-fluorescent efficiency). 

dox=Cross section for Compton scattering by K- 
shell electrons. This cross section is differential with 
respect to the photon scattering angle, and is integrated 
over all energies of the scattered photon. 

dor=Cross section for Compton scattering from 
electrons initially free and at rest. This cross section is 
differential with respect to the photon scattering angle. 

With the above definitions, the differential cross 
section per unit solid angle for the Compton scattering 
of 660-kev photons at a given angle by the K-shell 
electrons of tin and gold, is given by the following 
equation : 


(1) 


On the other hand, the differential Compton cross 


doK da= Nr MN KAK@KEK €) (K)Qk(K \Qy. 
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section per unit solid angle for the scattering of 660-kev 
photons at a given angle by the electrons that are 
initially free and al rest in a target, is given by the 
following equation: 


dor dQ=N F MN Pax PF) ECF LE. (2) 


Then the ratio of the cross sections defined by Eqs. (1) 
and (2) is given by the following equation: 


dox VK Ny €K(F Akt 
Sm fee ares te Bae 

do; \; kK ELC K)EK ¢ a4(K)aK 
This method of determining the cross section dox in 
terms of the ratio dox/doy, simplifies the experimental 
problems and at the same time ties the measurements 
to the predictions of the well-established Klein-Nishina 
formula. The procedure for determining the various 
quantities in Eq. (3) is outlined below, along with 
estimates of the various systematic errors. The ratio 
np/ nx is readily determined from the information about 
the targets given below (Secs. 2C and 2E), and is 
estimated to have an accuracy of better than 5%. 


B. True Coincidence Counting Rate 


The coincidence counts produced by érue events must 
be distinguished from chance coincidence counts and 
from coincidence counts produced by false events. 
Therefore the true coincidence counting rate Nx for a 
given angle is given by the following equation: 


Nx=N,—N.—Ny, (4) 


where .V; is the total coincidence counting rate measured 
with a given target (tin or gold), NV. is the chance 
coincidence counting rate, and N, is the false coinci- 
dence counting rate. 

The chance rate V. was measured initially for some 
cases by the insertion of a 2-ysee delay line in one 
detector channel. For the remaining cases, the chance 
rate was calculated from the usual expression, 2rV,N2, 
where the counting rate of each channel NV, and N; is of 
the order of 100 counts per second for all cases. Several 
measurements were made of the resolving time, r, 
which was found to be consistently equal to 5.3X10~7 
sec. 

Two possible sources for false coincidence counts are 
(a) secondary production of K x rays in the target by 
recoil electrons, and (b) secondary scattering of the 
photons into one detector from the other detector or 
from the surrounding material. (A third source of false 
coincidence counts is the double Compton effect which 
is expected to be small and which is corrected for by the 
aluminum target procedure described below.) In the 
present measurement, source (a) was mostly eliminated 
by the use of thin targets in which multiple scattering 
effects are negligible (see Sec. E). To minimize the 
contribution of false counts from source (b), very little 
material was left in the vicinity of the target, and shield- 
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ing was placed around the detectors to limit their field 
of view to the region in the vicintiy of the target. The 
contribution of the false coincidence counts was experi- 
mentally determined by a procedure in which the high-Z 
target was replaced by an equivalent aluminum foil 
with the same number of electrons per cm’. Then the 
false coincidence counting rate Ny is approximately 
equal to the coincidence counting rate measured with 
the aluminum target minus the corresponding chance 
coincidence counting rate. 

The above procedure for estimating the false counting 
rate by the substitution of an equivalent aluminum foil 
does not exactly reproduce the scattering effects that 
occur with the given high-Z targets. The two main 
differences are that the scattering effects of the K 
x-rays from the high-Z targets are not reproduced with 
the aluminum target and the coherent scattering at 
small angles is negligible for the aluminum compared 
to the high-Z targets. However, the scattering effects 
introduced by the A x rays are expected to be small 
because of the large photoelectric cross section. In 
addition such effects were reduced in the present 
measurements because pulses with amplitudes corre- 
sponding to photon energies less than approximately 
100 kev were rejected by the pulse height selector of the 
y detector (Fig. 1). Coherent scattering effects for these 
conditions become appreciable for scattering angles less 
than 20 degrees. Precautions were taken to minimize 
this effect at the small angles by increasing the shielding 
between the two detectors and restricting the field of 
view of the K detector so that there was no unshielded 
path between the two open faces of the crystals. The 
validity of this substitution method was checked by 
varying the shielding and scattering conditions with 
different sizes and positions for the shielding materials; 
in all of these cases, the same value within the experi- 
mental error was obtained for the true coincidence 
counting rate Vx. On the basis of the above tests the 
aluminum substitution method was estimated to give 
the false coincidence counting rate with an accuracy 
better than 5%. 


C. Counting Rate for Compton Scattering 
by Free Electrons 


The counting rate N ¢ applies only to the photons that 
are scattered from the target into the y detector (Fig. 1) 
by electrons initially free and al rest. Therefore, it is 
desirable to measure this quantity with a low-Z target 
in which the electron binding energies and the small- 
angle coherent scattering of the photons are both 
negligible. An aluminum target was used in the present 
measurements to satisfy the above criteria. (The bind- 
ing energies of the K and L shell electrons in aluminum 
are approximately 1.6 and 0.08 kev, respectively.’) For 
a given scattering angle, Vr is equal to the difference 
in the counting rates of the y detector with and without 
the target in the photon beam. In order to minimize any 
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uncertainties due to the target thickness, background 
fluctuations, or absorption effects, measurements were 
made with aluminum targets of different thicknesses. 
The quantity Vr was found to be directly proportional 
to the target thickness with no indication of: any 
spurious effects. From the thickness curve, the value of 
Ney at a given angle was selected for an aluminum 
target with a thickness equal to 0.27 g/cm?. The values 
obtained for V ¢ by this procedure are estimated to have 
an accuracy of better than 2%. As a final check, the 
value of Nr divided by the solid angle 2x was plotted 
for the different scattering angles, and the shape of this 
curve showed good agreement with the cross-section 
curve predicted by -the Klein-Nishina formula for 
660-kev photons. 


D. Detector Efficiency 


The efficiency, ex, of the A detector (Fig. 1) was 
determined from the data of Wolicki e/ al.* who calcu- 
lated crystal efficiencies on the basis of known absorp- 
tion coefficients for different geometries and photon 
energies. These data were applied to the target-detector 
distances in Table I. In addition, a small correction was 
made for the absorption of the K x rays in the crystal 
windows described in Sec. 2A. According to the above 
procedure, the values obtained for the efficiency ex are 
0.075 and 0.080 at a distance of 0.75 in. and 0.019 and 
(0.20 at a distance of 1.75 in., for the K x rays from gold 
and tin, respectively. The above estimates require that 
all of the interactions in the crystal for the K x rays 
from tin and gold produce pulses that are accepted by 
the window of the pulse height selector for the A 
detector (see discussion in Sec. 2A). As a check on these 
efficiency values, the total number of K x rays emitted 
isotropically from the gold target was measured with a 
collimated 2-in. diam, 2-in. long NaI(Tl) crystal which 
detected all of the incident x rays witha 100% efficiency. 
(This collimated large crystal was not used for the 
coincidence measurements because the geometry would 
require a large reduction in the solid angles and therefore 
in the counting rates.) The total number of K x rays 
measured with the small and the large crystal on the 
basis of the above efficiencies agreed within a few 
percent. 

The efficiency ratio €:<»)/e:c«) applies to the y 
detector (Fig. 1) for photons scattered from the target, 
which has a 3-in. diam lead collimator and a 1-in. diam 
l-in. thick NaI(TI) crystal (density ~3.67 g/cm®). For 
this detector, the ratio is given by the following 
equation : 


exp) A(1—e 4 4x) 
Pi ns ila ti (5) 
€n(K) B(i-e 9.3 by) 


For the photons incoherently scattered into the y 
detector by the electrons initially free and at rest or by 


8 E. A. Wolicki, R. Jastrow, and F. Brooks, Naval Research 
Laboratory Report ONRL 4833 (unpublished). 
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Fic. 4. Angular dependence of the scattered photon energy k for 
the Compton scattering by electrons initially free and at rest, of 
photons with an initial energy ko of 660 kev. The values of & given 
by the dashed lines are the maximum energies of the photons 
incoherently scattered by the K-shell electrons of tin (for which 
the K-shell binding energy, 7x, is equal to 29.2 kev) and of gold 
(for which J x is equal to 80.7 kev). 


the A-shell electrons, A or B, respectively, are the frac- 
tions of the total number of interactions in the crystal 
that produce pulses accepted by the window of the pulse 
height selector, and wr or ux, respectively, are the 
absorption coefficients of the NalI(Tl) crystal. The 
value of yur is obtained from the absorption data sup- 
plied by Grodstein® for a given photon energy which is 
related to the scattering angle as shown by the curve in 
Fig. 4. On the other hand, the value of ux is uncertain 
because the photons incoherently scattered from the 
K shell electrons at a given angle have an undetermined 
distribution of energies. On the basis of the nonrela- 
tivistic results of DuMond and his collaborators® (see 
Part I), a conservative estimate can be made that most 
of the photons incoherently scattered by the K-shell 
electrons are contained in an energy interval of about 
twice the K-shell binding energy, or about 200 kev (for 
gold) in the present measurements. Because the 
absorption coefficient for NaI(Tl) does not change 
greatly over such an interval, it is reasonable to select 
the value of wx corresponding to an effective photon 
energy. For angles larger than 20 degrees, this effective 
photon energy is selected to be approximately equal to 
the energy for free electron scattering shown in Fig. 4. 
For 20 degrees where the energy transfer to the free 
electron is less than the K-shell binding energy for gold 
as shown in Fig. 4, the effective photon energy for gold 
was selected to be equal to the maximum energy ko—I x, 
where ko is the incident photon energy and /x is the 
K-shell binding energy for gold. To cover any un- 
certainties at the small angles (less than 60 degrees) a 
systematic error of +80 kev (not exceeding the upper 
limit of ko—J x) was assigned to the values of the effec- 
tive photon energy. Fortunately those errors are less 
than 10% because of the relatively small variation in 
the absorption coefficient. To estimate the ratio A/B 
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Fic. 5. Dependence of the apparent cross-section ratio dox/dor 
on the thickness of the gold target for an incident photon energy 
of 660 kev. The differential cross sections for Compton scattering 
by K shell electrons dex, and by electrons initially free and at rest 
do pr, are determined from Eq. (3). The effective target thickness is 
equal to the true thickness divided by cosa, where a is the target 
inclination angle to the incident photon beam (see Fig. 1). 


for different photon energies, plots were made of the 
fraction F of the total number of pulses accepted by the 
pulse height selector as a function of the lower dis- 
criminator setting of the window. These plots were made 
for different photon energies on the basis of the pulse 
height distribution curves shown in Fig. 2. The results 
obtained from these plots showed that, for the lower 
discriminator setting of 100 kev used in these measure- 
ments (see Sec. 1), the fraction F was approximately 
constant over the range of photon energies from about 
150 to 600 kev, and therefore the ratio A/B is approxi- 
mately equal to unity. This result simply indicates that 
the efficiency ratio given by Eq. (5) is not appreciably 
effected by the fact that the pulse height selector does 
not accept pulses with amplitudes below a minimum 
value provided that this value corresponds to a photon 
energy that is small compared to the energy of the 
scattered photons. As a check on this condition, 
measurements were made with minimum pulse ampli- 
tudes corresponding to 100 and 150 kev at a scattering 
angle of 20 degrees and the values obtained for the cross- 
section ratio in the two cases agreed within a few per- 
cent. On the basis of the above conditions, the value of 
the efficiency ratio €:r)/€x (x) is estimated to be equal 
to unity for all of the scattering angles with a systematic 
error of approximately 5%. 


E. Target Thickness Corrections 


There are two possible effects associated with the 
finite thickness of the target, that may influence the 
experimental value for the cross section ratio defined by 
Eq. (3). First is the secondary production of K x rays 
in the target by the recoil electrons with energies larger 
than the K-shell ionization energy. Second is the absorp- 
tion in the target of the K x rays and of the photons 
incoherently scattered by either the free electrons or the 
K-shell electrons. If the target is thin enough, both of 
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these effects have a negligible influence on the cross- 
section ratio. 

In the present experiment, the cross-section ratio was 
measured for different thicknesses of both the gold and 
the tin targets. The results obtained for the gold targets 
are shown in Fig. 5, where the cross section ratio was 
determined from Eq. (3), and the effective target thick- 
ness, T, is equal to the target thickness divided by cosa 
(see Fig. 1). The curve in Fig. 5 shows that the target 
thickness effects for gold are negligible for values of T 
less than approximately 15 mg/cm*. Similarly it was 
found that the target thickness effects for tin are 
negligible for values of T less than approximately 
10 mg/cm’. For the final coincidence measurements, the 
target thicknesses were selected to be 7.5 mg/cm? (with 
a=0°) for tin and 6.7 mg/cm? (with a=60°) for gold. 
The fact that the cross section ratio for these targets is 
independent of the target thickness automatically 
requires the ratio of the absorption corrections ax,r)/ 
ax(K) to be equal to unity. Also, only a few percent of 
the total number of K x rays emitted from the gold or 
the tin atoms are absorbed in these thin targets. Esti- 
mates for ax were made from the known absorption 
coefficients for an average target thickness calculated 
for the target detector geometry shown in Fig. 1, where 
a is equal to 60 degrees for gold and zero degrees for tin. 
The values obtained for ax are 0.99 for the gold target 
and 0.97 for the tin target. 


F. K-Shell Fluorescent Yields for Tin and Gold 


The K-shell fluorescent yield, ax, has been experi- 
mentally determined for most of the elements by many 
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Fic. 6. Angular dependence of the cross-section ratio dox/dor 
for an incident photon energy of 660 kev. The cross section dex is 
the Compton cross section for a K-shell electron of tin and der is 
equal to the Klein-Nishina cross section for an electron initially 
free and at rest. The experimental results are determined from Eq. 
(3) and are given by the open circles and the dashed line. The 
theoretical curve given by the solid line represents a large angle 
approximation with dox equal to the Compton cross section 
(da )ay [defined by Eq. (10) ] for an electron initially free but with 
~~ (89=0.323) corresponding to the K-shell binding energy 
of tin. 
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investigators. On the basis of these studies, Wapstra 
et al.® have prepared tabulated values of &« as a function 
of the atomic number, and the errors are estimated to 
be less than 2%. Within these error limits, the values 
for @x for the targets in the present measurements, are 
found from the above data to be 


&k=0.84 for Z=50 (tin), 


@xk=0.95 for Z=79 (gold). 


3. RESULTS AND DISCUSSION 


A summary of the experimental data obtained in 
these measurements is presented in Table I. This table 
gives the coincidence counting rates for 7.5-mg/cm? tin 
target and for the 6.7-mg/cm? gold target at scattering 
angles of 20, 30, 40, 60, and 110 degrees. The false 
coincidence counting rate was measured with an 
aluminum target having the same number of electrons 
per cm? as the corresponding tin or gold target. Only the 
statistical errors for the counting rates are given in 
this table. 

The cross section ratio dox/dor given by Eq. (3), 
was evaluated with the data in Table I and with the 
information given in Sec. 2. The experimental values 
for this cross-section ratio are shown by the open circles 
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Fic. 7. Angular dependence of the cross-section ratio, dox/dor, 
for an incident photon energy, ko, of 660 kev. The cross section 
dox is the Compton cross section for a K-shell electron of gold, 
and der is equal to the Klein-Nishina cross section for an electron 
initially free and at rest. The experimental results are determined 
from Eq. (3) and are given by the open circles and the dashed line. 
The theoretical curve given by the solid line represents a large- 
angle approximation with do x equal to the Compton cross section 
(doy [defined by Eq. (10)] for an electron initially free with a 
velocity (80.=0.505) corresponding to the K-sheil binding energy 
of gold. 


®*A. H. Wapstra, G. I. Nijgh, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, 
Amsterdam, 1959), p. 82. 
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Fic. 8. Angular dependence of the incoherent scattering func- 
tion* calculated for the hydrogen atom (0.0136-kev electron 
binding energy), for incident photon energies of 1.0, 1.9, 3.6, and 
10 kev. 


for tin and gold in Figs. 6 and 7, respectively. The 
dashed curves in these figures are based on the experi- 
mental points, and show the approximate experimental 
dependence of the cross-section ratio on the photon 
scattering angle. 

The experimental curves in Figs. 6 and 7 show that 


for small scattering angles, the cross-section ratio is less 


than unity and approaches zero as the angle decreases 
to zero. This behavior simply indicates that at the small 
scattering angles, the momentum transfer to the K- 
shell electrons tends to be small compared with their 
initial momentum, and there is a small probability that 
the atom will absorb enough energy to remove the 
electron from the K shell. A similar behavior for this 
ratio is predicted by the nonrelativistic calculations of 
the incoherent scattering function discussed by 
Grodstein.* For example, the incoherent scattering func- 
tion for the hydrogen atom has been calculated analyti- 
cally,* and the dependence of this function on the photon 
scattering angle is shown in Fig. 8 for incident photon 
energies of 1.0, 1.9, 3.6, and 10 kev. These nonrelativistic 
theoretical results show that the function (which is 
equal’ to the cross-section ratio dox/dor) approaches 
zero at the small scattering angles, and for a given 
scattering angle the function decreases as the ratio of 
the incident photon energy to the K shell binding energy 
decreases. The same type of behavior is found in the 
experimental results where for example at 20 degrees, 
the cross-section ratio is less for the K electrons of gold 
than for the K electrons of tin. Unfortunately no rela- 
tivistic calculations are available that can be directly 
compared with these experimental results at small 
angles. The behavior of dox in Figs. 6 and 7 disagrees 
with the results obtained by Brini e¢ al.' (This disagree- 
ment is not surprising in view of the fact that the results 
by the aforementioned authors did not contain correc- 
tions for the contribution of false coincidence counts 
and target thickness effects.) 
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An interesting situation occurs at the large scattering 
angles. In this region, the energy transfer to the K-shell 
electrons is large compared with their initial energy, 
and therefore the K-shell electrons may be considered 
to be free but not at rest. Accordingly at large angles, the 
cross section for scattering by the K-shell electrons 
approaches the Compton cross section for scattering by 
free electrons with velocities equal to the velocities of the 
K-shell electrons. Here it is important to point. out that 
the Compton cross section, which is differential with 
respect to the photon scattering angle, depends on the 
reference system selected for the electron. Therefore the 
Compton cross section for scattering by K-shell elec- 
trons can be expected to have an angular dependence 
at large angles that is different than the predictions of 
the Klein-Nishina formula! which is derived in the 
electron rest system. 

For a reference system where the initial electron 
velocity is not zero, the cross section formula for 
Compton scattering by free electrons, which is differ- 
ential with respect to the photon scattering angles 0. is 
given by Jauch and Rohrlich” as 


da ro (1— Bo") ky? 
eee 
dQ 2 (1—Bo cosa)? \ ko 
where the classical electron radius ro is equal to approxi- 
mately 2.82X10-" cm, 8» is the ratio of the incident 
electron velocity to the velocity of light, a is the angle 
between the incident electron and photon, and op is the 


incident photon energy. The energy of the scattered 
photon, &, is given as 


ko(1—Bo Cosa ) 


ee a 


k= ——— . 
1+ (Ro Es) (1 — cosé) — By cosa 


where Eo is the total energy (including the rest energy) 
of the incident electron. The quantity X is defined by 
the equation 


K= Eoko( 1 — Bo COSa), 
K' = Eyko(1—8 cosa)+ kok(cosé—1). (9) 


The cross section do, which is defined by Eq. (6), can 
be used to estimate the large-angle Compton scattering 
by K-shell electrons in the following manner. As a first 


J. M. Jauch and F. Rohrlich, The Theory of Protons and 
Electrons (Addison-Wesley Publishing Company, Inc., Cambridge, 
Massachusetts, 1955), p. 232. This formula is given by Eq. (11-17) 
which_is summed over the photon polarizations by replacing Y 
with X defined in Eq. (11-14). 
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Fic. 9. Comparison of the cross sections for the scattering of 
660-kev photons by free electrons and by the K-shell electrons of 
tin. The cross section for Compton scattering by an electron 
initially free and at rest is obtained from the Klein-Nishina 
formula and is shown by the solid line. The cross section for 
Compton scattering by a K-shell electron of tin is obtained from 
the experimental results in Fig. 6 and is shown by the dashed line. 
The cross section for coherent scattering by a K-shell electron of 
tin is predicted by the calculations of Brown and Mayers" and is 
shown by the dot-dashed line. 


approximation for large-angle scattering, the A-shell 
electron may be considered to be free and to have a 
single value for its velocity corresponding to the K-shell 
binding energy. Because all values of a are equally 
probable for K-shell scattering, it is necessary to 
calculate an average cross section. In an exact calcula- 
tion, the scattering amplitudes are averaged over a. 
However, for the present case where the photon wave- 
length is not large compared to the K-shell Bohr radius, 
interference effects may be neglected, and as an approxi- 
mate procedure it is sufficient to average the cross 
section da over a. Then the expression for this average 
cross section (d¢/dQ),, is given as 


do 1 “doa 
() -f ( -)acosa) ff d(cosa). (10) 
dQ wy 1 dQ ’ 


This integration was carried out both analytically and 
graphically for given values of 6. The analytical formula 
for (do/dQ),, is rather lengthy and is not reproduced 
here. However (da),y was evaluated for the conditions 
of this experiment where the initial photon energy is 
660 kev and the initial electron kinetic energy is equal 
to the K-shell binding energy for tin (29.2 kev)’ and 
gold (80.7 kev).? For comparison, the Klein-Nishina 
cross section dor was evaluated for the same experi- 
mental conditions. The dependence of this theoretical 
cross-section ratio (do),y/dor on the photon scattering 
angle is shown by the solid line for tin in Fig. 6 and for 
gold in Fig. 7. The results show that at large angles, the 
cross-section ratio is greater than unity for high-Z 





COMPTON SCATTERING 


atoms, and approaches unity as the K-shell binding 
energy (or the electron velocity) decreases to zero. The 
experimental curves given by the dashed lines for gold 
and tin show good agreement at large angles with this 
estimated cross-section ratio. 

As the photon scattering angle decreases to zero, the 
decrease in the cross section for Compton scattering by 
K-shell electrons is accompanied by an increase in the 
cross section for coherent scattering. A comparison of 
these two cross section with the Klein-Nishina cross 
section for electrons initially free and at rest is shown 
in Fig. 9 for tin and Fig. 10 for gold. In these figures the 
angular dependence of the coherent cross section for 
one A electron is obtained from the results of Brown 
and Mayers" and includes a correction of approxi- 
mately 25% for the contribution of L-shell and 
Thomson scattering. The dashed lines show the experi- 
mental Compton cross section for the K-shel] electrons 
obtained by the product of the experimental cross- 
section ratio given in Figs. 6 and 7 with the Klein-Nishina 
cross section dor. The importance of electron binding 
effects in the scattering of 660-kev photons is indicated 
in Figs. 9 and 10 by a comparison of the combined 
coherent and Compton cross section for the K-shell 
electron with the Klein-Nishina cross section for the 
free electron. 

A comparison of the total Compton cross section for 
660-kev photons scattered by K-shell electrons ox, and 
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Fic. 10. Comparison of the cross sections for the scattering for 
660-kev photons by free electrons and by the K-shell electrons of 
gold. The cross section for Compton scattering by an electron 
initially free and at rest is obtained from the Klein-Nishina 
formula and is shown by the solid line. The cross section for 
Compton scattering by a K-shell electron of gold is obtained from 
the experimental results in Fig. 7 and is shown by the dashed line. 
The cross section for coherent scattering by a K-shell electron of 
gold is predicted by the calculations of Brown and Mayers" and 
is shown by the dot-dashed line. 


G. E. Brown and D. F. Mayers, Proc. Roy. Soc. (London) 
A242, 89 (1957). 
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Fic. 11. Dependence of the integrated Compton cross-section 
ratio, ¢x/or, on the ratio of the K-shell binding energy, Jx, to the 
incident photon energy, ko. The cross section ox is the total 
Compton cross section (integrated over the photon scattering 
angle) for a K-shell electron, and or is the total Klein-Nishina 
cross section (integrated over the photon scattering angle). The 
theoretical solid curve applies to non-relativistic photon energies, 
and was derived from the curves in Fig. 8 which give the incoherent 
scattering function for the hydrogen atom. The experimental 
values of the total Compton cross ratio ox/er for tin (7x =29.2 
kev)’ and gold (Ix =80.7 kev)’, with ko equal to 660 kev, are given 
by the open circles and the estimated empirical curve is given by 
the dashed line. 


by electrons gr initially free and at rest, can be made 
by integrating the differential cross sections dox 
(dashed curve) and der (solid curve), in Figs. 9 and 10, 
over all of the photon scattering angles. The total 
cross-section ratio o;/or is plotted in Fig. 11 as a func- 
tion of the energy ratio, 7x/k , where Ix is the binding 
energy for a K-shell electron and po is the energy of the 
incident photon. The experimental values of this cross- 
section ratio for tin and gold are given by the open 
circles and the dashed line is an estimated empirical 
curve. This cross-section ratio is equal to unity and zero 
when Jx is equal to zero and ko, respectively. For 
comparison the theoretical cross-section for non- 
relativistic photon energies, ko<mpc*, was obtained from 
the curves in Fig. 8. For each photon energy in Fig. 8, 
the differential Compton cross section for the electron 
in the hydrogen atom, dex, is given*® by the product of 
the incoherent scattering function and the Klein- 
Nishina cross section doy. Then dox and dor are inte- 
grated over all of the photon scattering angles to give the 
total Compton cross section ox and ¢ for initial photon 
energies of 1.0, 1.9, 3.6, and 10 kev. The resulting ratio, 
ox/or, for these non-relativistic photon energies is 
plotted as a function of Jx/ko (where the binding energy 
of the electron in the hydrogen atom is equal to approxi- 
mately 0.0136 kev’) and is shown by the solid line in 
Fig. 11. The solid curve in Fig. 11 for non-relativistic 
photon energies indicates an appreciable decrease in the 
total Compton cross section for relatively small electron 
binding energies. For example for a value of Jx/ko equal 
to 0.01, the cross-section ratio decreases from unity to 
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approximately 0.25. On the other hand, for 660-kev 
photons, the total Compton cross section appears to be 
independent of the electron binding energy. It is in- 
teresting to note that at 660 kev, the small- and large- 
angle behavior of dex has a compensating effect in 
which the total cross-section ratio, ¢x/or, is approxi- 
mately equal to unity for both tin and gold. 
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Electron Scattering from Hydrogen* 


CHARLES SCHWARTZ 
Department of Physics, Unaversity of California, Berkeley, California 
(Received June 12, 1961) 


Kohn’s variational principle has been used to calculate S-wave elastic scattering of electrons from atomic 
hydrogen, using up to 50 trial functions of the type introduced by Hylleraas to describe the bound states of 
two-electron atoms. The phase shifts calculated at several energies up to 10 ev appear to have converged well, 
leaving residual uncertainties mostly less than one thousandth of a radian. Taking extra pains to include the 
effect of the long-range force at zero energy, we have also determined very accurate values for the scattering 


lengths. 


INTRODUCTION 


HE scattering of electrons from hydrogen atoms 
has been the subject of a great many calculations 
since it presents what is probably the simplest non- 
trivial real problem in scattering theory. We undertook 
a program of computing definitive values of the S-wave 
elastic phase shifts for this system, making no approxi- 
mations other than those imposed by the finite speed 
and capacity of modern computing machines. Our use 
of the variational method! for this scattering problem 
completes, in a sense, the famous work on the bound 
states of two-electron atoms begun more than thirty 
years ago by Hylleraas. 

Probably the most interesting, and quite unexpected, 
result of this program has been the realization of the 
extraordinary nature of the convergence of the “‘sta- 
tionary” phase shift. It has been recognized for some 
time? that, in contrast with bound-state problems, the 
addition of more variational parameters in a scattering 
calculation does not necessarily lead to a better answer. 
This behavior is blamed on the nonexistence of any 
minimum (or maximum) principle. The error in a varia- 
tional calculation may be represented by 


| A(E—H)Adr (1) 


* Supported in part by the Advanced Research Projects Ad- 
ministration through the U. S. Office of Naval Research. 

' A calculation identical to ours but limited to zero energy and 
using only a small number of parameters has recently been re- 
ported by Y. Hara, T. Ohmura, and T. Yamanouchi, Progr. 
Theoret. Phys. (Kyoto) 25, 467 (1961). 

2 See, for example, H. S. W. Massey in Handbuch der Physik 
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 36. 


where A is the unknown error in the trial wave function. 
Only for systems where one knows the (finite) number 
of eigenvalues of H below the value EZ can one possibly 
state that the expression (1) must be negative.’ For 
scattering at any finite energy it is clearly impossible 
to make any such statement. We have discussed else- 
where‘ how, by taking a great deal of numerical data, 
one can draw smooth curves and see an effectively 
regular convergence for the general scattering problem 
at any energy. This paper will present the results of 
this treatment for the e-H problem. 
We use Kohn’s variational principle, 


[tané/k }=tand/k+ (2m/h?) Iv E—H)dridr2, (2) 


where 
(2m/h?)(E— H)=k?-—14+V24+V2 
+(2 r)+(2 r.)—(2 12), 


with lengths in units of #?/me*; and our trial wave 
function is (for singlet or triplet states) Y= ¢+x, 
g= (1+ Py.)2e-"[sinkr;, kr 

+tané coskr;/kri(1—e~"") ]/4ev2, (3a) 


LT Cine «(ert 199,14! 


I,m,n20 


X= 


eee K (ry"re"tri"re")/4rv2, (3b) 


3 L. Rosenberg, L. Spruch, and T. F. O’Malley, Phys. Rev. 119, 
164 (1960), have in this manner established minimum principles 
for scattering at zero energy. These authors have recently ex 
tended their method to positive energies, but only by mutilating 
the potentials. 

*C. Schwartz, Ann. Phys. (to be published). 
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where Py. exchanges coordinates r; and f2, and « is the 
variable scale parameter which is so important in study- 
ing the convergence. The actual variation of parameters 
yields the standard linear problem 

>; M,,C\=—Ri, (¢, 7=1,2, ---, N), 


M ;;= (2m/h?) | X(E— H)Xjdridro, 
? (4) 


R;= (2m Wt) | x(E- Mods, 


and the final variation of tané is also a trivial linear 
problem. We have specifically avoided the temptation 
of being selective in the choice of parameters in (3b) 
in order to get some “‘best” result for a given total 
number N of parameters. The numbers N = 3, 7, 13, 22, 
34, and 50 in the following results identify the order of 
the matrix including ail terms in (3b) through total 
powers, (/+m-+-n), from 2 to 7 for the triplet state and 
1 to 6 for the singlet state, respectively. 


RESULTS 


Figure 1 shows the stationary values of [(tanéd)/k ] 
as computed for the triplet S wave at k=0.4 (about 
2 ev). This is our most thoroughly studied case, the 
curves shown representing some 150 points in this 
region. Even so, a great deal of structure is not shown 
here. At x=1.55, the 7X7 curve shows the singularity 
characteristic of the scattering problem (see reference 
4). Similar singularities certainly do exist for all the 
larger matrices, but they are so narrow (as a function 
of x) that we have not resolved them. At «<0.4, all the 
curves pass through + © and then come up again from 
— toa value of [(tand)/k | of about —2.73 as x 0. 
Convergence is inferred from the apparent behavior 
that for the larger number of parameters the curves 
become flatter and closer together. Our collection of 
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Fic. 1. Triplet phase shift at k=0.4: the most thoroughly 
studies case, over 150 points represented. 
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Fic. 2. (a) Singlet phase shift at k=0.4; typical well-behaved 
results using only five « values. (b) Singlet phase shift at k=0.7; 
typical result with wild values at x=1.4. 


final results (see Table I) is derived from such curves 
as this, where we have by inspection extrapolated to an 
answer and assigned our uncertainty (which should be 
interpreted as a very likely error). 

It may be thought that a reasonable measure of the 
goodness of calculations of this type is given by the 
fractional difference between the stationary value of 
[tané | and the minimizing value of tané. A brief in- 
vestigation has shown us that this measure is smallest 
(say as a function of x) where the curves are flat, but 
it can easily lead to a gross overestimate of the accuracy ; 
it actually passes through zero, and its mean square 
value in this good region is much less than the proper 
error in the calculation as deduced from the apparent 
rate of convergence. 

Most of our results were obtained from only a few 
(25) x values; Fig. 2(a) shows a typical case. Figure 
2(b) shows a case where one of the first 5 points 
(x=1.4) gave results noticeably ‘‘out of line” with its 
neighbors, for the 13 and 34 size matrices. The extra 


TABLE I. Results of variational calculations of S-wave e-I/ 
scattering. The numbers in parentheses give the uncertainty in 
the last digit quoted. 


S=0 
[tané/k] 6 (radians) [tanéd/k] 4 (radians) 
— 2.056(4) 
— 2.260 (3) 
— 2.492 (4) 
— 2.833 (2) 
— 3.384(3) 
—4.40(1) 
—6.74(2) 
—17.2(6) 
+150(20) 


— 6.68 (2) 
—9.23(2) 
— 26.4(1) 
+ 15.87 (4) 
5.17(2) 
2.845 (8) 
1.917 (5) 
1.530(5) 


2.9388 (4) 
2.7171(5) 
2.4996(8) 
2.2938 (4) 
2.1046 (4) 
1.9329(8) 
1.7797 (6) 
1.643 (3) 

1.563 (1) 


2.553 (1) 
2.0673 (9) 
1.6964(5) 
1.4146(4) 
1.202(1) 
1.041(1) 
0.930(1) 
0.886(1) 
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Fic. 3(a) and (b). First zero-energy results. 


data taken nearby, at «=1.33 and 1.45 support our 
general rule that in these proceedings one should dis- 
regard the singular points and use only the smoothest 
results. Returning to Fig. 1, it seems possible that there 
may be a smooth region between x= 1.8 and 2.4, but it 
is in the x= 1.0 to 1.6 region that the “best” (smooth 
and convergent from one curve to the next) behavior 
is seen. 

Having satisfied the requirements given in reference 
3, we are guaranteed at k=0 a strict minimum prin- 
ciple for the scattering length, a= —tané/k (k— 0). 
Figure 3(a) and (b) show our results which do appear 
as smooth parabolas; but it is also clear that the con- 
vergence here is very poor. A crude analysis of the 
differences of successive minima of these curves sug- 
gests a convergence like }>1/N?, and an extrapolation 
on this basis gives ¢,=5.95, a,=1.77, which values are 
in fact quite close to the much better results described 
in the next section. 

Another convergence problem arises at the other end 
of the elastic energy region. Above excitation of the 
n=2 levels the asymptotic part of the wave function 
will have a term e**’", where k’= (k?—2)!. Thus just 
below threshold &’ is a small imaginary number and the 
correct wave function will have a long tail, which our 
localized trial functions will find it difficult to repro- 
duce. In fact we were unable to make any sensible de- 
ductions from our data for the singlet state at k=0.866; 
the triplet state at this energy was more approachable, 
probably because the phase shift is very close to #/2 
(the resonance dominates). 


PROBLEM OF THE LONG-RANGE FORCE 


It is well known that, in the adiabatic approximation, 
the potential seen at large distances from a hydrogen 
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atom is — (h?/2m)(a/r'), and it has been pointed out® 
that in such a circumstance the asymptotic form of the 


_ wave function at zero energy is 


1—(a/r)—(a 2r), 


The slow convergence noted above for our first work at 
k=0 can be blamed on the difficulty of expanding a 
function® which dies off as slowly as 1/r? in terms of r"e~’. 
At finite energies it may be inferred that the long-range 
potential has been effectively “‘washed out.” 

It is not hard to show that for the scattering of a 
particle of unit charge from a neutral spin-zero atomic 
system with ground-state wave function &, the total 
wave function has the following expansion for large 
values of the coordinate ro of the scattering particle. 


a a ee . 
v=o] 1 i | +O(ro*), (5) 


ro re ro 
where ©“ is the polarized target wave function, 


( Ey— Hy) ®™ = Do , (6) 


D is the dipole moment operator for the atomic system 
and a is its static polarizability, 


a= —2(6 D-@), (7) 


Thus an improved choice for the 
function (3a) is? 


asymptotic wave 


a 


g= (1+ Py2)2¢ of _ 


r\ 
(r2+1,7/2) 
— cos6 > f / 4rv2, (8) 
ry , / 


where the /’s are functions used to shield the singu- 
larities at r— 0: 


ee [ p”'dp 


(n—1 


€ 


The manual labor of setting up all the integrals with 
this improved ¢ was very great; the value of d was 
fixed at 1.0, and the scale parameter x in x was varied 
independently. 

These new zero-energy results, shown in Fig. 4(a) 
and (b), do exhibit a much improved convergence, at a 
rate approximately equal to }-1/N‘, which was antici- 
pated. Our final results are a,=5.965+0.003, a, 
= 1.7686 +0.0002. 

In our earlier discussion‘ of these computations it was 


*L. Spruch, T. F. O’Malley, and L. Rosenberg, Phys. Rev. 
Letters, 5, 375 (1960). 

* We have made a simplified analysis of this expansion problem, 
supporting the previously noted 1/N? rate of convergence. 

7 At an earlier stage of these investigations we used only the 
first new term in this expression, being then ignorant of the 
cos6/r? term. The results were essentially no better than in the 
original attempt. 
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TasLe II. e*-H phase shifts. 


(improved) 


0.4 


kao 0.1 0.2 0.3 0.5 0.6 


5 (radians) 0.151 0.188 0.168 0.120 0.062 0.007 —0.054 


numerical accuracy at each step.* This is a very in- 
teresting phenomenon for which we do not have any 
general theoretical understanding, but it appears to be 
a rather general property of variational calculations. 

The computations reported here were carried out on 
the IBM 704 facility of the University of California 
Computation Center. 


POSITRON SCATTERING 


A few simple modifications of the programs allowed 
us to calculate elastic S-wave phase shifts for the 
scattering of positrons by atomic hydrogen. Since 
without the space symmetry we now need more terms 
in (3b) for each total power, (/-+-m-+7); the results do 
not converge as rapidly as for e~. The results, shown 
in Table II, have probable errors of about +0.001 
radian. For the scattering length we find the upper 


e,= 5.96520,003 = 1.768640,0002 
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Fic. 4 (a) and (b). Improved zero-energy results. 


mentioned that numerical inaccuracies [round-off 


errors accumulated in solving Eq. (4)] could be a 
serious problem. In particular, we could not determine 
the stationary value from our 50X50 matrix at zero 
energy (the old way) to any better than about 1%. 
However, with this improved calculation the numerical 
uncertainties were much reduced. There thus seems to 
be a correlation between good convergence and good 


bound a, —2.10; and from the apparent rate of con- 
vergence we believe that a, will not be as little® as 
—2.11. 


8 This behavior was also noted at the end of Appendix 2 of 
reference 4. 

® Compare with previous results of L. Spruch and L. Rosenberg, 
Phys. Rev. 117, 143 (1960) 
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Continuous Photoelectric Absorption Cross Section of Helium* 


D. J. BAKER, Jr., D. E. Bevo, anv D. H. ToMBOULIAN 
Department of Physics and Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 
(Received July 28, 1961) 


The continuous photoelectric absorption cross section of helium has been measured in the spectral region 
extending from 180 to 600 A with greater accuracy and the observations are found to agree with the calcula- 
tions of Huang and Stewart and Wilkinson. A grazing incidence spectrometer with a photomultiplier was 
used for a single measurement at 180 A while the remaining measurements were carried out in a normal 
incidence spectrometer utilizing photographic techniques. Whereas in previous experiments the absorbing 
gas sample was allowed to fill the entire spectrometer chamber, in the current measurements the gas was 
confined to a small cell provided with sufficiently transparent windows. The use of an absoprtion cel! reduces 
contamination and facilitates the measurement of gas pressures. The results indicate that the cross section 
varies from a value of 0.98+0.04 Mb at 180 A to a value of 7.70.3 Mb at the absorption edge located at 
504 A. 


I. INTRODUCTION 


K* JLLOWING recent success in the development of 
windows which are transparent to extreme ultra- 
violet radiation, we have carried out measurements of 
the continuous photoelectric absorption cross section of 


helium. The use of such windows in the construction of 
a gas cell permits confinement of the gas sample to a 
restricted volume. This technique has certain advan- 


tages over earlier methods'? which used the entire 


1 P. Lee and G. L. Weissler, Phys. Rev. 99, 540 (1955). 
2N. Axelrod and M. P. Givens, Phys. Rev. 115, 97 (1959). 


* Supported in part by the Office of Naval Research. 
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ic. 1. The essential features of the normal incidence spectro- 
graph used for measuring the photoelectric absorption cross section 
of helium. 


optical path of a gas-filled spectrometer as the absorbing 
sample. One advantage accruing from the use of a gas 
cell is the possibility of carrying out absorption measure- 
ments utilizing a soft x-ray emission band as a source 
and a photomultiplier as a detector.* Such a combina- 
tion provided an accurate attenuation measurement for 
helium at the short-wavelength end (180 A) of the spec- 
tral range of present interest. At all of the longer wave- 
lengths (200 to 600 A), a condensed spark was used as 
the radiation source and detection was by photographic 
methods. An attempt was made to minimize the un- 
certainties in the measurements utilizing the spark 
discharge source and photographic recording by col- 
lecting a large number of data at various wavelengths. 
It is felt that these efforts have established the wave- 
length dependence and absolute value of the photo- 
ionization cross section with greater precision than 
has been previously achieved. 

A number of theoretical evaluations of the cross sec- 
tioh exist in the literature and in a later section a com- 
parison will be made between the results of the present 
measurements and those of the various calculations. 


Il. EXPERIMENTAL 


The absorption cross section of a gas is given by the 
relation 
a= (760/ P)(T/273)(1/N2) In(Io/J), (1) 


where J» is the incident intensity, J is the intensity 
transmitted by a column of gas / centimeters in length, 
P is the pressure of the gas in mm of Hg, T is the gas 
temperature in degrees absolute, and N is the number 
of particles per cm*® (STP). 

Observations of the radiation transmitted by a sample 

of helium gas were made in the spectral range extending 
’ from 180 A to 600 A. At the short-wavelength end of 
this range and for a single narrow wavelength interval, 
the measurements were carried out in a grazing incidence 
vacuum spectrometer. In this case the source consisted 
of a portion of the aluminum L, ; emission band and the 
detector was an open Be-Cu photomultiplier. The de- 
tails of this instrument have been reported? upon 
previously and no further description need be given 


* D. E. Bedo and D. H. Tomboulian, Rev. Sci. Instr. 32, 184 
(1961). 
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here other than to mention that a gas cell containing 
helium was inserted in the diffracted beam between the 
grating and the photomultiplier. Measurements at the 
longer wavelengths were all made with a normal inci- 
dence spectrograph and the experimental features of 
this work are described in some detail in the sections 
which follow. 


A. Spectrograph 


To evaluate the ratio of intensities at wavelengths 
longer than 200 A, we have used a normal incidence 
vacuum spectrograph with an aluminized grating of 
30 000 lines per inch and with a radius of curvature of 
1.62 m. Throughout the spectral range relevant to these 
measurements, the dispersion is essentially constant 
at a value of 5.26 A/mm. The photographic plate holder 
is mounted at the Rowland circle and can be moved so 
that four different exposures in the same wavelength 
range can be taken cn a single plate. Kodak SWR spec- 
troscopic film, one of the most sensitive emulsions in 
this spectral region, was used exclusively as the detector. 
Two mercury diffusion pumps were used to evacuate 
the main chamber of the spectrograph, and a third 
pumped directly on the sample chamber in which the 
gas cell was located. A diagram of the spectrograph is 
shown in Fig. 1. 


B. Gas Cell 


The cell used for these measurements is of the type 
described by Ederer et al.‘ with slight modification. The 
column of gas between the transparent plastic windows 
was 1.27 cm in length and had a diameter of 1.91 cm. 
A diagram showing the various pressurizing and ex- 
haust connections attached to the cell is presented in 
Fig. 2. This combination of valves permitted evacuation 
of the cell concurrently with that of the main body of 
the spectrograph, and the windows of the cell proved 
sufficiently strong to withstand any pressure difference 
set up in this operation. 

The windows of the cell were prepared by cementing 
electroformed mesh (obtained from Buckbee Mears 
Company’) of 100 lines per inch and 80% transmission 
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Fic. 2. The pressurizing, exhaust, and gauge connections to 
the absorption cell located in the sample chamber directly behind 
the entrance slit. 


4D. L. Ederer, D. J. Baker, and D. E. Bedo, Bull. Am. Phys 
Soc. 6, 284 (1961). 

5 Buckbee Mears 
Minnesota, 


Company, Toni Building, St. Paul 1, 
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onto a stainless steel flange and then subsequently 
depositing a film of Formvar or Zapon onto the mesh. 
Our experience has indicated that it is extremely difficult 
to produce a leak-free window with a single layer of 
plastic of this thickness. However, tight windows can 
be made rather easily with a double layer of plastic. 
After sealing the edges of the plastic to the stainless 
steel with plastic-to-metal cement, the flange was 
mounted directly to the body of the cell with an O-ring 
seal. 

The transmission of the windows is a function of the 
thickness of the plastic and of the wavelength of the 
incident radiation; decreasing with increasing wave- 
length. The most transparent of the various windows 
used in the course of this experiment had a trans- 
mission of about 30% at 350 A. All of these windows 
leaked gas to some degree. For the majority of the meas- 
urements, the helium pressures did not exceed 5 mm of 
Hg at which pressures the leak rate was tolerable. Two 
pairs of windows were sufficiently leak free so as not 
to. change the pressure in the capillary discharge tube 
noticeably, but these were too thick to allow radiation 
of wavelength longer than about 375 A to pass through 
with measurable intensity. Windows thin enough to 
pass the longer wavelength radiation permitted suffi- 
cient gas to leak into the sample chamber to raise the 
pressure from 3X10~-> to 3X10~ mm of Hg. 

The use of a gas cell is imperative when the radiation 
is to be detected by an open photomultiplier since the 
multiplier responds readily to positive ions created in 
the interior of the spectrograph. However, because of 
the large range of intensities which can be detected by 
the photomultiplier, double layers of plastic could be 
used to produce leak tight windows and the ion counting 
rate could be kept to a negligible value. 

In general, the gas cell presents a number of advan- 
tages over the earlier technique of filling the entire 
spectrograph with gas. Some of these features are as 
follows: (1) Gas purity can be maintained more readily 
in a clean cell where outgassing effects are small; 
(2) with the limited volume of the cell, the range of 
pressures necessary for measurable attenuation fall in 
the millimeter region where absolute and continuously 
recording manometers are available; (3) the small cell 
volume reduces the probability of pressure gradients; 
(4) the elimination of possible gaseous impurities by 
repeated filling and emptying of the cell becomes some- 
what more feasible with a limited gas volume; and 
(5) the mass of gas irradiated is more easily determined 
in the case of the gas cell where consideration need not 
be given to the complicated optical path of the 
spectrograph. 

One obvious disadvantage imposed by the use of a 
cell is the high attenuation of the windows. Furthermore, 
at pressures in excess of 5 mm of Hg the windows exhibit 
a transmission which is pressure dependent, apparently 
a result of mechanical distortion. This pressure depend- 
ence was not observed at pressures lower than 5 mm of 
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TABLE I. The continuous photoelectric absorption of helium 
in the soft x-ray region. The tabulation contains the wavelength 
and identification of spectral lines used in the photometric meas- 
urements of the cross section «. The number of observations at 
each wavelength is also indicated. The quantity appearing in the 
third column is presumed to be independent of the pressure and 
was utilized in obtaining a least squares fit. 


Cross 
section 
(Mb) 


Wavelength 
in A 


No. of 


Identification (Io/I)'!? obs. 


202.3 Ov 
203.9 Ov 
207.2 Olv 
209.3 Nv 1.074 
Ov 1.050 
Ov 1.073 
Ov 1.059 
N iv 1.070 
Ov 1.043 
Ov 1.088 
Olv 1.088 
Ov 1.088 
Ov 1.071 
Ou 1.043 
N v 1.095 
Olv 1.082 
Otv 1.117 
Om 1.091 
O 111, IV 1.104 
Ov 1.098 
Om 1.085 
Ov 1.113 
285.8 Ov 1.091 
289. Civ 1.085 
290.0 O IV 1.085 
291.. Cm 1.090 
294. \r vi 106 
295. Out 141 
297. Ar vil 141 
299.8 Oliv 119 
301.2 Cm 105 
303.6 He 11, O 111 .148 
305.7 Ow 144 
304.9 Nu 130 
306.8 Ov 142 
308.3 Nav 104 
311.8 O Iv 130 
312.4 Civ 163 
314.9 N 111, 1V 117 
321.0 Ou 131 
322.6 Cm, N tv 166 
328.4 Om 128 
335.1 Nit 175 
338.0 Arv 145 
350.9 Arv 110 
359.2 Om .208 
362.9 Nw .203 
374.2 N il 226 
384.0 tee .220 
395.0 tee 
436.6 Ou 
446.0 Arv 
446.9 Arv 
449.1 Arv 
451.9 N ul 
457.0 Ar VI 
459.3 Ar VI 
464.3 Ar VI 
475.7 Ar vil 
479.4 Ar Iv 
487.0 Ar im 
501.3 Ari 


1.058 
1.047 
1.050 
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Hg and all measurements reported here were made at 


pressures where this effect could be ignored. 


C. Source 


For all of the photographic measurements, the radia- 
tion source consisted of a condensed spark discharge in a 
glass capillary. A secondary spark gap, acting as a switch, 
was opened and closed at a constant rate to initiate the 
discharge in the capillary and to provide repeatable 
charging, discharging, and pressure conditions. A 1-yf 
capacitor bank was charged to 25 kv in 20 sec; the 
oscillatory discharge was effectively damped in about 10 
usec. To maintain adequate pressure in the discharge 
region, gas was admitted into the tube through a fine 
leak. Spectra have been examined with both air and 
argon providing the residual gas in the capillary neces- 
sary to start the discharge. Argon was found to produce 
a large number of lines in the region from 400 to 500 A, 
an important spectral region for the determination of 
the helium cross section. Listed in Table I are the spec- 
tral lines which were used in the course of these 
measurements. 

The gas cell was located in a sample chamber a few 
centimeters behind the (narrow) defining slit of the 
spectrograph. To protect the fragile windows from the 
discharge, a screen of 1000 lines per inch was interposed 
between the discharge tube and the sample chamber. 
The pressure in the sample chamber could be main- 
tained as low as 3X10-° mm of Hg and the discharge 
would operate in a satisfactory manner. Where it was 
necessary to use thin windows which of necessity were 
not leak tight (at gas cell pressures of a few millimeters), 
the pressure rose by a factor of 10. For these higher pres- 
sures, an attempt was made to maintain sensibly con- 
stant discharge conditions by introducing helium into 
the sample chamber through a connection exterior to 
the gas cell. In this way, plate calibration, incident 
intensity, and transmitted intensity measurements were 
made with the ambient pressure in the discharge tube 
at the same value during all exposures. The length of 
individual runs varied from about 50 to 10 000 sparks 
at a sparking rate of 15 per min. 


D. Purity of the Gas 


The helium used in the experiment was obtained from 
the Matheson Company,’ and was claimed to be 99.99% 
pure. No absorption was observed (within experimental 
error) at wavelengths well beyond the known edge of 
helium at 504 A and it was concluded that impurities 
were not present in sufficient amount to affect the 
measurements. 


E. Pressure Measurements 
The helium pressure in the gas cell was measured 
with an aneroid type absolute pressure gauge which was 
calibrated against an oil manometer. Since for the most 


* The Matheson Company, Inc., East Rutherford, New Jersey. 
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part the windows were not leak tight, it was necessary 
to flow the helium into the cell and some fluctuations 
of pressure were unavoidable. Throughout each run, 
the pressure in the cell was recorded as a function of 
time and these values were averaged. Uncertainties 
in the determination of the pressure of the gas sample 
are believed to be of the order of 2%. 


F. Method of Photometry 


Microphotometer records of the plates established 
the values of photographic density as a function of 
wavelength. In order to convert the records from micro- 
photometer deflections to relative intensities, a method 
similar to that of Woodruff and Givens’ was employed. 
Two calibration spectra were taken on each plate. 
These two spectra differed only in that one represented 
an exposure to twice as many sparks as the other. Thus 
for every spectral line, the microphotometer traces of 
the two spectra furnished a pair of deflections, one of 
which was produced by an intensity /, the other by an 
intensity 2/, if the intensity is assumed to be propor- 
tional to the number of sparks (no evidence of reciproc- 
ity failure has been observed). These pairs of deflections 
were then plotted to provide a d; vs dz; curve. If an 
arbitrary intensity value is assigned to one of the larger 
deflections, it is then possible to find a deflection cor- 
responding to one-half of this intensity. This procedure 
is continued until a set of points is generated which 
relates the microphotometer deflections to relative 
intensities. Several sets of points are determined in the 
same way and are averaged to provide the final plate 
calibration. This calibration curve may then be used to 
evaluate the relative intensities of all spectral lines 
recorded on the plates. As a check of the validity of a 
calibration curve derived in this manner, the same 
calibration spectra are converted to intensities and the 
intensity ratio is computed at each wavelength. This 
ratio should have a value equal to two. The scatter of 
the computed ratios about the value two is generally 
found to be of the order of 5%. This scatter sets an upper 
limit to the precision to be expected from the photo- 
graphic reductions. 

In order to achieve repeatability, we have used only 
the linear portion of the plate calibration curve. The 
slope of this linear portion was found to be the same 
from plate to plate whereas the nonlinear regions seemed 
to be characteristic of a particular plate. This restriction 
on the acceptable values of the density reduced the 
number of spectral lines which could be used but did 
improve the reproducibility of the data. The calibration 
process which has been described is based on the as- 
sumption that the plate response is independent of 
wavelength. To test this assumption, two distinct cali- 
bration curves were determined; one for the 200- to 
400-A region and one for the 500- to 700-A region. 
These calibration curves were found to be in agreement. 


7 R. W. Woodruff and M. P. Givens, Phys. Rev. 97, 52 (1955). 
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III. RESULTS 


To arrive at an absorption spectrum characteristic 
of a sample of helium gas, it is necessary at each wave- 
length to determine the ratio of intensities incident upon 
and transmitted by the gas sample. At 180 A, where the 
photomultiplier was employed, counting rates were 
determined before and after filling the gas cell with 
helium. At the longer wavelengths, the photometric 
procedures just described were followed for the reduc- 
tion of the two exposures made with and without helium 
in the cell. 

With the present instrumentation, photoelectric de- 
tection was available only for a narrow band of wave- 
lengths centered at 180 A and in this case a series of 
attenuation measurements were made as a function of 
gas pressure. In Fig. 3 the quantity In(Jo//) is plotted 
as a function of the helium pressure in the gas cell. The 
slope of the line drawn in the figure is related to the 
cross section as indicated in Eq. (1). The value of the 
cross section derived from measurements is 
0.98+0.05 Mb. 

The relative error in the cross sections is simply given 
by: 


these 
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a P 
on the basis of Eq. (2), the use of somewhat higher pres- 
sures than those shown in Fig. 3 would appear to reduce 
the uncertainty in the determination of the cross sec- 
tion. Since at present, the relative error in the pressure 
determination arises predominantly from scale reading 
errors, higher pressure values would tend to reduce the 
first term on the right of Eq. (2). However, difficulty is 
encountered in carrying out a precise measurement of 
the intensity ratio because of the large attenuation 
factor introduced by the windows of the gas cell. 
Windows possessing a sufficiently high impedance to 
reduce the leak rate to a level not detectable by the 





a a a 
4 6 8 
PRESSURE (mm Hg) 


Vic. 3. A plot of In(/o/Z) as a function of the helium pressure 
in the cell. At each pressure J) and J represent, respectively, the 
photon fluxes incident upon and emergent from the cell. The latter 
was irradiated by a narrow band of radiation centered at 180 A. 
The emergent beam was detected by a Cu-Be photomultiplier. 


ABSORPTION CROSS SECTION OF He 


ee 
wee 

ae * WAVELENGTH OF INCIDENT PHOTONS IN A 
i = i 


1 





a we 

200 300 400 500 
r T T T T 1 
40 30 2.0 1.0 0.5 ° 
ENERGY OF EJECTED ELECTRON IN RYDBERGS 





Fic. 4. For wavelengths greater than 200 A, the graph shows 
a plot of the quantity (/9/J)'/? against the wavelength of incident 
photons. Here P is the gas pressure and the ratio of incident to 
transmitted intensities raised to the power 1/P is presumed to be 
independent of the pressure. The solid curve represents a three- 
parameter least squares fit to the individual determinations which 
at most exhibit a deviation of 5% from the solid curve. The energy 
(in rydbergs) of the ejected electron appears below the wavelength 
scale. 


photomultiplier produced an over-all attenuation factor 
of about 80. Admission of gas into the cell at pressures of 
a few millimeters of Hg reduced the photomultiplier 
counting rate to about 100 counts per second. Source 
instability and background noise make lower counting 
rates impractical. 

The uncertainty in the measured cross section at 
180 A is believed to be about +4%. It seems certain 
that with further refinement in the techniques of window 
manufacture and perhaps with the development of soft 
x-ray tubes capable of dissipating greater input power, 
that the photoelectric detection scheme may be expected 
to lead to results which are considerably more precise. 

At wavelengths longer than 200 A, intensity measure- 
ments were ‘made exclusively by photographic means. 
Because of the wavelength dependence of the transmis- 
sion of the plastic windows and the distribution of in- 
tensity among the spectral lines of the spark discharge, 
the measurements may be divided into two groups. At 
wavelengths less than about 375 A, a leak tight gas cell 
(double layer of plastic in the windows) could be used 
and hence the pressure in the discharge tube was unaf- 
fected by admission of helium into the cell. In this spec- 
tral range there appeared to be no difficulty in obtaining 
consistent results from run to run. Thinner windows 
had to be used for recording wavelengths above 375 A. 
In this case the available pumping speed was insufh- 
cient (with helium in the gas cell) to maintain the dis- 
charge pressure at its lowest value. As mentioned pre- 
viously, to realize uniform discharge conditions for all 
exposures helium was purposely admitted to the dis- 
charge region when the cell was evacuated. Adoption 
of this procedure improved the repeatability of the 
measurements. In those cases where thinner windows 
were necessary for adequate transmission of the long- 
wavelength radiation, intensity measurements could 
be made for every spec tral line in the region of interest. 

The plates were carefully examined for internal con- 
sistency. In the many cases where exposures were taken 
expressly for intensity calibration, cross checks were 
carried out to certify the validity of the calibration 
curves and for all plates reductions were limited to 
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Fic. 5. The absorption cross section of helium as a function of 
the incident photon wavelength in angstroms and the ejected 
electron energy in rydbergs. The current data (solid line) are 
compared with recent theoretical calculations. 


those spectral lines falling in the linear calibration re- 
gion. Plates were checked also to ascertain that they 
predicted no absorption at wavelengths much longer 
than the ionization limit at 504 A. 

As a result of the combination of the low optical 
transmission, the fragility, and the relatively low gas 
impedance of the windows, the gas cell pressure had 
to be kept less than about 5 mm of Hg. Hence the ratio 
of incident to transmitted intensities varied from values 
only slightly greater than one to a maximum of 2.5. 
In Fig. 4, (Jo/J)'/”, a quantity presumed independent 
of the pressure, is plotted as a function of wavelength. 
The data for this plot is presented in Table I. The solid 
curve in Fig. 4 represents a three-parameter least 
squares fit to the individual data points which exhibit 
at most a deviation of about 5% from the solid curve. 
The cross section ¢ was calculated by multiplying the 
logarithm of the quantity (J/J)'/? by the constant 
factor 24.3 10-'* cm?. The computed cross section at 
each wavelength is listed in Table I together with the 
number of observations made at each spectral line. 
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The extreme short-wavelength determination repre- 
sents data obtained from the photomultiplier 
measurements. 

A number of theoretical evaluations of the cross sec- 
tion have been carried out by various authors. These 
differ in the choice of wave function for both the bound 
and free states and in the form of the interaction 
matrix element. The earliest calculation is that of 
Wheeler® who used Hylleraas’ wave function for the 
bound state and a hydrogenic approximation for the 
free states. Vinti® carried out a similar calculation using 
a less elaborate ground-state wave function. Both 
authors used the dipole matrix formulation. 

After Chandrasekhar” demonstrated that the mo- 
mentum matrix element presents the more reliable 
formulation, Huang" carried out a calculation of the 
cross section based on this approximation. He chose the 
Hylleraas’ wave function for the ground state and a 
hydrogenic approximation to the continuum states. 
More recently, Stewart and Wilkinson” have computed 
the cross section using the Hylleraas’ ground-state wave 
function and a Hartree-Fock wave function for the 
free states. Stewart and Wilkinson have evaluated 
oscillator strengths based on both the dipole and 
momentum formulations. 

In Fig. 5 the solid curve represents the least squares 
fit to the present experimental measurements of the 
cross section. The extreme short-wavelength determina- 
tion represents data obtained from photomultiplier 
measurements. The dashed curve depicts the calcula- 
tions of Huang while the dotted curve represents the 
results of Stewart and Wilkinson. As can be seen, the 
present measurements are in good agreement with the 
calculations, both being within the limits of experi- 
mental error. Also included in Fig. 5 are the earlier 
measurements of Lee and Weissler' and those of Axelrod 
and Givens.’ 


8 J. A. Wheeler, Phys. Rev. 43, 258 (1933). 

9J. P. Vinti, Phys. Rev. 44, 524 (1933). 

10S. Chandrasekhar, Astrophysical J. 102, 223 (1945). 

1S. Huang, Astrophysical J. 108, 354 (1948). 

12 A. L. Stewart and W. J. Wilkinson, Proc. Phys. Soc. (London) 
75, 796 (1960). 
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The ionization cross section for Nz molecules on impact with Nz molecules has been measured over the 
laboratory energy range from 30 to 1000 ev. The incident molecular beam was produced by the technique 
of ionization by electron impact, electrostatic acceleration and neutralization by charge transfer. The meas- 
urements were carried out in a low-pressure parallel plate ionization chamber. Particular attention was paid 
to the problem of secondary electrons. Ionization was observed a few volts above threshold. Cross sections 
which were obtained ranged from 10~* to 10~'* cm?. The curve of cross section vs incident particle energy 


showed structure indicative of competing processes. 


INTRODUCTION 


HE process of ionization by atomic particles has 

been the subject of very many investigations. 
Interest in ionization has ranged from the nature of the 
interaction itself to the indirect sensing of atomic par- 
ticles through their ionizing effects. The vast bulk of 
the data available has dealt with high-energy particles 
(energies much greater than ionization potentials), and 
usually the particles have been charged. Reasonably 
accurate theories have been developed to deal with 
some of these cases. In contrast, the present experiment 
concerns ionizing interactions between relatively slow, 
uncharged particles. Theoretical analysis of the inter- 
actions under these conditions is extremely difficu!t and 
little experimental work has been done. However, the 
current interest in high-temperature phenomena in- 
volved in such fields of study as shock waves, plasma 
physics, and high-temperature chemistry has made the 
study of low energy ionizing interactions imperative. 
This paper presents data on such low-energy inter- 
actions between nitrogen molecules. Although one may 
argue that nitrogen is a poor choice on grounds of theo- 
retical complexity, the atmospheric abundance of 
nitrogen makes these data immediately useful. Further- 
more, it is hoped that the study of chemically active 
species will lead to the development of techniques ap- 
plicable to chemical reaction kinetics in which fairly 
high activation energies are present. Specifically, it was 
the purpose of this experiment to determine the ioniza- 
tion cross section for nitrogen molecules on impact with 
nitrogen molecules having laboratory energies between 
30 and 1000 ev. 

The technique used consisted of three basic parts. 
First, a molecular Ne beam was produced having the 
desired energy. Second, an N» thin gas target was pro- 
vided for this beam between the plates of a parallel 
plate ionization chamber. Finally, the electrons pro- 
duced in ionizing interactions were swept by the elec- 
trostatic field between the plates to the collector plate 
and this current was measured. It was possible to de- 
termine the ionization cross section through knowledge 
of the incident beam intensity, target particle density, 


* Supported by a National Aeronautics and Space Administra- 
tion Grant. 


guarded collector length, and the collector current. 
Experimentally the most difficult problem arose in 
showing that the collector current corresponded to 
ionization electrons rather than secondary electrons 
produced at the chamber surfaces. A considerable part 
of the experimental discussion will be involved with 
this problem. 


APPARATUS 
Molecular N, Beam 


The molecular N2 beam apparatus has been discussed 
in detail elsewhere! A short summary will be given 
here. 

Figures 1 and 2 show the beam-producing apparatus. 
An N,* ion beam was produced by the ion source and 
lens system of Fig. 1. The ion source was operated as 
an electron impact source. The electron energy was 
about 22 ev. The third lens (Fig. 2) determined the 
final ion-beam energy and focused the ion beam through 
the apertures which followed. A fraction (<20%) of 
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Fic. 1. Ion source and lens system. 
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1N. G. Utterback and G. H. Miller, Rev. Sci. Instr. 32, 1101 
(1961). 
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the ion beam entering the neutralization chamber was 
neutralized by charge transfer with N2 gas. The mixed 
ion and molecular beam passed between deflecting 
plates where the ion beam was removed. The neutral- 
beam energy was determined under the assumption that 
negligible momentum was transferred during charge 
transfer, and therefore that the molecular beam had 
the same energy and direction as the ion beam. The 
ion-beam energy was determined by using the neutrali- 
zation chamber as a Faraday cage. Energy spread at 
half-maximum was found to be 0.5 ev. 

The molecular N, beam intensity was determined by 
measuring three currents (Fig. 2) as follows. The ion 
collector current i; corresponded to those ions which 
had not undergone charge transfer or strong scattering. 
The current 72 arose from the cup which was held at a 
potential positive enough to repel the slow ions arising 
from charge transfer, but not positive enough to repel 
scattered ions; 7, therefore corresponded to ions strongly 
scattered which had not undergone charge transfer. 
The ions arising from charge transfer were driven by 
the positive cup to the grid and were collected as 43. 
Now i;+i2+i; was the total ion current entering the 
neutralization chamber. Thus 8, the fraction of all 
entering ions which underwent charge transfer, was 
given by 


If J represents the unscattered ion beam in the event 
charge transfer had not occurred, the current 4; was 
given by 

ii=I—8s!, [=1,/(1—8). (2) 


or 


It follows that the molecular beam intensity in mole- 
cules per second, B, was 


B=81=8i,/ (A4—8) =13/ (1+72/1), (3) 
where the currents are in ions per second. 

It is seen that if no scattering had been present 
(iz=0), the molecular beam intensity would have been 
equal to 73, the slow ion current. A more detailed dis- 
cussion of the assumptions implicit in Eq. (3) has been 
given previously.’ It was also shown in that reference 
that the absolute intensity could be determined to 
within 20% by the use of this method. Beam intensities 
of the order of 10° molecules /sec were used in this work. 


Ionization Chamber 


Figure 3 shows the electrode arrangement for the 
ionization chamber. The beam was allowed to pass 
between the grid and the collector and guard plate in a 
direction parallel to the grid wires. The purpose of the 
grid was to suppress secondary electrons arising at the 
back plate behind the grid due to scattered molecules. 
The grid was composed of 0.0007-in. diam gold-plated 
tungsten wires spaced about 0.1 in. apart. It therefore 
presented a very small solid angle for molecules scat- 
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Fic. 3. Ton chamber electrode arrangement. 


tered out of the beam. A potential difference of 30 v 
was maintained between the back plate and grid. This 
prevented secondary electrons arising at the back plate 
from reaching the collector. The guard plate insured a 
uniform field over the collection region and a well- 
defined collection length. The collector was 104 cm, 
and was spaced 4 cm from the grid. The grid was spaced 
1 cm from the back plate. All electrode surfaces were 
plated with gold. 

The electrode assembly was contained in a chamber 
evacuated by means of CO.-acetone trapped oil diffu- 
sion pump. A 4-in. diam disk perforated with forty 
0.12-in. holes was placed between the chamber and 
pump to cut down the pumping speed and remove large 
pressure gradients in the ion chamber. (The entire 
region between the ion source and neutralization 
chamber was evacuated by means of a titanium getter- 
ing pump. The only connection between the beam 
vacuum system and the ionization chamber vacuum 
system was the 3-mm exit aperture from the neutrali- 
zation chamber, Fig. 2.) This arrangement was used in 
order that the ionization chamber pressure could be 
controlled independently of the neutralization chamber 
pressure. Furthermore, when a target gas other than 
nitrogen was used, it was essential to keep the target 
gas as pure as possible. This necessitated continually 
pumping out the nitrogen which entered the ionization 
chamber from the neutralization chamber. 

Target gas was admitted to the ionization chamber 
through an aperture pointed so that the gas in the inter- 
action region had diffused off the chamber walls. In this 
way the pressure gradient in the interaction region was 
kept small. The pressure calibration was made with a 
McLeod gauge whose aperture looked into the inter- 
action region. Relative pressure measurements were 
made with a Bayard-Alpert type ionization gauge 
operated at low emission (40 ywamp). The ionization 
gauge readings were linear with McLeod gauge readings 
over the pressure range 6X10~° to 6X 10~* mm Hg. A 
CO,-acetone cold trap was always used between the 





IONIZATION OF N, 
McLeod gauge and ionization chamber in order to 
exclude mercury vapor from the chamber. 


Electron Collection and Current Measurement 


The electron collecting field was maintained between 
the grid and the collector and guard plate. The distance 
between was 4 cm. The collector and guard plate were 
held at ground (chamber) potential, with the grid being 
made negative. Since ionization electrons are expected 
to have kinetic energies less than a few tens of electron 
volts,? a negative potential of a few hundred volts on 
the grid should have sufficed to repel the ionization 
electrons to the collector. Relatively few positive ions 
then reached the collector, since their energies would 
have had to be quite high and their directions correct 
to overcome the field. 

The collector plate was connected to a Cary vibrating 
reed electrometer driving a strip-chart recorder. It was 
possible to measure reliably currents smaller than 10~'° 
amp when charging times of 100 sec were used. 
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GRID POTENTIAL~VOLTS 


Fic. 4. Collector current saturation curves. 


Figure 4 shows the collector current as a function of 
negative grid potential for several beam energies. The 
curves have been normalized to equal values at high 
grid potentials. Reasonable saturation was obtained 
below 200 v. The back plate was maintained 30 v posi- 
tive with respect to the grid during these measurements. 

It may be noted that at grid potentials less than 20 v, 
the current to the collector became positive. This is 
explained by the emission of secondary electrons from 
the collector due to the impact of scattered molecules. 
At small collecting fields the secondary electrons were 
able to escape from the collector, while at greater fields 
they were returned. 

At the pressures employed, the process of electron 
multiplication made a negligible contribution to the 
electron current. 

The ionization measurements were always made with 
the grid at a potential of —95 v in order to reduce grid 
microphonic noise input to the electrometer. The final 
results have been increased 10% to effectively increase 


2H. W. Berry, Phys. Rev. 121, 1714 (1961). 
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the ionization current to the saturation value (see 
Fig. 4). 

SECONDARY ELECTRON EFFECTS 


In order to be certain that the collector current cor- 
responded to ionization electrons rather than secondary 
electrons, it was necessary to make measurements which 
indicated the magnitude of the secondary electron 
effects. These measurements are discussed in the fol- 
lowing paragraphs. 


Pressure Saturation Curves 


The first measurement consisted of varying only the 
ionization chamber pressure P while keeping the ion 
and molecular beams constant. Under these conditions 
the ionization current was proportional to the pressure. 
(Other possible sources of current also proportional to 
P will be discussed further on.) In contrast, a constant 
current was produced by any secondary electrons 
arriving at or leaving the collector due to impact of 
direct beam molecules or photons on the electrode 
surfaces. Photons, for example, may have been produced 
when the ion beam was deflected onto the ion collector 
(Fig. 2). In obtaining the ionization cross section o; 
from the data, collector current was divided by the 
pressure P. Ionization thus led to a constant value for 
a;, while the secondary effects mentioned were indi- 
cated by a 1/P dependence. Figure 5 shows the results 
of this measurement for three beam energies. It may 
be seen that such secondary effects were indeed present 
and obscured the measurement of o; at low pressures. 
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Fic. 5. Pressure saturation curves. 
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However, in each case pressures were easily reached at 
which a constant or slowly decreasing value for o; was 
obtained. A slow exponential decrease with P (almost 
linear over the range of interest) must be expected due 
to gas scattering of the molecular beam in the ion 
chamber. The gas scattering effect as seen here was a 
function of both the ordinary scattering cross section 
and the ionization cross section. A molecule could be 
scattered, for example, but still produce ionization at a 
rate characteristic of its energy after scattering. Since 
the ordinary scattering cross section decreases as the 
energy increases and since the ionization cross section 
becomes less energy dependent at higher energies, it is 
not surprising to find gas scattering most important at 
low energies. 

A slight modification of this technique was employed 
to include the secondary current due to molecules which 
arose from partial neutralization of the ion beam in 
the region of the ion collector. In this measurement no 
neutralizing gas was admitted to the neutralization 
chamber directly. The pressure of the gas in the neutral- 
ization chamber was then proportional to the pressure 
P in the ion chamber. The molecular beam B was there- 
fore proportional to P (so long as 6 was small and i, 
was constant) and the ionization current was propor- 
tional to P*. Any molecules arising from neutralization 
of ions directed toward the electrodes yielded a second- 
ary electron current proportional to P. In obtaining o, 
under these conditions, the collector current was effec- 
tively divided by P?. Again the secondary effects had a 
1/P dependence. The shape of the curves so obtained 
were very similar to Fig. 5, again indicating that these 
secondary effects were negligible at higher pressures. 
There were additional secondary currents which always 
had the same pressure dependence as the ionization 
current, and those will be discussed in the next section. 

Pressures of about 1.5 10~* mm Hg were used when 
obtaining the ionization cross section data. A 7% 
correction was made to the final data in order to ex- 
trapolate to approximately zero pressure. 


Efficiency of the Grid 


Secondary electrons arising from the impact of gas- 
scattered molecules on electrode surfaces gave rise to a 
current which had the same pressure dependence as the 
ionization current. It was therefore not possible to 
separate this secondary current by varying the pressure. 
The magnitude of this particular effect was determined 
in the following manner. 

If no grid had been present, secondary electrons 
arising at the back plate due to the impact of gas- 
scattered molecules would have been accelerated to the 
collector and would have been indistinguishable from 
ionization electrons. The grid was added to eliminate 
this effect. By making the grid sufficiently negative, it 
was possible to return the secondary electrons to the 
back plate. However, the grid itself presented a nonzero 
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Fic. 6. Curve A: Ne-Ne ionization cross section. 
Curve B: Experimental check. See text. 


area to scattered molecules, and secondary electrons 
arising at the grid could reach the collector. The grid 
wires constituted about one percent of the total grid 
area as seen by scattered molecules. With the grid in 
operation, the secondary current should therefore have 
been about one percent of the current present without 
the grid. Measurements were made with the grid 0, 30, 
and 50 v negative with respect to the back plate (grid- 
to-collector potential difference —95 v). At zero dif- 
ference in potential, the secondary current should have 
been about a factor of 100 greater than when the grid 
was repelling the secondaries arising at the back plate. 

Figure 6, curve B, shows the results of the measure- 
ment made with zero potential difference between the 
grid and back plate. It may be compared to the final 
results, curve A, made with the grid 30 v negative with 
respect to the back plate. (The 50-v measurements 
varied less than 2% from those at 30 v.) The ionization 
current as given by curve A was subtracted from the 
collector current in obtaining curve B. It is seen that 
the secondary current for zero potential difference was 
only a few times greater than the ionization current. 
The secondary current with the grid 30 v negative was 
therefore negligible in comparison to the ionization 
current. Furthermore, the difference in the shapes of 
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the two curves indicates that two different processes 
were being studied. 

In addition to the tests already discussed, changes 
in electrode orientation were made to further check for 
possible sources of error. The beam producing apparatus 
was rotated 90° with respect to the ion chamber plates 
with no significant change in the final results. The 
equipment was completely disassembled and realigned 
several times during the course of the investigation. 

As a final check, preliminary measurements of the 
N2—Osz ionization cross section were made (Oz as the 
target gas). Ionization was observed at a lower center 
of mass energy, corresponding to the lower ionization 
threshold for O2. Furthermore, no structure was evident 
in the cross section vs energy curve. (It is expected that 
the N2—Oy data will be reported in a later paper.) 


RESULTS 


Figure 6, curve A, shows the final results. Cross 
section values were obtained from 


a:=3.05X 10-*°(i/ PB) cm’, 


where i is collector current in units of 10~'* amp, P the 
ion chamber pressure in units of 10~* mm Hg, and B 
the neutral beam equivalent current in units of 10~”° 
amp. The collector length was 10 cm and the tempera- 
ture was 22°C. The collector current values were cor- 
rected for saturation and pressure effects as indicated 
in the preceding sections. 

The energy scale for Fig. 6 is the energy in the center- 
of-mass system minus 15.6 ev. This corresponds to 
excess energy with respect to the energy threshold for 
production of Nz*. It should be noted that o; corre- 
sponds to the total ionization cross section up to 15.6 
ev on this scale, since up to this point only one electron 
may be produced per event. At higher energies o; 
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becomes the apparent total ionization cross section, 
since more than one electron may be produced per event. 

The error flags at the low end of the curve indicate 
random errors in o; and are due mostly to uncertainties 
in 7. Beam energy uncertainty also becomes important 
near threshold, and is estimated to be +0.25 ev (c.m. 
system). At higher energies the random uncertainties 
are a few percent. 

The largest systematic uncertainty in o; was due to 
the molecular beam intensity B, which was known to 
within +20%.' The pressure uncertainty was less than 
+10%. Other uncertainties should not have been over 
a few percent, so it is reasonable to assign the results 
an absolute uncertainty of +25%. 

Little was known about the internal energy state of 
the beam molecules, or about the magnitude of the 
effect excited states might have on the ionization cross 
section near threshold. 

Structure was quite evident near the middle of the 
cross section-vs-energy curve. A satisfactory explana- 
tion for this structure has not been given as yet, al- 
though the energy at which the structure occurred 
might suggest dissociation effects. The possibility for 
ionization of both colliding molecules occurred above 
31.2 ev in the c.m. system and might explain structure 
in that region. The production of N3* and Nyt may 
also have been a factor. It therefore appears that an 
explanation must await a more detailed study of the 
ionizing events, including energy and mass spectro- 
metric analysis of the resulting ions. 
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Proton Radio-Frequency Spectrum of HCI**; 


Joun A. Leavitt,* Mitton R. BAker,t H. Mark NEtson,§ AND NorMAN F. RAMSEY 
Harvard University, Cambridge, Massachusetts 
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The radio-frequency spectrum corresponding to re-orientation of the proton magnetic moment in HCI* 
in the presence of an external magnetic field has been obtained using the molecular beam magnetic resonance 
method. From the observed resonance shapes and positions, the value of the spin rotational constant of the 
proton in HCI* has been determined to be |cp| =41+3 kc/sec. Due to the large quadrupole interaction in 
HC, the perturbation methods of data analysis used with the HF molecule were inapplicable. An approxi 
mate theory of the proton spectrum has been developed in detail to aid in the analysis of the experimental 
data in this case and in cases of similar intermediate coupling. Theoretical spectra were calculated on the 
UNIVAC computer using this approximate theory and directly compared with the experimental spectrum 
to estimate the value of |c,|. Theoretical spectra were also calculated on the UNIVAC using a direct solu- 
tion of the Hamiltonian secular equation and were compared with the experimental curves to provide a 
check on the validity of the approximate theory. The comparisons indicate that the use of the approximate 
theory will allow the determination of |c,! to within 10°. 


I. INTRODUCTION 


HE molecular beam magnetic resonance method 
of studying Zeeman hyperfine structure of mole- 
cules furnishes an excellent method of obtaining values 
of molecular interaction constants such as spin-spin, 
spin-rotational, and quadrupole interaction constants.'~* 
The analysis of the experimental data to obtain values 
of the above constants usually involves the construc- 
tion of several theoretical comparison curves (with 
different values of the unknown constants) which are 
compared with the experimental curves until a “best 
fit” is obtained. High- and low-field perturbation theory 
are commonly used to calculate these theoretical com- 
parison curves. 

However, these perturbation methods proved to be 
inapplicable to the analysis of the experimental proton 
spectrum of HCl**. Due to the large quadrupole inter- 
action, the HCI molecule in an external magnetic field 
must be considered an intermediate field problem. The 
analysis of the experimental data then involves either 
the direct solution of the secular equations or some 
approximate method other than the usual perturbation 
methods. 

An approximate theory (using the m,, K, m, repre- 
sentation) of the proton spectrum of HC|* is presented 
in detail in Sec. II to aid in the analysis of experimental 
data in this case and in cases of similar intermediate 
coupling. Experimental curves obtained using pro- 
cedures discussed in Sec. III are compared with 
theoretical comparison curves calculated using this 
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approximate theory in Sec. IV. Theoretical curves 
calculated by a direct solution of the secular equation 
are also compared with experimental curves to provide 
a check on the validity of the approximate theory. 


II. APPROXIMATE THEORY 
Hamiltonian 


The interaction energies of the ‘2 HCl molecule in a 
magnetic field depend on three angular momentum 
vectors: I, (proton), Ic: (chlorine nucleus), and J (due 
to molecular rotation), with corresponding magnetic 
moments wy, wc, and wy. These interactions (omitting 
that due to the chlorine magnetic octupole moment), 
for the HCl molecule in an external magnetic field H, 
are described by the following Hamiltonian i 
J I,- 
—=-—[1-—¢,(J)]a,— 

h |H| 

Ic, H J-I 
—[1—¢¢1(J) Jaci mares —[1 —a,(J) |b 
H H 


5d, 
—¢plp- J—cerles- I+ 
(2J —1)(2J+3) 
[3 (1, J) (Ter: J) +3 (ler J) (1: I)— (1-H) FP] 
5d> 
— 
(2J —1)(2J +3) 


5f tos 
3(2J—1)(27+3)L_ |)? 


[3(leu- J)?+§ (ler J)— Tor] 


| Mie. ~ 


The constants a, and dc; represent the interaction 
of the proton and chlorine magnetic moments with the 
external field, the constant 6 represents the interaction 
of the rotational magnetic moment with the external 
field, the spin rotational constants c, and cc; represent 
the interaction of the respective nuclear moments with 
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the magnetic fields due to the rotation of the molecule 
at the nuclear positions, the constant d; represents the 
direct dipole-dipole interaction of the two nuclear 
moments, the constant d2 represents the interaction of 
the quadrupole moment with the non-uniform electric 
field of the molecule, the constant f represents the 
orientation-dependent part of the molecular diamag- 
netic interaction with the external field, the constant 6 
represents the scalar part of the electron coupled spin- 
spin interaction (the tensor part makes a contribution 
to d,), and o;(J) are magnetic shielding constants. 


Choice of Representation 


Using the above Hamiltonian, approximate expres- 
sions for the energy levels of the HCI molecule in an 
external field may be obtained and the allowed transi- 
tion frequencies calculated using the selection rules. 
The method used in making this approximate calcula- 
tion depends on the relative magnitudes of the inter- 
action energies of the separate terms of the Hamil- 
tonian. The usual perturbation methods (both strong- 
and weak-field perturbation theory) are inappropriate 
for the calculation of the HCl energy levels. The large 
chlorine quadrupole interaction [egQ~67 Mc/sec 
(d2=2.24 Mc/sec), measured‘ for Cl*® in DCI**] in- 
validates the condition (strong-field perturbation the- 
ory) that the internal interactions be small compared 
to the interactions of the nuclear moments with the 
external field. The condition necessary for the weak- 
field perturbation method is also violated (at the fields 
used) since the internal interactions, in the case of the 
proton, are small compared to the interaction of the 
proton moment with the external field. 

In this case, for an accurate calculation of the proton 
spectrum of HCl, the HCI molecule in a magnetic field 
must be considered an intermediate field problem, and 
the secular equation for each value of J must be solved. 
This procedure was carried out and the results are pre- 
sented in the last section. However, an approximate 
first-order method of solution can be developed which 
is adequate to allow the determination of the spin 
rotational constant of the proton. This method utilizes 
the m,, K, m, representation, which takes into account 
the experimental evidence of the large quadrupole 
interaction and assumes that the I, coupling is a strong- 
field case, while the Ic; and J couplings are weak-field 
cases. This method has the advantage over the solution 
of the secular equation that results can be obtained 
with a much shorter computer time. 

The significance of the notation used in this section 
is: Ip(Zp+1), Zei(er#+1), J(J +1), K(K+1) are the 
eigenvalues of the angular momentum operators I,’, 
Io’, 3°, K®; my, mci, mz, my are the eigenvalues of the 
operators /,”, 7,°!, J, Kz (components of I,, Ici, J, K 


*C. A. Burrus, J. Chem. Phys. 31, 1270 (1959). 
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along the field direction). The operator K is defined as 
K= leit J. (2) 


In the m,, K, m, representation, it is assumed that 
Ic; and J are strongly coupled together (by the large 
quadrupole interaction) to form the resultant vector 
K, which precesses about the external field, while I, 
also precesses about the external field. Since Ic; and J 
precess about their resultant K, mc, and my are not 
good quantum numbers. It is assumed that the In. J, 
KH, and I,«>H couplings are strong enough to 
cause I,”, K?, K, to be well defined, and hence to make 
My, K, m, the qood quantum numbers for the problem. 


Approximate Hamiltonian 


Equation (1) may be approximately expressed in 
terms of the operators I,?, Ic’, /.”, K*, and K, only. 
The matrix of this approximate Hamiltonian is then 
diagonal in the m,, K, m, representation and the ap- 
proximate energy levels are then simply the eigenvalues 
of this Hamiltonian. 

The coupling between Ic, and J is assumed to be so 
strong that the weak field approximation® applies in the 
case of the J-H and Ic.-H terms of Eq. (1). Only the 
components of Ic; and J along K are effective since the 
perpendicular components average to zero. Therefore: 

J-KK-H 


Io. K K-H 
“IKI IKi’———sST Xs KIL 


In the case of the I,- J term, it is assumed that only the 
component of J along K is effective: 


I,K K-J 
J~ 
K| |K 


The I,- Ici term may be expressed as 
I,-Ic.=I1,-(K-—J)=(I1,-K)(i-—J-K/| K\?). (5) 


It should be noted that the I,- J and Ic,- J approxima- 
tions give a d,; term in the approximate Hamiltonian 
which agrees with a simplified version of the d, term 
given in the literature’ for NH; in a case of similar 
coupling. 

In the case of the coupling between I, and K it is 
assumed that the strong-field approximation’ applies; 


I,-H K-H 
K~= PPK «. (6) 
H H 


Using the above approximations and Eq. (1), the 
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approximate Hamiltonian 3¢’ may be written: 


5" 7 I): K 
= —[(1—o,(J) Ja,J.°—[1—¢01(J) Jack, — 
h K ° 


_ J: _J-K 
Us) PRe eee eee 

54,1,°K, (J-K)? 23°(J-K) 
-——— 3 ~—-— -F] 

(27 —1)(2J+3) K'? K: 
5d. 

a ee ee 
(27 —1)(2J +3) 


Sf | 
3(2J—1)(27+3)L 


In the above form, x’ 
I? Ict, J*, K?, 1,?, K., since 

I,- J=43(K°—-Ie2- F)], 

Io. K=3(K?+I.2-— )], 

J-K=3}(K?—Ic?+ F). 


involves only the operators 


Approximate Energy Levels 


The approximate energy levels of the HCI molecule 
in a magnetic field are the energy eigenvalues of 3’: 
E([,lc.J ; mpKm;,) 

=—[1—¢,(J) Japm,—[1—o01(J) Jaciom 12 
—f1—a;(J) om. Ls—cymyl3—ceils 
+d mym,.L4+d2L5— fLe+émym,(1—Ls), 


where 


L,=3(K(K4+1)—Jei7eit+1)—J (J +1) ], 


K(K+1)4+Jo)Ueit+1)—J (J +1) 


2K (K +1) 


K(K+1)+Je.\7e1+1)4+J (J +1) 
2K (K+1) 
| a (3L2K(K+1) 
(2J —1)(2J +3) 
; —2 (J+1)L;—J(J+1)], 
lew (3L2—3Li—Tea er t1)J (J +1), 
(27 —1)(2J+3) 


5 
L.=— - - [3m,2Le—J(J+1) |, 
3(2J —1)(2J +3) 


and the allowed values of m,, K, m, are half-integral 


NELSON, 


AND RAMSEY 


values with limits: 


\J-—TIe| <K< (J+lei1); —K<m<K; 


—I,gm,<I,. (11) 


Proton Transition Frequencies 


With the above expression for the energy levels and 
the selection rules: 


Am,y=2+1; AK=Am,=0, (12) 


the general expression for the allowed frequencies cor- 
responding to re-orientation of the proton magnetic 
moment is 


v(JKm,)=[1—¢,(J) Japt+cpm:L; 
—dym,Ly—bm,[{[1—L3]. (13) 


Calculation of the HCI Proton Spectrum 


The final proton spectrum is obtained by substituting 
appropriate values of the constants @», cp, d;, and 4 into 
the above expression for the allowed transition fre- 
quencies, assigning appropriate shapes and intensities 
to the individual lines, and adding the individual 
curves together to obtain the spectrum. 

The line shapes assigned to the proton lines are Rabi 
curves for a single rf coil. The full width A» at half in- 
tensity for the Rabi curve is given by 


Av= (1.072)a/l, (14) 


where / is the length of the rf coil and a@ is the most 
probable velocity of the molecules in the source. 

The relative intensities assigned to the proton lines 
are proportional to the relative numbers of beam mole- 
cules in the states between which the transitions take 
place. The rotational energy states of diatomic mole- 
cules are populated according to 


(27 +1)e~ (8/7 
Ny 


x 
) ioe 2 3/T)r 
> (2n 1 )e 


where @ is a constant which depends only on the moment 
of inertia of the molecule. For HCl**,8=14.8°K.® 


TABLE I. Relative state populations (in % of 
total number of beam molecules). 


200°K 300°K 


0.91 
0.78 
0.58 
0.37 
0.21 
0.10 
0.04 


0.63 
0.57 
0.46 
0.33 
().22 
0.14 
0.07 


6G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., New York, 1950) 
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Assuming equal populations for all states of the same J, 
the relative populations are tabulated in Table I. 

The constants ay and d, are known. For a particular 
value of the magnetic field H, the constant a, may be 
calculated from 


ap=ppH/I,h. (16) 


The constant d; may be calculated* with values of the 
appropriate constants obtained from Herzberg.* The 
variation of d; with J is quite small, so the value d; 
= 2230 cps, corresponding to J=3, was used in all 
UNIVAC calculations. In the calculations, the value 
of 6 was chosen to be 69 cps. This value was selected 
somewhat arbitrarily as the value’ of 6 for HF 
(65ur=615 cps) scaled down according to the ratio of 
the chlorine-to-fluorine gyromagnetic ratios. The con- 
tribution of this 6 to the line shape is negligibly small. 
The constant c, is then the only unknown constant 
appearing in Eq. (13), and may be determined by 
choosing the value that produces the best agreement 
between calculated and experimental curves. 


Ill. EXPERIMENTAL PROCEDURE 


The experimental radio-frequency spectrum corre- 
sponding to reorientation of the proton moment in 
HCl*®* was obtained using the new molecular beam 
apparatus at Harvard University. A description of this 
apparatus has previously appeared in the literature.'* 
Experimental curves were taken at three different mag- 
netic fields (480, 885, 3400 gauss) and two different 
source temperatures (~200°K, ~300°K) using a single 
oscillatory field region initially ~ in. long (Av=17.1 
kc/sec, 21.0 kc/sec at T= 200°K, 300°K). On-off modu- 


H=3400 GAUSS 
T=300° K 


INTENSITY CARBITRARY UNITS) 








14 442 (acs) 
FREQUENCY (KC/S) 


lic. 1. Comparison of calculated and experimental proton 
spectra for HCI**. The theoretical curves were calculated using 
the approximate theory of Sec. If. —— Experimental curve 
(using }-in. rf coil). —— Theory 1 (calculation parameters: 
cp=41 kc/sec, 6=69 cps, Av=21.0 kc/sec, d:=2.230 kc/sec). 
Theory 3 (calculation parameters: c,=45 kc/sec, 5=69 cps, 
Av=21.0 kc/sec, d; =2.230 kc/sec). 


71. Solomon and N. Bloembergen, J. Chem. Phys. 25, 261 
1956). 

8 Details on construction methods, dimensions, and circuitry 
can be found in H. M. Nelson, thesis, Harvard University, 1959 
unpublished); J. A. Leavitt, thesis, Harvard University, 1960 
(unpublished); M. R. Baker, thesis, Harvard University, 1960 
(unpublished). 


RADIO-FREQUENCY 


SPECTRUM OF HCI#5 


H=3400 GAUSS 
T=300° K 


INTENSITY (ARBITRARY UNITS) 








-200 ° 
14 442 (KC/S) 
FREQUENCY (KC/S) 


Fic. 2. Comparison of calculated and experimental proton 
spectra for HCl**. —— Experimental curve (using }-in. rf coil). 
Theoretical curve calculated using UNIVAC solution of 
secular equation. Calculation parameters: Av=21.0 kc/sec, ap 
= 14320 kc/sec, aco: = 1410 kc/sec, b=1397 kc/sec, cco:= — 10.48 
kc/sec, ¢p=41 kc/sec, d:=2.230 kc/sec, d2=—2.24 Mc/sec, 
5=69 cps. 


lation of the oscillatory field was used; the time con- 
stant of the phase sensitive detector was 8 sec. The 
signal-to-noise ratio (near maximum signal) was about 
10 to 1. The curves produced on the recorder chart 
were reduced to smooth curves by drawing lines through 
the tops and bottoms of the noise peaks and plotting 
points midway between these extremes. The final data 
were plotted on the same scale as the UNIVAC print- 
out, thus allowing direct comparison between experi- 
mental and calculated curves. The experimental curve 
for H=3400 gauss and T=300°K is shown in Figs. 1 
and 2. 

Several months after the above observations with a 
3-in. long oscillatory field coil, the experimental spec- 
trum was run again with a 3-in. oscillatory field (Av=4.3 
kc/sec at 200°K). An experimental curve (H=1810.5 
gauss, 7 =220°K) taken using this increased resolution 
is shown in Fig. 3. 

' The hydrogen chloride gas (commercial grade, an- 
hydrous,* Matheson*Company) used in these experi- 


H= 1810.5 GAUSS 
T=220° K 


INTENSITY CARBITRARY UNITS) 








é 
7709.0 (c/s) 
+ FREQUENCY (KC/S) 


Fic. 3. Comparison of calculated and experimental proton 
spectra for HCI, —— Experimental curve (using 3-in. rf coil). 
—+-: — Theoretical curve calculated using UNIVAC solution of 
secular equation. Calculation parameters: Av=4.5 kc/sec, @p 
=7709 kc/sec, ac,=756 kc/sec, b=753 kc/sec, coi= —10.48 
kc/sec, ¢p=41 kc/sec, di=2.230 kc/sec, d2=—2.24 Mc/sec, 
5=69 cps. 
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ments contained HCl** and HCI in the naturally 
occurring isotopic abundances (about 75% HCl**). The 
HCI proton spectrum was observed (by tuning the 
mass spectrometer to mass 38) but the signal-to-noise 
ratio was too poor for meaningful interpretation of the 
spectrum. 


IV. INTERPRETATION AND RESULTS 


The interpretation of the experimental resonance 
curves shown in Figs. 1-3 was carried out by direct 
comparison of the experimental curves with theoretical 
curves calculated using the UNIVAC computer. The 
theoretical curves were calculated using two different 
programs devised by one of the authors (N.F.R.). The 
program for the approximate method (Fig. 1) of Sec. II 
was considerably simpler and involved less machine 
time than the program for direct solution of the secular 
equations (Figs. 2 and 3). All calculations were carried 
out through all significant orders of J (through J=5). 
Parameters used in the calculations are given in the 
figure captions. 

Figure 1 shows the comparison of the low-resolution 
(Av=21 kc/sec) experimental curve with the corre- 
sponding theoretical curves calculated using the ap- 
proximate theory of Sec. II. The agreement is not 
expected to be perfect since the approximate theory 
gives a symmetrical curve whereas the experimental 
curve is somewhat asymmetrical. An analysis of the 
positions and separations of the side peaks indicates 
that the value of |c,| for best fit is 


Cp =43+4 kc/sec. 


The rather large uncertainty is due to the use of the 
approximate theory and to the uncertainty in the 
knowledge of 6. 

Figure 2 shows the comparison of the same low- 
resolution experimental curve with the corresponding 
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theoretical curve calculated by solving the secular 
equation. The value of |c,| for best fit is judged to be 


lc» =41+3 kc/sec. 


The assigned uncertainty is due to uncertainty in the 
knowledge of the calculation parameters cc, 6, and 6. 

Figure 3 shows the comparison of the high-resolution 
(Av=4.5 kc/sec) experimental curve with the corre- 
sponding theoretical curve calculated by solving the 
secular equation. The agreement is good but not per- 
fect. The value of |c,| for best fit is judged to be 


|¢p| =4143 ke/sec. 


The discrepancies between the calculated and experi- 
mental curve are probably due to a combination of 
experimental noise; uncertainty in the parameters cci, 
6, and 6; and a modification of the transition intensities 
of different states by such experimental factors as the 
collisions of some molecules with the magnet poles. 

The sign of c, is not determined by this analysis, 
since a change in the sign of c, produces only small 
changes in the calculated curves. 

The final conclusions are: 


(1) The approximate theory developed in Sec. II is 
adequate to allow the determination of |c,| to within 
10%. This theory should also be valid for cases of 
similar coupling. 

(2) The absolute value of the spin rotational con- 
stant of the proton in HC!" is 


Cp =41 +3 ke sec. 
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Enhancement of the Long-Lived Positronium Annihilation Rate 
by a Static Electric Field 


A. Bist, A. FASANA, AND L. ZAPPA 
Istituto di Fisica del Politecnico, Milano, Italy 
(Received May 15, 1961) 


The annihilation rate of the long-lived component of positronium in solid dielectrics was investigated as a 
function of an applied static electric field. It was found that in some materials like paraffin, polyethylene, 
and Teflon the triplet positronium decays, in the presence of the field, at a rate greater than the usual “pick 
off” annihilation rate. Within the experimental accuracy the lifetimes 7 in the three materials display the 
same trend with the field, which is expressed by the equation rg=70(1—aZ), where a= (9.341.3)X 10" 
cm/kv. No effect was found in some typical polar polymers, for instance, Lucite, Nylon, and polyvinyl 


chloride. 


INTRODUCTION 


T is well known that in some materials positrons 
annihilate with a complex decay curve having two 
lifetime components, strongly favoring the positronium 
formation hypothesis. The long lifetime (the so-called 
‘‘r> component”) is due, as is generally accepted, to 
the formation of orthopositronium which in solid insu- 
lators decays only by “pick-off” annihilation.’? Some 
factors have been found, in the last few years, to affect 
the rz component and its intensity, among which are 
magnetic fields, temperature, pressure, and phase.” 

A strong influence of an electrostatic field on posi- 
tronium formation in some polymers was found recently 
by us*; this work will be referred to as (I). As a further 
development, the present research was intended to in- 
vestigate the influence of the field on the lifetime of the 
T: component in the same materials. 


EXPERIMENTAL 


The same experimental method used in (I) was 
adopted; its basic features are summarized here. The 
time-distribution spectra of the annihilation quanta 
with respect to 1.28-Mev y rays from Na” were analyzed 
using a fast time-to-height converter*® and a 200- 
channel pulse analyzer. 

The y rays were detected by means of two plastic 
scintillators (Pamelon) (1}-in. diam, 1-in. thick) opti- 
cally coupled to RCA 6342 photomultipliers. The 
counters were biased to accept only the pulses belonging 
to the two Compton edges. The prompt resolution curve 
fit a Gaussian curve with full width at half-height of 
8.0 10-” sec. 

The same active specimens as used in (I) were em- 
ployed ; they were placed between the parallel plates of 
a capacitor whose envelope had been grounded. 

1R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 

2P. R. Wallace, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1960), Vol. 10, p. 1. 

* A. Bisi, F. Bisi, A. Fasana, and L. Zappa, Phys. Rev. 122, 
1709 (1961). 


*C. Cottini, E. Gatti, V. Svelto, and F. Vaghi; Proceedings of 


the Second Symposium on Advances in Fast Pulse Techniques for 
Nuclear Counting, Lawrence Radiation Laboratory, Berkeley, 
California, February, 1959 (unpublished), p. 49. 

5 E. Gatti and V. Svelto, Nuclear Instr. 4, 189 (1959). 


Several recording runs were made for every specimen, 
alternately with and without electric field, the runs 
being stored, every 10 min, respectively, in the first 
and in the second hundred channels. 


RESULTS AND CONCLUSIONS 


A typical time spectrum of the rz component in 
Teflon is reported in Fig. 1 with and without electric 
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Fic. 1. Electric field dependence of the long lifetime in Teflon. 
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Fic. 2. Ratio between the long lifetime rg with field, and ro 
without field as a function of electric field E. 


field £. It can be remarked that the two curves have 
different slope, the lower one showing an enhancement 
of the annihilation rate in the presence of the field. For 
each time spectrum, the lifetime rz was deduced by 
fitting an exponential curve to the set of experimental 
data by means of a least-squares adjustment. The ratio 
tg/To between the lifetime with and without field is 
plotted in Fig. 2 as a function of F, for three dielectrics, 
namely, Teflon, polyethylene, and paraffin. In the figure 
we included a few points obtained from the set of time 
spectra which were recorded in the previous research (I). 
Within the present experimental accuracy the three 
dielectrics behave in the same way, so that no distinction 
was made among them in fitting the points to a curve 
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which schematically represents the effect of the electric 
field enhancement of the annihilation rate. By adopting 
the simple equation : 


TE=T(1—aék), (1) 
we have 
a== (9.341.3)X 10 cm/kv. 


It is interesting to note that the three quoted materials 
which display the electric enhancement of the annihila- 
tion rate are the same materials that show a strong de- 
pendence of intensity of the rz component on the elec- 
tric field, observed in (I). The results reported in (I) 
were obtained without taking into account the lifetime 
variation, so that, strictly speaking, they should be 
corrected by using Eq. (1). As the relative amount of 
the two effects are quite different, the correction to be 
applied is slight; for instance the data plotted in Fig. 1 
of (I) at E=50 kv/cm should be increased by 4% and 
7%, respectively, for Teflon and polyethylene. 

As far as concerns the behavior of those polar poly- 
mers that did not show any electric effect on the long- 
lived component intensity, no influence of the electric 
field on the rz component lifetime was found in the 
present investigation. In particular, the investigated 
materials were Lucite, nylon, and polyvinyl! chloride. 

The nature of the electric enhancement on the posi- 
tronium decay rate seems at present to be obscure. Any 
attempt to interpret this effect as a consequence of a 
mixing of ortho- and parapositronium, due to a magnetic 
field in the positronium Lorentz frame, with the aid of 
existing theories, is to be ruled out. In fact, the posi- 
tronium should move across such a strong electric field 
that the existence of a bound system is prevented. An 
analogous situation was described by Ferrell, in dis- 
cussing the two-photon angular correlation in fused 
quartz.’ 
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(Received July 24, 1961; revised manuscript received September 5, 1961) 


The partial differential cross section for gaseous methane has been computed at incident neutron energies 
of 0.015 ev and 0.0252 ev at scattering angles of 16.3° and 26.0°. It is found that the quantum nature of the 
rotational levels has a marked effect on the scattering of neutrons. By comparing the results of these compu- 
tations with the results of the experiments, it is demonstrated that this effect has also been observed in the 


experiments. 


I. INTRODUCTION 


ECENTLY measurements of the partial differ- 

ential cross section o(o,¢,@) for scattering slow 
neutrons of initial energy Ey with energy transfer ¢ for a 
scattering angle @ from methane! were made with the 
phased-chopper velocity selector at the Materials 
Testing Reactor. These experiments were compared 
with calculations which gave a classical description for 
the rotational energy states of the molecule. The 
agreement appeared satisfactory except for incident 
neutron energies of 0.015 and 0.0252 ev at scattering 
angles less than 30°. This latter disagreement was 
attributed to the inadequacy of the classicai description 
of the molecular rotations. 

In this paper results are presented which are obtained 
when a quantum description is given to the rotational 
energy states of the molecule. The quantum description 
is accomplished by making use of the theory of Zemach 
and Glauber? and explicitly summing over all the 
scattering that contribute to the cross 
sections. This summation procedure is practical for 
incident neutron energies below 0.0252 ev and scattering 
angles less than 30° that are considered. The calcu- 
lations demonstrate that the quantum nature of the 
rotational levels affects the scattering of neutrons and 
this influence is clearly observed in the experiments. 
This is apparently the first time that the influence of 
the discrete nature of the rotational levels has been 
noted when neutrons are scattered by a gas. 


pri cesses 


II. THEORY 


If the neutron momentum changes from kp to k 
during a collision with an energy transfer ¢ while the 
molecule simultaneously undergoes a transition between 
an initial state y; and a final state y,, then the partial 
differential cross section in the laboratory system can 
be written as 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'P. D. Randolph, R. M. Brugger, K. A. Strong, and R. E. 
Schmunk, Phys. Rev. 124, 460 (1961). 

2A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 119 
1956). 


o7i(Eo,€,0) = (22) SY ay | (k/Ro)e~‘**{ fi| vv’ dt, (1) 


, 
vy 


with 
Ay = A, Ay +byC,C,’, 
(fi| vv’) =e Fi ED Y,| exp(ix- ry Py 
X Wy exp(—ix-t-)|vs), 


where A, and C, are the bound coherent and incoherent 
scattering lengths of the vth nucleus and rf, its position 
vector. The neutron’s gain of momentum and energy 
are denoted by « and e. The total initial and final 
molecular energy are represented by E; and Ey. The 
units are such that # has unit magnitude. Since methane 
consists of four protons and one carbon nucleus, (1) 
can be written for methane as 


oi (Eo, €,0) =4a (fi | pp)+120(fi| pp’) 


+8oa(fi|Cp)+o(fi!CC), (2) 
where 


a(fi| pp) = (2r) ‘app | (k/Ro)e—'**( fi! ppd, 


and the remaining terms are similarly defined. In (2), p 
denotes a proton, p’ a different proton, and C the 
carbon nucleus. The partial differential cross section for 
the molecule is obtained by taking the thermal average 
over the initial states and summing over all possible 
final states in (2) and, as mentioned in the introduction, 
is designated by o(Eo,¢,0) . 

To bring out some features in the present work which 
are different from that of Zemach and Glauber, their 
treatment will be outlined briefly. It is clear that in 
general it would be convenient to sum first over the 
final molecular states. Introducing the 
Hamiltonian H and writing 


molecular 


(fil vv’) = (| et exp(ix-4,)e-4*|p,) 
X(b;| exp(—ix-r,-)!y,), (4) 


the final states may be summed over provided the final 
states of the molecule form a complete set. The position 
vector r, is then written as the sum of the position 
vector R of the molecular center of mass, the displace- 
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ment vector b, of the vth nucleus from the center of 
mass, and the displacement vector V, of the vth nucleus 
from its equilibrium position due to vibration. The 
Hamiltonian operator H is expressed as a sum of the 
operators H,, H,, and H, representing the operators 
for the vibrational, rotational, and translational modes 
of the molecule. Assuming that there is no rotation- 
vibration interaction, the initial molecular wave 
function y; is written as a product 


Vi= (We) i (Wr) We), 


of the initial wave functions for the vibrational, 
rotational, and translational modes. If it is supposed 
that the rotational and vibrational coordinates commute 
at all times, it would then be possible to express (4) 
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as a product of the expectation values of the various 
modes. Each of these expectation values for the modes 
would then be averaged over a thermal distribution of 
their initial states. 

In this work it is assumed that the initial total energy 
of the molecule is given by 


Ex= (Ea) it (Er) it (2y)i, 


where (E,);, (Z,):, and (£,); are the initial energies of 
translation, rotation, and vibration. A similar assump- 
tion is made for the final total energy of the molecule. 
If the position vector r, is expressed as above and in 
addition the same assumption regarding the initial and 
final molecular wave functions is made, then one can 
write 


fi| vv’) =exp{itl(E,)i— (E,) 7 ]}(();| exp(ix- b,) | (¥-)s)( (Wr) | exp(—ix- b,-) | (Wr)s) 
Xexpfitl (E.).— (Ed) (Wodsl exp ine-R) | (i) slexp(—ix- R) | (Vs) 
Xexp{ill(E,)i— (Ex) s]}{(Wo)s| exp (ix V,) | (Yo) s){ (Yo) s| exp(—ix- V,-)| (Yo)s). (5) 


Introducing the Hamiltonian operators H, and H, corresponding to the energies of translation and vibration and 
making the assumption that the final states of each of these modes form a complete set, then the summation over 
the final states of each of these modes is taken. The summation over the final rotational states is considered later. 
With the understanding that /’ now represents the final rotational states, (5) reduces to 


(fi vy’ = exp{itl(E,):— (E,);] ((W-)i| exp(ix-b,)| (v,)s ((W,),| exp(—ix-b,-) (Wr)s) 
X( (Was | et! exp(ix- R)e~*#* exp(—ix-R)| (W.)i)( (pe)! e*#* exp(ix- V,)e~'#* exp(—ix-V,-)| (Wr)s). (6) 


The terms corresponding to the various modes will now 
be discussed separately. 

Considering the expectation value of the trans- 
lational mode and assuming the momenta of the 
molecule to be distributed according to a Boltzmann 
distribution, the thermal average of the translational 
expectation value as given by Zemach and Glauber is 


((Ws)sl et * exp(ix- R)e~# * exp(—ix-R)! (W,)i)7 
=exp[ —x(it+FT)/(2M)], (7) 


in which the temperature T of the gas is expressed in 
units of Boltzmann’s constant and M is the mass of the 
molecule. 

Zemach and Glauber have also evaluated the expec- 
tation value of the vibration mode. This expectation 
value will be assumed to be independent of time. This 
requires that all of the molecules are in their ground 
vibrational state and that the incident neutrons do not 
have sufficient energy to excite a vibrational state. 
Since the molecule with which the neutron collides can 
have any given orientation, it is also necessary to 
average the expectation value over the molecular 
orientations with respect to the incoming neutrons. 
Krieger and Nelkin’ have done this in an approximate 
manner.‘ Their result is 


((We)s| e##* exp(ix- V,)e-'*#* exp(—ix- V,-)| (Wo)s)7.0 


=exp(—K*yw), (8) 


3 T. J. Krieger and M. S. Nelkin, Phys. Rev. 106, 290 (1957). 
4In an Atomic Energy Commission Report IDO-16692 (un 


where 
Yor = Da (120) “£(C,™ 2+ (C,,™)* ]}, 


with C,® being the magnitude of the amplitude vector 
corresponding to the vth nucleus and the Ath vibrational 
mode, and w, the angular frequency of the Ath vibra- 
tional mode. 

Finally consideration is given to the rotational factor. 
Taking the rotational wave function of methane to be 
represented by that for a spherical top, one obtains for 
a transition from an initial state j to a final state J 
and the case® of v=v’ 


((W,);| exp(ix- b,)| (b,)s){ (Wr) ¢| exp(—ix-b,)| (Wr): 
j+J 


=[((2J+1)/(2j+1)] =X 


n=|j—J 


jn2(xb,), (9) 


where j,(x) is the spherical Bessel function of order 
and argument x. The case of v¥v’ has been given by 
Rahman® and the above case can be inferred from his 
work. The initial molecular states must be weighted by 
the Boltzmann thermal distribution function for a 


published) by H. L. McMurry, G. W. Griffing, W. A. Hestir, 
and L. J. Gannon it was found that a precise average over 
molecular orientations gives results in the energy range under con- 
sideration which are not significantly different. 

5 y refers to the proton. Collisions with the carbon atom will not 
produce rotations since it is located at the center of mass of the 
molecule. 

*A. Rahman, J. Nucl. Energy, Part A: Reactor Sciences 13, 
128 (1961). 
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spherical top which is given by’ 
Br(j)={(2j+1) expl— j(G+1)/(21T)]}/ 
(205 (27+1)? exp[—j(j+1)/ (2/7) }}, 


where J is the moment of inertia of the molecule. Using 
(9) and (10), the thermal average of the rotational 
factor is 


(exp{ (i((E,):— (Er) s]}{(#,)i| exp(éx- by) | (Yr) s) 
X((¥-)s| exp(— ix: by) | (Weds) 
=D exp{ilj(g+1)—J (J +1) ]/21} Br() 


(10) 


i+J 
XC(2I+1)/(2j7+1)] 2X 


n=|j—- 


jrr(xby). (11) 
| 


Using (7), (8), and (11) in (2) and designating 
7 pp(Eo,€,0) as the result of averaging o(fi| pp) over the 
initial states and summing over the final states, the 
result is obtained that 


Tpp(£0,€,9)= YX o7;(Eo,€,0| pp), (12) 
iJ 
where 
o7;(Eo,€,0| pp) 
= App(2m) 1(k, ko) (2eM)/ (Tx?) }! 
Xexp[— (e+a)?/(2T?/M) J[(2J +1)/(27+1) ] 
i+J 


XBr(j) exp(—**7 pp) z 


n=|j—J 


je (xbp), 
| 


jUG+1) J(J+1) 
s. 
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The contributions from the other terms which will 
contribute to the partial differential cross section will 
now be written down. They are obtained in a similar 
manner as that used to obtain ¢ pp(Eo,¢€,9). 


O pp’ (Eo, €,0) = x o7j(Eo,€,0| pp’), (13) 


where 
os ;(Eo,€,0| pp’) 
= App’ (2e)1(k/ko)[ (2M) / (Tx?) }! 
xexp[— (e+a)*/(2T/M) ][2(2I+1)/(27+1)] 
i+J 
X Br(j) exp(—*¥pp’) a, 


in: $J1°(kby) — 3 J? (kbp): o}, 


7G. Herzberg, Molecular Spectra and Molecular Structure (D. 
Van Nostrand Company, Inc., Princeton, New Jersey, 1945), 
Vol. II, p. 40. 


{ jo? (xby) 
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and the choice of terms in the summation is from 


j-J| to (j+J). 


TCp(Eo,€,0) =>. ; a j;(Eo,€,0|Cp), (14) 


where 


o ;;(Eo,€,0) Cp) = 2ac,p(2r) (k ‘ko)L2eM / (Tx*) }} 
Xexp[— (e+a)?/(2T/M) ] 
Xexp(—Kycp)Br(j) jo(kby). 


occ(Eo,€,0) = » ae oj ;(Eo,€,9) | EL). (15) 


where 
o 5;(Eo,€,8| CC) = acc (24) (k/ko)[2e9M/Tx?]}! 
Xexp[ — (e+a)*/(2T/M) | 


Xexp(—«ycc)Br(j). (16) 


The partial differential cross section for the methane 
molecule is given by 


0 (Eo, €,6 j= 4o ppl E,€,0)+ 1 26 pp’ ( Fo, €,9) 
-+- Soc p( Fo,€,0)+oecc (Eo, €,0). 


Ill. RESULTS 


The value of the parameters*7:* used in the compu- 
tations were Cc=0, Ac=0.64X10-" cm, C,=2.52 
X10-" cm, A,=—0.42X10-" cm, b,=1.093X10-% 
cM, Ypp=6.266X10-% cm’, yoo=2.1375 X10 cm’, 
M=26.757X10_ g, [=5.330K10-" g cm*. In the 
restricted neutron energy range and scattering angles 
considered, the argument of the spherical Bessel 
function is always less than two so that only spherical 
Bessel functions of order 0, 1, and 2 need be used in the 
computations. The initial and final rotational quantum 
numbers run from 0 to 20. This range of quantum 
numbers was determined by inspecting the relative 
population of the initial levels of the molecule for the 
given temperature. By inspection of (12) through (16) 
and using the above parameters, it may be seen that 
Opp'(Eo,€,0) and ocp(Eo,¢,) are small compared to 
o pp(Eo,€,9) and can be neglected. It will also be noted 
that occ(£o,¢,@) contributes the same order of magni- 
tude to o(£o,¢,0) as these terms. However this term was 
retained and thus the results are for the computations of 


o (Eo, €,0) = 40 pp(Eo,€,8)+occ (Eo, €,0). (17) 


If (16) or (17) is multiplied by (ko/k) exp(e/2T) 
then, after some rearrangement, it may be verified that 
the resulting expression is an even function of ¢ for a 
fixed value of x*. This expresses the fact that the cross 
section must satisfy the condition of detailed balance® 
and serves as a check on the numerical calculations. 

Before comparing the computed with the experi- 
mental partial differential cross section a few remarks 
are in order. It should be noted that the experimental 
results' for a quoted scattering angle represents the 

8 N. K. Pope, Can. J. Phys. 30, 597 (1952). 

9 P. Schofield, Phys. Rev. Letters 4, 239 (1960). 
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Fic. 1. Computed partial differential cross section shown as a 
function of the outgoing neutron wavelength. The solid line curve 
was computed for a scattering angle of 12.8° and the broken line 
curve for a scattering angle of 19.8°. The temperature of the gas 
is 21°C. 


integrated contributions from a counter bank that 
produces a spread in the scattering angles of +3.5° in 
the horizontal about the quoted scattering angle. In 
addition it may be computed that, for a counter bank 
whose center is located at 16.3°, the scattering angle of 
a counter located at 12.8° varies from 12.8° at the 
center of the counter to 14.3° at the end of the counter. 
At the other extreme of the counter bank the scattering 
angle for a counter located at 19.8° varies from 19.8° 
to 20.8°. To make a quantitative comparison of the 
theoretical and experimental results the theoretical 
results should be averaged over the counter bank. In 
addition there are other effects such as the size of the 
neutron beam that should be considered. Since the 
primary purpose of this paper is to examine the effect 
that the discrete rotational states have on the scattering 
and to point out that such an influence is observed 
in the experiments, it was not felt justified to make an 
extensive investigation of the above effects." To 
illustrate that the qualitative aspects of the partial 
differential cross section are not likely to be changed 
if an average was taken over a counter bank, a compu- 
tation for a neutron energy of 0.0252 ev was made at 
scattering angles of 12.8° and 19.8°. The results are 
shown in Fig. 1. In this figure the partial differential 
cross section is shown as a function of the incident and 
scattered neutron wavelengths and is plotted against 
the scattered neutron wavelength. Of particular 
concern is the feature on the left-hand side of the curves 
whose qualitative aspects would not be changed by an 


In Figs. 2 and 3 the theoretical curves at the main peak are 
approximately a factor 1.4 higher than those displayed experi- 
mentally. In a partial analysis of the various effects that are 
necessary for a proper comparison it was concluded that there is 
no real disagreement. 
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average over the counter bank. This feature will be 
discussed more fully. 

The computed partial differential cross sections are 
shown and compared with experiments in Figs. 2 and 3. 
For clarity a small arrow indicates the peak of that 
portion of the computed curve that has been influenced 
by the rotational structure of the molecule. This feature 
is most clearly observed in the experiments at a scatter- 
ing angle of 16.3° in both figures. As a point of interest 
the partial differential cross section shown by a dashed 
curve is presented in Fig. 2 which was computed on the 
assumption that the rotations could be treated classi- 
cally. This curve is the same that would be obtained if it 
were computed according to the method of Krieger 
and Nelkin. Even if it were considered that the feature 
on the left side of the experimental curve was due to 
some unknown spurious effect and that the peak of the 
experimental curve was too high there is serious 
disagreement in that the width at half maximum of the 
computed curve is greater than that observed experi- 
mentally. Due to various resolution effects the opposite 
result would be expected. The curve obtained when 
discrete rotational levels are considered does not suffer 
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Fic. 2. The experimental and computed partial differential 
cross sections shown as a function of the outgoing neutron wave- 
length. The dashed curve for a scattering angle of 16.3° presents 
an example for the case when the rotations are treated classically. 
The solid line curve presents the results when the quantum 
nature of the rotational levels are considered. The arrow indicates 
the maximum of that portion of the curve that is due to rotations. 
Its position is at 1.47 A. The temperature of the gas is 21°C. 





SCATTERING OF SLOW NEUT 
this defect. Messiah" and also Krieger and Nelkin have 
estimated that the mass-tensor approximation should 
hold for methane when the neutron energy is greater 
than about 0.01 ev. In view of our calculations it 
appears that this estimate is too optimistic, especially 
at small scattering angles. 

At a scattering angle of 26.0° in Fig. 2 the theoretical 
results indicate that the main peak is overlapping the 
peak due to the rotations so that it would be difficult 
to detect. Although the experimental results tend to be 
in harmony with the theoretical prediction, admittedly 
it would be difficult to state with certainty that the 
rotational feature appears in the experiments. There also 
appears to be some measure of qualitative agreement at 
a scattering angle of 26.0° in Fig. 3 but the experimental 
data have considerable fluctuation and any attempt at 
comparison is probably not very meaningful. 

The theoretical computations predict that the peak 
of the rotational feature occurs at an energy gain by the 
neutron of about 0.013 ev in each case considered in 
Figs. 2 and 3. Consideration of the energy and the 
relative population of the rotational levels of methane 
makes it appear quite reasonable that the peak should 
occur at an energy gain of 0.013 ev. The width of the 
rotational feature is due mainly to the fact that it is 
a composite of contributions of transitions from various 
initial to various lower final rotational states of the 
molecule. These are broadened by the translational 
motion of the molecule and thus the resulting structure 
appears as a smooth curve. 

The neutron will also lose energy to the rotational 
states. The computations and apparently the experi- 
ments do not indicate an influence due to the neutron 
losing energy similar to that for its gaining energy. 
The reason for this can be argued as follows: Let us 
consider the most favorable case for observing an 
influence due to the neutron losing energy, namely that 
for which the neutron has an incident energy of 0.0252 
ev. The greatest relative population of the rotational 
levels occurs at j=6 corresponding to an energy of 
approximately 0.027 ev. Physically it would be expected 
that in a collision with the molecule in this state, it 
would be much more probable for the neutron to gain 
energy rather than lose energy since the energy of the 
state is greater than the energy of the neutron. If 


' A. M.L. Messiah, Phys. Rev. 84, 204 (1951). 
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Fic. 3. The experimental and computed partial differential 
cross section shown as a function of the outgoing neutron wave- 
length. The solid line curve presents the results when the quantum 
nature of the rotational levels are considered. The arrow indicates 
the maximum of the profile feature that is due to rotations. Its 
position is at 1.7 A. The temperature of the gas is 21°C. 


consideration is given to the lower energy states for 


which the probability of the neutron giving up energy 
to the molecule has increased, then the relative popu- 
lation for the molecule to be in such a state has decreased 
and also the energy changes are such that the contri- 
bution from such a transition would be obscured by the 
main peak. 
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Comparison of Alpha-Particle Energies from Various Po’'’ Sources 
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T. A. EAstwoop 
Alomic Energy of Canada Limited, Chalk River, Canada 
(Received July 20, 1961) 


A comparison of the energies of alpha particles from six different Po*’ sources was made with the same 
broad-range spectrograph used for a recent comparison of the Po*”° alpha-particle energy with the Li? (p,n)Be’ 
threshold energy. The sources were prepared by different techniques and some were on flat backings whereas 
others were on cylindrical backings. It is concluded that the discrepancies in the most recent measurements 
of the alpha energy do not arise from source preparation techniques but the lower values of the older meas 


urements may have been caused by source aging. 


ECENT absolute measurements of the energy of 

alpha particles emitted by Po*” and a recent 
comparison of this energy with the threshold energy 
of the Li’(p,2)Be’ reaction are in rather serious dis- 
agreement with the older measurements.' A very recent 
absolute measurement gives an intermediate value. 
One possible cause of the discrepancy is the condition 
of the polonium source which may depend on its 
method of preparation and age. 

This is a report of part of a project whose goal is to 
eliminate the variable of source condition. The energy 
of alpha particles from sources made by one person by 
one technique were measured in different laboratories 
and compared with results obtained using sources made 
by the various techniques used in these laboratories. 
To this end one of us (T.A.E.) has prepared polonium 
sources at Notre Dame and at Rice which have then 
been compared with sources made at those laboratories. 
This is a report of the comparison made at Notre Dame 
and the report of the work at Rice will appear soon.” 

Six polonium sources were made and ten alpha 
particle groups recorded with the Notre Dame broad- 
range spectrograph. The following measurements were 
made: (1) Sources prepared by currentless electro- 
deposition onto silver by one of us (T.A.E.) using a 
2.5 N nitric acid solution of polonium were compared 
with sources made by the other author (C.P.B.) using 
the same basic method but with the polonium chloride 
solution used in earlier work.' (2) Sources deposited on 
cylindrical backings were compared with sources 
deposited on flat backings. (3) Distributions of particle 
energies were observed from sources of various ages. 

No direct comparison with the Li’(p,2)Be’ reaction 
threshold energy was attempted because this would 
have introduced many more uncertainties and to have 
equalled the precision of earlier measurements an un- 
warranted amount of work would have been necessary. 


i For summary see: C. P. Browne, J. A. Galey, J. R. Erskine, 
and K. L. Warsh. Phys. Rev. 120, 905 (1960). Also: C. P. Browne, 
J. A. Galey, J. A. Erskine, and K. L. Warsh, Proceedings of the 
International Conference on Nuclidic Masses, McMaster, 1960 
Universitv of Toronto Press, Toronto, 1960). 

2E. H. Beckner, R. L. Bramblett, G. C 
Eastwood, Phys. Rev. 123, 2100 (1961 


Phillips, and T. A. 


Because of the well-known differential hysteresis 
effects in spectrographs the magnetic field was left on 
and held constant during ail runs in which the first 
two comparisons listed above were made. The standard 
procedure for calibrating the spectrograph was used to 
measure particle energies. This procedure is, first, to 
clamp the source on a holder which is in turn fastened 
to the target support rod of the spectrograph. Next the 
rod is placed in its guides in the target chamber and 
pressed against the stop which fixes it in a standard 
position. Then, after evacuating the chamber, the 
shutter to the spectrograph is opened for a suitable 
length of time. The position of the source relative to the 
target rod is set by sliding the holder along the rod 
while using a microscope to measure the distance from 
the source to a fiducial mark on the target rod. In this 
way all sources are put at the same position in the 
target chamber to within +0.003 mm. In comparing 
flat sources with round sources or sources of different 
size, the top edge is always placed at the same spot. 
Particles from the top edge of the source form the edge 
of the image lying farthest up the nuclear track plate 
at the focal surface and this is the high-energy side of 
the group. The usual criterion for the “position” of the 
group on the plate was used, i.e., the point on the high 
energy edge at one-third the maximum. 

The first comparison, that of sources made by each 
of the authors, gave the result shown in Fig. 1. Source 
1 was made by the standard technique in use at Notre 
Dame from the polonium chloride solution used for 
most of the work on comparison of the Po?" alpha- 
particle energy with the Li’(p,7)Be’ reaction threshold 
energy. Source 2 was made by the other author (T.A.E.) 
using a silver wire backing and polonium nitrate solution 
brought from the Chalk River laboratories. Both sources 
were deposited on }-mm diam silver wire. The figure 
shows that a single curve fits the data points from both 
sources. Representative statistical uncertainties for 
points near the maximum of the curve are indicated 
in the figure. The geometric image size calculated for a 
t-mm high source is shown and also the plate distance 
corresponding to 1-kev energy spread. An energy 
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Fic. 1. Alpha-particle groups from two polonium sources. 
Source 1 made by the standard Notre Dame technique. Source 2 
made from polonium nitrate solution (by T.A.E.). The number 
of alpha particles is plotted as a function of position on the 
spectrograph plate. 








spread of 3 kev when combined with the image size 
accounts for the observed width of the peak. It is not 
possible to draw curves through the two sets of points 
which differ in one-third height position by more than 
0.2 kev. Counting and plotting uncertainties are usually 
considered to amount to at least 0.1 mm or about 0.4 
kev in this case. Clearly the two sources give identical 
results to well within the limits of measurement. 

The sources used for the comparison shown in Fig. 1 
were on }-mm diam wire, whereas sources used for most 
work at Notre Dame have been on }-mm diam wire. 
The second set of tests sought a possible effect of source 
size or shape on the observed particle energy. In earlier 
work! a source had been made on a }-mm wire which 
was milled down to a half cylinder to give a flat source. 
It was felt, however, that the sharp edges thus produced 
might cause non-uniform deposition of polonium. In the 
present test sources were deposited on rather wide flat 
strips of silver and then masked to expose an area of 
appropriate size to the spectrograph. Positioning on the 
target rod and masking were done under the microscope. 

The result of a comparison of a standard 3-mm diam 
wire source with a }-mm wide flat source is shown in 
Fig. 2. The flat source appears to give an energy value 
0.4+0.5 kev higher than the round source. Both these 
sources were freshly made, the flat one from the Chalk 
River solution (by T.A.E.) and the round one from the 
Notre Dame solution (by C.P.B.). 

Another comparison was made with a 0.25-mm diam 
wire and a 0.30-mm flat source. Two runs were made 
and in each run this flat source gave a slightly higher 
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value for the energy than the round source. The average 
difference for the two runs was 1.50.5 kev. Whether 
this difference was caused by an error in locating the 
active area of the source under the mask or is inherent 
in flat vs round sources of }-mm size was not deter- 
mined. No difference has previously been found for 
round wires of different diameter and the Rice work 
showed no difference for flat sources ranging from 0.1 
to 0.8 mm. 

The effect of source age is shown in Fig. 3. As the 
magnetic field was cycled between the runs shown here, 
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the actual position of the group on each plate was not 
exactly the same. To illustrate the aging effect the 
groups have been displaced to roughly line up the 
extrapolated high-energy edges. The vertical scales 
were adjusted to give approximately equal peak heights. 
It is seen that in two days the low-energy “tail” in- 
creased noticeably and by five days the slope of the 
high-energy edge changed. Similar results were obtained 
at Rice.” 

If the spectrograph calibration curve is used to 
calculate the energy of the alpha particles from each 
of the sources it is found that the maximum deviation 
from the average is 1.8 kev and the average deviation 
is 1.1 kev. The average of these energies is 0.047% 
below the value used to obtain the calibration curve; 
well within the uncertainties in the calibration. It can 
only be said from this that the sources used in the 
present work give the same energy as sources prepared 
previously, within the limits of reproducibility of the 
spectrograph field. 
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The conclusion may be drawn that for fresh sources 
of }-mm height the different source solutions, methods 
of preparation and shape of backing used here give no 
measurable difference in alpha-particle energy. For a 
{-mm source a small difference was observed which may 
be caused by the backing shape. This difference, how- 
ever, is much smaller than the discrepancies in the 
various measurements.” Source age has an appreciable 
effect on the alpha-particle energy and may be an 
important cause of the discrepancies of some of the 
older measurements, as has been discussed before.' 

The difference between the Notre Dame and the Rice 
values is 4.4 kev when the Rice value for the Li’(p,7) Be? 
threshold is used with the Notre Dame data. The 
standard deviations in the two measurements are about 
1.5 to 2.0 kev. It is concluded that the difference does 
not depend on the characteristics of the polonium 
sources. It should be pointed out that the Notre Dame 
value is the highest and the Rice value one of the lowest 
of the recent measurements. 
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Distortion Effects in Deuteron Stripping Reactions with Low Q Values* 
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AND 
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A series of numerical calculations have been carried out to verify the hypothesis that distortion effects 
become small for deuteron stripping reactions with low bombarding energy when the Q value is sufficiently 


small. Our results do not support this hypothesis. 


T has been observed! that the angular distributions 
of protons from (d,p) reactions at low bombarding 
energy and low ( value correspond very closely to the 
predictions of the Butler theory? when the cutoff radius 
is adjusted appropriately. This result is at first glance 
rather surprising since the Butler theory is expected to 
work best when the bombarding energy is well above the 
Coulomb barrier. When the bombarding energy is not 
well above the Coulomb barrier, the Butler theory 
usually gives a poor fit to the observed deuteron 
stripping angular distribution. 
The good fit to Butler theory at low bombarding 
energy and low () value has been interpreted!" as being 


* Supported in part by the National Science Foundation and the 
Atomic Energy Commission. 

1D. H. Wilkinson, Phil. Mag. 3, 1185 (1958); J. P. F. Sellschop, 
Phys. Rev. Letters 3, 346 (1959); Phys. Rev. 119, 251 (1960). 

2S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); F. L. 
Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953). 

3E. K. Warburton and L. F. Chase, Jr., Phys. Rev. 120, 
2095 (1960). 


the result of a diminution of distortion effects. When the 
Q value is equal to 


M, MrpMp 
Qo= ( a yt ‘ = 1)Eo 
Mp+M1/\M pM, 
(where Ep is the incident energy, M, is the mass of the 
target nucleus, My is the mass of the residual nucleus, 
M p is the deuteron mass, and M > is the proton mass), 
the situation is most favorable for the stripping to occur 
with the proton remaining a long distance from the 
target nucleus. This condition, Q=Qo, is therefore re- 
garded by some authors as the optimum condition for 
the validity of the Butler theory. Since the Q values for 
stripping reactions are seldom less than —1 Mev, these 
optimum conditions can only be achieved when the 
bombarding energy is low. 
RB By resorting to numerical computation with high- 
speed digital computers, it has been possible to intro- 
duce into direct-reaction theory calculations for deuteron 
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I'1c. 1. Cross section for the C'*(d,p)C reaction; incident 
energy i. p=2.1 Mev. 
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Fic. 2. Polarization for the C(d,p)C" reaction; incident energy 


equals 2.1 Mev. 


stripping the distortion effects neglected in the Butler 
treatment.*’> When this is done one finds that the 
distortion effects neglected in the Butler treatment are 
not small. However, for the angular distribution there 
is a tendency for the Coulomb distortion effects to cancel 
the nuclear distortion effects. 

We have carried out a series of calculations of the 
(d,p) cross section and polarization using the distorted- 
wave Born approximation. The calculation has been 
carried out for a series of (0 values. The cross sections 
and polarizations have been compared with those given 
by the Butler treatment. Our purpose was to test the 
hypothesis that distortion effects are reduced as Q 
approaches ()p. 


*W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
5 W. Tobocman, Phys. Rev. 115, 98 (1959). 


AND 


W. TOBOCMAN 

The C®(d,p)C™® reaction for an incident deuteron 
energy of 2.1 Mev was calculated. We considered both 
the case where the neutron is captured with zero orbital 
angular momentum and the case where the neutron is 
captured with an orbital angular momentum of 1%. The 
cross section was calculated for QO values of 4.2, 3.3, 2.1, 
0.9, —0.37, and —0.823 Mev for the orbital angular 
momentum zero cases. For orbital angular momentum 
1h we calculated both the (d,p) cross section and the 
polarization of the liberated protons for Q values of 4.2, 
2.1, and —0.823 Mev. Qo» for this reaction is —0.823 
Mev. The optical potential used to distort the wave 
function representing the incident deuterons is a flat- 
bottomed Saxon well with the following parameters: 
V=—44 Mev, W= —12 Mev, R=4.0 fermi, and a=0.75 
fermi. The optical potential for the protons is of the 
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(c) 
Fic. 3. Cross section and polarization for the C'(d,p)C™ reac 


tion; incident energy equals 2.1 Mev and the deuteron binding 
energy equals 1.13 Mev. 





DISTORTION EFFECTS IN 
same type with the parameters V= —52 Mev, W= —3.1 
Mev, R=3.03 fermi, and a=0.52 fermi. 

We compare the results of three types of treatments: 
(1) the distorted-wave Born approximation, labeled 
“R=0”; (2) the cut-off distorted-wave Born approxi- 
mation treatment, labeled “R=---”; (3) the cut-off 
plane-wave Born approximation treatment, or Butler 
treatment, labeled “‘“R=---, Butler.’’ (The cutoff radius 
R was chosen slightly differently for each value of Q for 
computational convenience.) For an account of the 
details of the calculation, see reference 5. The calculated 
cross sections and polarizations are shown in Figs. 1 and 
2. The numbers appearing in the parentheses on the 
cross section graphs are the factors used to normalize 
the cross sections to one at the maximum. 

Inspection of the calculated cross sections and polar- 
izations reveals that there is no diminution of distortion 
effects as Q approaches Qo. Indeed, at Q=(Qo the dis- 
crepancy between the Butler treatment result and the 
distorted-wave treatment result is more pronounced 
than for any other value of Q tried. The reason for the 
large discrepancy is the fact that as Q is decreased 
beyond a certain point the Coulomb distortion effects 
come to predominate over the nuclear distortion effects. 

The argument given by Warburton and Chase* to 
show that distortion effects are minimized when Q= (); 
is based on Amado’s® discussion of the importance of the 
pole in the transition amplitude. Amado pointed out 
that the transition amplitude for stripping has a pole 
when k?=(Kp—KpM p/M p)? where a is the 


—<a’, 


®R. D. Amado, Phys. Rev. Letters 2, 399 (1959). 
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decay length of the deuteron and Kp and Kp» are the 
relative motion wave vectors in the incident and out- 
going channels. Of course, this condition cannot be 
achieved, but it is most closely approached when 
Kp||Kp and O=() so that k assumes its minimum value 
k=0. 

When one is sufficiently close to this pole, distortion 
effects become negligible. By taking O=(Q» we minimize 
k and thus approach the pole as closely as we can. The 
question is whether this is sufficiently close. From the 
results shown in Figs. 1 and 2 we must conclude that we 
are not sufficiently close. In Fig. 3 is shown the result of 
moving a little closer to the pole by making ep=h?a*/ 
2M wp artificially small. Since distortion effects are still 
important, we must conclude that we are still too far 
from the pole to be able to apply Amado’s analysis. 

A possible explanation for the success of the Butler 
treatment in fitting low energy low Q-value (d,p) ex- 
periments is the following: At low energy and low Q 
value, the angular distribution has a very simple shape. 
This simplicity leads to a similarity in the predictions of 
the plane-wave and distorted-wave treatments. While 
the Butler angular distribution is not identical with the 
distorted-wave angular distribution, the similarity is 
close enough that the two can be made identical by 
suitably adjusting the cutoff radius. 
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Elliott’s generating procedure is used to derive wave functions for nuclei in which the 1/7, level is filling 
with neutrons and protons. It is assumed that the low-lying states of these nuclei have well-defined isotopic 
spin and that the configuration is pure. This representation, which mixes states of different seniority, is used 
to calculate beta-decay transition probabilities, and magnetic-dipole and electric-quadrupole properties oi 
nuclei. The results are in much better agreement with experiment than are those obtained by use of a 
seniority classification for the nuclear states. In particular, there is a K selection rule which explains the 
anomalously long half-life for the Ca*’ — Sc and Ca*’ — Sc** beta decays. The theoretical electric-quad- 
rupole matrix elements are too small by a factor of 3-5, and the theoretical 1 lifetimes too short by ap 


proximately a factor of 10. For three particles in the 1 /;/2 level (Sc*) or three neutrons in the 1gy 


state, the 


eigenfunctions given by the generator formalism are found to be almost identical with those derived from a 


conventional! shell-model calculation. 


INTRODUCTION 


HERE is a large body of experimental information 
about the beta decay, multipole moments, and 
gamma-ray transition probabilities of nuclei in which 
the 1 /;,2. neutron and proton levels are being filled. Since 
these nuclei are near a closed shell, one would not expect 
them to have a permanent deformation. It is, therefore, 
of interest to see how far one can go in interpreting the 
experimental data by assuming a shell-model state with 
good isotopic spin made up from nucleons in the f7/2 
level only. 

To carry out a conventional shell-model calculation, 
it is convenient to have the coefficients of fractional 
parentage. These can be obtained by a chain procedure,' 
but the amount of labor involved is prohibitive except 
for states of seniority zero or one. In these latter two 
cases, for which explicit expressions can be obtained for 
the fractional parentage coefficients,? the properties of 
such states have already been calculated. The theoretical 
value for the square of the beta-decay matrix element is 
generally 10 to 100 times the experimental value’ and in 
one case (Ca*? — Sc*’) is too large by a factor of 10*. The 
experimental values of the magnetic moments’ are often 
as much as a nuclear magneton away from the theoreti- 
cal prediction. 

In the calculations published to date it has been as- 
sumed that the states involved have good seniority—an 
assumption which is not warranted when both neutrons 
and protons are filling the f7/2 shell. It is possible (and 
indeed it is found) that small admixtures of states with 
different seniority may appreciably affect the calculated 
values in the same way as small admixtures of other 7 
configurations appreciably affect magnetic moments, 
quadrupole moments, and transition probabilities. Thus 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 P. J. Redmond, Proc. Roy. Soc. (London) A222, 84 (1954). 

? W. C. Grayson, Jr., and L. W. Nordheim, Phys. Rev. 102, 1084 
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" WC. Grayson, Jr., and L. W. Nordheim, Phys. Rev. 102, 1093 
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tH Noya, A. Arima, and H. Horie, Suppl. Progr. Theoret. Phys. 
( Kyoto) §, 33 (1958). 


we have looked for a different prescription to specify the 
zero-order shell-model wave functions for nuclei in this 
region. In the 19 shell, Kurath and Pi¢man’® have found 
that the generating procedure of Elliott® gives wave 
functions in remarkably good agreement with those 
obtained from an interaction calculation. Similarly, at 
the beginning of the (1d—2s) shell Redlich’ has found 
that the method of generator coordinates gives results 
close to the interaction calculation. This procedure 
takes into account some of the residual two-body 
interaction by allowing the well into which particles are 
put to have a Y2 deformation. In view of the success of 
this method for lighter nuclei, it used to 
generate eigenfunctions for the low-lying states of the 
fra nuclei. The results obtained with this representation 
are in much better accord with experiment than are 
those found from a seniority classification. This method 
has the added advantage that calculation of the prop- 
erties of nuclear levels with spins other than 0* or ~ is 
now made fairly simple. 


has been 


THEORY 


In a central potential with VY» deformation, a level of 
spin 7 is split into (2j/+1)/2 components—each one 
being doubly degenerate and characterized by the 
quantum number &, the projection of the angular mo- 
mentum on the nuclear symmetry axis.* If one considers 
a single level (i.e., neglects off-diagonal matrix elements 
between level 7 and level 7’) the energy shift is linear in 
the deformation parameter 7. The Nilsson diagram for 
the f72 level is shown in Fig. 1. By successively filling 
the lowest possible levels of Fig. 1, one can construct a 
normalized .V-particle determinant (or linear combi- 
nation of \-particle determinants) with well-defined 
isotopic spin. We denote these by Xx(Rx), where the 
coordinate system (Rx) is oriented with respect to the 
laboratory system x. It is then assumed that from this 


5D. Kurath and L. Piéman, Nuclear Phys. 10, 313 (1959). 

6 J. P. Elliott, Proc. Roy. Soc. (London) A245, 128 (1958). 

7M. G. Redlich, Phys. Rev. 110, 468 (1958) 

*S. G. Nilsson, Kgl. Danske Videnskab 
Medd. 29, No. 16 (1955 
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NUCLEI WITH NEUTRONS 
Xx the low-lying states of the \V-particle nucleus can be 
generated from the Hill-Wheeler integral, 


¥ares"(2) = QF1)Cx? f ARDrx" (R)Xx (RO), (1) 


where Cx’ is chosen so that Parcx)/(x) is normalized and 
Dyx'(R) is the rotation matrix. 

The determinant Xx can be further decomposed and 
written as 


Xx (Rx) = !ne!/N! QU nye (Rx) Vnvke(Rx), (2) 


where 7; and 2 are, respectively, the number of protons 
and neutrons making up the state (7;-+-2.=.V), @ is the 
antisymmetrization operator, U'njk(Rx) is the nor- 
malized m-particle proton determinant, and Vngk2(Rx) 
is the neutron determinant (k;+2=K). The determi- 
nants l’ and V are not, of course, angular-momentum 
eigenfunctions. One can, however, make an angular- 
momentum decomposition of these determinants. For 
example, 


Us 1k1( Rx) => dnyky? Uk, *(Rx) 


Js 


= 2 dniky?*Dmyh 17 *(R) tm? *(x), (3) 


Jmis 


where s stands for any additional label necessary to 
specify the state J. Using Eq. (3) and its analog for V, 
one easily shows that 


Wacky (x)= ne!/ NICK! 


ma > dnyk," *dn ky §*"(I LR yk» TK) 
J Las’ 
xX YE J Lmyme, IM) Qum,7*(x)ome"™" (x), (4) 


where the bracket is a Clebsch-Gordan coefficient and J 
refers to the angular momentum of the protons and. L 
to the neutrons. From Eq. (4) it follows that 


fv M(K (x Wacky! (x) dx 
Cri! CrIA(T; mykiniky ; teks, nok’), 


where 
A(T; nykynyky’ ; neko, noke’) 
2 dnyk 17 *d» ky'7 *dnoke ”*’dnoke' E*’ 


I Lass 


X (J LRiky TK)(JLRy ks’ | TK"). (6) 


Thus the normalization coefficient Cx’ is determined by 
the angular momentum decomposition of determinants 
with neutrons only and protons only. For a single level, 
this decomposition is easy to find. 

For an even-even or odd-A nucleus, the eigenfunctions 
are assumed to be generated from a single Xx so that 


AND 


PROTONS IN 


Fic. 1. Energy level 
diagram for the 1f7/2 
shell as a function of the 
deformation 7. 





only ki= ky’, k2= ke’ comes into the normalization coeffi- 
cient. However, for an odd-odd nucleus it is possible 
that a given J state may be generated from two x’s that 
correspond to the same Nilsson energy. For example, if 
one assumes positive deformation in Sc“, there are two 
x’s which could give rise to an J=2 ground state. These 
are X;= | w_,yyv_4y3| and X2= | w4y4v_,y|, where w stands 
for proton, v for neutron, and the subscripts } etc., are 
values of k& for the state in question. To find the ap- 
propriate linear combination of X,; and X2, we follow the 
suggestion of Kurath and Pitman,° namely, to generate 
from that eigenfunction which diagonalizes the rotational 
Hamiltonian 


foo = B(P4+-F—21¢—1,5_—I_J,}, (7) 


where J/,, J/_ are components of the angular momentum 
operator of the particles referred to the body-fixed 
coordinate system and B is a constant related to the 
moment of inertia of the system. Since B is an over-all 
multiplicative constant, its value does not affect the 
diagonalization when the Xx have the same Nilsson 
energy. The eigenfunction which diagonalizes Eq. (7) 
may be written as 


27+17} 
éu'= , | Dd ax(1+Ri)Duk'Xk, (8) 


2 K 

where R; is the operator that produces a rotation of 180° 
about an axis perpendicular to the symmetry (z) axis of 
the rotor and the ax are constants. Thus for an odd-odd 
nucleus Eq. (1) is replaced by 


Wau! (x) (2141901 f ARE axDux'(R)Xx (Re), (9) 


K 
with 


(C1)? & axag:A (1; myki,mky’ ; noke,nek2’) = 1. 


K K’ 


(10) 


Now that the eigenfunctions have been obtained, it is 
a simple task to calculate the nuclear properties of the 
system. As an example, let us consider the beta-decay 
matrix elements since an interesting selection rule arises 
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in this case. The calculation of the Fermi part of the 
interaction is trivial so we restrict ourselves to the 
Gamow-Teller interaction. In carrying out the calcula- 
tion, it is convenient to transform r,0, to the (Rx) 
coordinate system and carry out the operations involved 
before generating 

N N 


> te(io,(i)= > 74 (I) Dy! (Roy (i), 


1=!1 i=| BY 


(11) 
where 7, changes a proton to a neutron. Thus 


> 74 (io, (idpar st (x) 


= artincr far E axD,y(R)Daixt(R) 
Kr 


Xd 7. (i)oy (i)Xx (Rx) 


=(27;+1)C™ ¥ ax(1l]uM;\7,u+M,) 


IK 


x (17 AK LAK) f ARDutms.n48"(R) 


x> 7.(i)o,(i)Xx(Rx). (12) 


The inner product of Eq. (12) with pa ,'/(x) picks out 
the state 7=J/,. Further 


740, m= (9/7)'(F1md| Z, MAA) ymsr, (13) 


where = means we have taken only the part of r,0,7 
that leaves the nucleon in the f72 level. Equations (12) 
and (13) are sufficient to determine the beta-decay 
matrix elements. Since the operator r40, can only 
change the quantum number & by 0 or +1, the matrix 
element vanishes unless the resulting state is unoccu- 
pied. This K selection rule explains the anomalously 
long half-life for the Ca*’ — Sc*’ beta decay (log ft= 8.5) 
and Ca — Sc* (log ft=6). 

To examine the magnetic-dipole and electric-quad- 
rupole properties of the nucleus, it is more convenient to 
start with the generated wave function, Eq. (4). Since 
we are dealing with a single-particle operator, we can 
neglect the antisymmetrization of the wave function. 
The formulas governing these phenomena are easily 
calculated by standard Racah algebra and will not be 
derived here. 


RESULTS 


Table I lists the results obtained with this repre- 
sentation for the 1 f7/2-shell nuclei. The calculations have 
been carried out for both signs of the deformation. It has 
been assumed that all low-lying states of a given even- 
even or odd-A nucleus can be generated from a single 
Xx. For the odd-odd nuclei, states are generated from 
the appropriate linear combination of the Xx that 
diagonalize the rotational Hamiltonian. It is known that 


-.AWSON 
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the 3- and 3 levels of odd-A nuclei in this region lie 
close together (one of them being the ground state). 
Hence, if this representation has any validity, one would 
expect to generate from positive deformation near the 
beginning of the shell and from negative deformation 
near the end. For example, in Sc* the lowest Nilsson 
orbital, for negative deformation, is | #7/2¥7/2¥—7/2¥5/2¥—5/2 
from which it is impossible to generate a $ state. For 
A<50, the numerical results for the magnetic moments 
come closer to experiment when the wave function is 
obtained from positive deformation; for A >50, better 
agreement is obtained for negative deformation. For 
beta decay, if one takes into account the magnitude and 
sign of the correction to the matrix element brought 
about by admixing small amounts of the 1/; configura- 
tion® it is again true that positive deformation gives 
better agreement with experiment near the beginning of 


the shell. 
A. Magnetic Moments 


The magnetic moments calculated with this repre- 
sentation come closer to the experimental values than do 
those predicted by the seniority eigenfunctions. There 
is a tendency for the measured magnetic moments of the 
odd-odd nuclei to lie very close to the value one would 
obtain by simply coupling the two odd particles to the 
appropriate spin, i.e., very close to 


b= (1/7) (3+ up tun). (14 


The many-nucleon calculation leads to only a small 
correction to Eq. (14) for the /=6 states of V® and 
Mn®™. However, for the /=2 state of Mn™ the correction 
is large and in disagreement with experiment. 

The calculated magnetic moment of Sc** is in good 
agreement with experiment. If the spin of Ti* is 3, the 
magnetic moment (which has not been measured) is 
predicted to be positive for positive deformation and 
only slightly negative for negative deformation. (If the 
ground state of Ti*® is $, then «= 4+-0.49 nm for positive 
deformation and —0.78 for negative deformation.) It 
seems to be a characteristic that when the odd nucleon 
fills a k= % orbit the predicted magnetic moment is 
considerably different from the seniority value. Another 
example is provided by V“ for which seniority predicts 
4.65 nm for the magnetic moment of the 7 state while, 
for positive deformation, this representation gives a 
value 3.17 nm. 

In general, the admixing of states of higher seniority 
tends to correct the magnetic moment in the desired 
direction. Since j-configuration mixing gives a contribu- 
tion in the same direction (although in many cases the 
correction is too small‘) it may be argued that the 
generating procedure mixes in somewhat too much of 
these states of higher seniority. It actually takes only a 
small admixture to change the magnetic moment by an 
appreciable amount. For example, with positive de- 

°R. J. Blin-Stoyle and C. A. Caine 


Phys. Rev. 105, 1810 (1957 
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TaBLe I. Various properties of nuclei in the 1 /7/2 shell, calculated by use of seniority eigenfunctions and wave functions generated from 
either positive or negative deformation. Where the spins of the states involved are known, they are italicized. / means the transition is 
forbidden and --+ means that one of the states involved cannot be generated from the lowest Nilsson orbital. Unless otherwise stated 
the experimental data are taken from the Nuclear Data Sheets* and Way et al.” 





Deformation 
Quantity calculated Seniority + _ Experiment 


Magnetic moment of 7/2 ground state of Sc* (nm) 4.08 4.78 4.94 
Quadrupole moment of 7/2 ground state of Sc (barns) —0.070 —0.073 —0.069 
Quadrupole moment of 7/2 ground state of Ti* (barns) -0.051 —0.089 ~0.120 
log ft for 8B decay Sc*® — Ca* (7/2 — 7/2) 3.88 4.21 5.04 
log ft for 8B decay Sc — Ca* (7/2 — 5/2) P 4.82 4.25 
log ft for 8 decay Ti* — Sc* (7/2 — 7/2) 3.59 3.49 3.46 
V1 lifetime of 138-kev transition in Sc* (5/2 — 7/2) (nsec) 0.011 0.015 ves 


log ft for electron capture Ti — Sc (0 — 1) 3.81 
log ft for 8 decay Sc# — Ca“ (2 — 2) .28 


Magnetic moment of 7/2 ground state of Sc* (nm) 5.11 4.61 4.74 4.756 
Magnetic moment of 7/2 ground state of Ti*® (nm) —1.34 +0.74 0.01 

Quadrupole moment of 7/2 ground state of Sc (barns) —0.090 —0.068 -0.066 —().22 
log ft for 8 decay Ca** — Sc* (7/2 > 7/2) 3.98 F F 6.0 
log ft for 8 decay Ti*® > Sc** (7/2 > 7/2) 4.61 3.96 4.66 4.6 
log ft for 8 decay Ti*® — Sc* (7/2 — 5/2) 4.82 tee 5.44 


B(E2) for Coulomb excitation of 887-kev state in Ti** (0 — 2) 0.003 0.006 0.083¢ 
log ft for 8 decay Sc** — Ti** (4 — 4) F F 6.2 
log ft for 8 decay V** — Ti** (0 > 0) 3.48 3.48 


Magnetic moment of 5/2 ground state of Ti’ (nm) —0.71 +0.17 
B(E£2) for Coulomb excitation of 160-kev state in Tit? (5/2 — 7/2) 0.0013 0.0016 
log ft for 8 decay Cat? > Sc? (7/2 > 7/2) 25 F F 
log ft for 8B decay Sc? — Ti* ( + 5/2) F F 
log ft for 8 decay Sc? — Ti’ (7/2 > 7/2) F F 
log ft for 8 decay ground state V*’ — Ti‘? (5/2 — 5/2) 4.38 4.57 
1 lifetime of 160-kev transition in Tit? (7/2 — 5/2) (nsec) 0.036 0.063 


7 
7 


12 
2 
2 
47 


B(E2) for Coulomb excitation of 990-kev state in Ti*® (0 — 2 0.003 0.007 0.070 
log ft for 8B decay Cr*8 > V* (0 — 1) 3.66 3.66 >4.1 
log ft for 8 decay from ground state V“* — Ti*® (4 — 4) F F 6.1 


Magnetic moment of 7/2 ground state of Ti‘ —1. -1.18 
Magnetic moment of 7/2 ground state of V*® 5.45 4.04 
log ft for 8B decay Sc — Ti (7/2 > 7/2) 4.25 F 
log ft for B decay V9 — Ti® (7/2 > 7/2) 

log ft for 8 decay from ground state Cr — V*® (5/2 7/2) 

log ft for 8 decay from ground state Cr — 89-kev state V* (5/2 
log ft for 8 decay from ground state Cr*® — 152-kev state V* (5/2 
1 lifetime of 152 kev — 89 kev transition in V® (3/2 — 5/2) (nsec) 
W/1 lifetime of 89-kev transition in V (5/2 — 7/2) (nsec) 


5.0 

5.4 

4.9 
27.4488 

0.8+0.58 


eee Ur 
——e.n 
Oo 00 s3 Ge “ 


mw 
o 


3.341 


Magnetic moment of J=6 ground state of V*° (nm) 
3.4 


log ft for 8B decay Mn* — Cr*® (0 + 0) 


ww 
> 00 


—" 
os 


log ft for 8 decay from ground state Cr®! + V*! (7/2 — 7/2) 
log ft for 8 decay from ground state Cr5! + V5! (7/2 — 5/2) 
> 4 


log ft for 8 decay from ground state Mn*! > Cr®! (7/2 - 2) 


Magnetic moment of 7=6 ground state of Mn® (nm) 
Magnetic moment 390-kev state of Mn®? (J=2) (nm) 
log ft for 8 decay Fe®? — Mn*? (0 — 1) 

log ft for 8 decay from ground state Mn*? -+ Cr® (6 — 6) 
log ft for 8 decay from 390-kev state Mn® — Cr®? (2 — 2) 
1 lifetime 555 kev — 390 kev transition in Mn® (1 — 2) (nsec 


>7 


log ft for 8 decay Fe*’ — Mn® (7/2 2) 
log ft for 8 decay Fe’ + Mn® (7/2 — 5/2) 


® Nuclear Data Sheets, National Academy of Sciences, National Research Council (U. S. Government Printing Office, Washington, D. C., 1959). 

b Nuclear Level Schemes, A =40—A =92, compiled by K. Way, R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic Energy Commission Report 
TID-5300 (U. S. Government Printing Office, Washington, D. C., 1955). 

¢ J. Janecke, Z. Naturforsch. 15a, 593 (1960). 

4M. K. Ramaswamy, W. L. Skeel, and P. S. Jastram, Bull. Am. Phys. Soc. 5, 423 (1960) 

eD. S. Andreysev, A. P. Grinberg, K. I. Erokhina, and I. Kh. Lemberg, Nuclear Phys. 19, 400 (1960). 

 R. E. Holland and F. J. Lynch, Phys. Rev. 121, 1464 (1961). 

« Preliminary results of R. E. Holland and F. J. Lynch. I should like to thank Dr. Holland for communicating these results prior to publication, 

bh R. W. Bauer, M. Deutsch, G. S. Mutchler, and D. G, Simons, Phys. Rev. 120, 946 (1960). 
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formation, the generated § state of Sc* can be written as 


v7(gen) = (1001 /1089)"/*y72(v= 1) 
— (78/1089) '/2y7!2(y= 3) 


— (10/1089)'/2y72(v=3), (15) 


where v is the seniority of the state and the second 
seniority-three state is the one which has a zero frac- 
tional-parentage coefficient for the parent with J/=1, 
T=0. This small admixture changes the magnetic mo- 
ment from the seniority value of 4.08 nm to 4.78 nm. 


B. Beta Decay 
To calculate the ft value for beta decay, we have used 


6100 
(16) 


‘1)24+1.4(e)? 


where (1) is the Fermi matrix element, (o)? is the square 
(appropriately averaged) of the Gamow-Teller matrix 
element, the constant 6100 is taken from the O" decay," 
and 1.4 is approximately the square of the ratio of the 
axial-vector to the vector coupling constants." 

One can look more closely at the K selection rule 
discussed in the last section and talk of orders of K 
forbiddenness. For example, the Ca’ — Sc’ decay has 
two orders of K forbiddenness, since one has to move a 
single proton or single neutron up through two Nilsson 
levels to get a nonvanishing matrix element. One would, 
therefore, expect that this should be a well obeyed 
selection rule—and indeed it is. On the other hand, all 
but one (Sc — Ti*) of the other forbidden transitions 
given in Table I have only one order of K forbiddenness 
and their logft values are correspondingly smaller. 
The worst violation of this selection rule is the 
Sc? — Ti” ({— 4) transition which has logft=5.3. 
Even this small value should not be difficult to obtain 
since it only requires that (¢)?=0.022. (This is to be 
compared with the Sc* — Ca* calculation in which the 
theoretical value of {c)* is 4/7.) 

Aside from the above cases, the beta-decay matrix 
elements are generally larger than needed to fit experi- 
ment. An important effect has been neglected in this 
calculation, namely, the effect of mixing in small 
amounts of the 1 /; configuration. For the Ti*, Sc*, Ca* 
triad this has been included by Blin-Stoyle and Caine,* 
who find that such admixtures have a large effect on the 
transition probabilities and tend to make the logft 
values larger than given by the seniority calculation. By 
using a combination of seniority mixing and j-configura- 
tion mixing, it should now be possible to fit the log ft 
values for the A=43 triad with a more reasonable 
choice of the separation of the 1f7;2 and 1/s2 single- 
particle levels. For heavier nuclei in this region one 


D. L. Hendrie and J. B. Gerhart, Phys. Rev. 121, 846 (1961). 
'! See, for example, M. Gell-Mann, Revs. Modern Phys. 31, 834 
(1959) 
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would also expect that configuration mixing would tend 
to increase the logft value. (In the case of the K- 
forbidden transitions such j-configuration mixing would, 
of course, decrease the log ft value.) Since our calculation 
neglects this effect, the calculated log ft values should be 
expected to be smaller than the experimental ones. For 
this reason one would say that generating from positive 
deformation gives better agreement for beta decay near 
the beginning of the shell. 

There are several cases in which the spins of the initial 
or final nucleus in the decay are unknown. In these cases 
the values assumed for the unknown spins are those that 
seem to give the more consistent results. For example, in 
the electron capture Ti*— Sc“, the spin of the final 
state is either 0 or 1. From the lowest Nilsson orbital 
there is no way of getting a spin-0 state; so we have 
chosen J;=1. For Ti*® we have taken the spin of the 
ground state to be } so that log {t= 3.96 for decay to the 
3 state of Sc. This disagreement with experiment is 
about the same as for the Sc* decay. On the other hand, 
a spin of 3 for Ti*® would lead to log ft= 4.54. 


C. M1 Lifetimes 


There is little experimental information on M1 life- 
times in this region. In Ti* the calculated lifetime is too 
short by a factor of ten for positive deformation and a 
factor of five when negative deformation is used. The 
same situation seems to persist in V®. 

Although there is no experimental value for the life- 
time of the 138-kev state” in Sc®, it is instructive to 
compare the lifetime obtained from the generated wave 
functions for both the ground state and the 138-kev 
level (assumed spin of 3) with that calculated from the 
seniority eigenfunction for the } level and the generated 
wave function for the § state." In this case the ‘“‘seniority 
calculation” gives an even shorter lifetime for the state 
than does the generator calculation: 7,.,=0.1110~" 
sec, compared to Tgen=0.15X 10-™ sec. 


D. Quadrupole Properties 


The quadrupole matrix element has been calculated 
on the assumption that (r?)= (1.14! 10-" cm)*. The 
theoretical result for the quadrupole moment of Sc** is 
only a third of the experimental value. The experimental 
values of B(£2) in the titanium isotopes are consistently 
20-30 times the theoretical ones. Such a result need not 
necessarily imply that these nuclei are strongly de- 
formed. Arima and Horie," Arima and Yoshida,'* and 
Kurath'® have shown that weak configuration mixing 
can appreciably influence the quadrupole matrix ele- 


2G. J. McCallum, A. T. G. Ferguson, and G. S. Mani, Nuclear 
Phys. 17, 116 (1960). 

3 In Sc* there are two possible $~ levels [B. H. Flowers, Proc. 
Roy. Soc. A212, 248 (1952) ]. Thus the seniority classification is not 
sufficient to determine the eigenfunction. 

4H. Horie and A. Arima, Phys. Rev. 99, 778 (1955) 

46 A. Arima and S. Yoshida, Nuclear Phys. 12, 139 (1959). 

1). Kurath, Nuclear Phys. 14, 398 (1960) 
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ments so that an enhancement factor of 3-5 should not 
be impossible to obtain. 


DISCUSSION 


That the generating procedure leads to wave func- 
tions in excellent agreement with the interaction calcula- 
tion is not too surprising in the 1p shell. In that case 
only the L=0 and L=2 parts of the Slater decomposi- 
tion of the residual interaction come in and the method 
of generator coordinates replaces the L=2 part by an 
average field. However, in the 17/2 shell one “explores” 
the Slater decomposition up to L=6 and there is no 
guarantee that an average L=2 field can come close to 
reproducing the interaction calculation. To gain some 
insight into the validity of the generator formalism, one 
can compare the wave function given by this procedure 
to that found by Kurath'’ who did a shell model 
calculation for Sc* on the assumption that the residual 
two-body interaction could be approximated by a delta 
function. The results generated from positive deforma- 
tion are almost identical to his. The shell-model calcula- 
tion leads to a magnetic moment of 4.82 nm for the 
ground state of Sc, whereas the generating procedure 
yields 4.78 nm. For the beta decay of Ti* and Sc*, 
Kurath found 0.72 and 0.24, respectively, for (#)* while 
our calculation gives 0.70 and 0.27. 

A second simple instance in which seniority mixing 
may be important is in the go,2 level since two 9/2 states 
are possible when three identical nucleons are in this 
level.'® From the experimental data on Zr®, Talmi and 
Unna” have deduced the magnitudes of the (go/2)" 
pairings. From these values one can calculate the 
amount of seniority mixing in the $ level of the three- 
particle system. The admixture turns out to be small. If 
one generates the J=9/2 state associated with this 
configuration for positive deformation, one finds 


y*? (gen) = (7293/7310)? (v= 1) 


— (17/7310)"/y9(y=3), (17) 


which has an overlap of 0.997 with the Talmi-Unna 
wave function. 

There is one place in the f7/2 shell where the generating 
procedure gives results in disagreement with the inter- 
action calculation. For four identical nucleons (Ca or 


‘7D. Kurath, Phys. Rev. 91, 1430 (1953). 
'§ B. H. Flowers, Proc. Roy. Soc. (London) A215, 398 (1952). 
9 T. Talmi and I. Unna, Nuclear Phys. 19, 225 (1960). 
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Cr) there are two possible /=2 states. It has been 
shown” for this case that seniority is a good quantum 
number even when a two-body interaction is introduced. 
If we generate the Ca“ wave function from either 
positive or negative deformation, the /=2 state so ob- 
tained is a mixture of the seniority-two and seniority- 
four eigenfunctions 


8& }3 18 73 
-| | ou*e=2)-| - | oure=4), 
231 231. 


5(4!) tf aRDu(R) V1/2V_1/2V3/2V_3/2 


(18) 
5(4!) if arp wo" (R) | v7/2v—7/2¥5/20-5/2 


88 }) 18 73 
bay (2 2)-| | exe(e—4). 


231 


The beta decay matrix elements given in Table I were 
calculated by assuming the seniority two eigenfunction 
for Ca“ and Cr°**. 

This calculation has been restricted to the f7/2 level 
alone. That such an assumption is not fully justified is 
clearly evidenced by the position of the first excited 
I=2 state in Ca® (1.53 Mev) and Ca* (1.16 Mev). If 
the shell were pure, these two levels should have the 
same excitation energy. One would, therefore, expect 
that although the predominant contribution to the 
wave function comes from the (f7;2)" configuration, 
mixtures of the 1/;, 263, and 2p; levels would be im- 
portant. This suggests generating from the intrinsic 
wave functions of the Nilsson calculation,* in which such 
admixtures are present. The effect of admixing these 
excited states is to favor prolate deformation near the 
beginning of the shell and oblate deformation near the 
end. This is in agreement with what we have empirically 
found, whereas Fig. 1 by itself would suggest the 
opposite. 
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Differential Cross Sections of the Be’ (Li’,«)B” and Be®(Li',«)B" Reactions* 


RussELL K. Hopsre, C. W. Lewis, AND J. M. BLarr 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received July 25, 1961) 


Differential cross sections have been measured for @ particles from the reactions Be®(Li®,)B"™ and 
Be®(Li’,a)B". These reactions have been studied for the ground states, the first seven excited states of B", 
and the first four excited states of B". Absolute cross sections have been measured by comparison with 
Rutherford scattering. The measurements have been carried out for laboratory bombarding energies from 


3.3 to 3.75 Mev. 


INTRODUCTION 


HE reaction Be*(Li*',a)B" has previously been 

studied' in this laboratory using a proportional 
counter in combination with a CsI(TI) scintillation 
counter to identify the alpha particles. Improvements 
in the energy resolution of the equipment have made it 
possible to extend these measurements to alpha particles 
leaving B" in more highly excited states and to study 
the reaction Be®(Li’,a)B", for which the ground-state 
Q value is 10.46 Mev. A separate study of the 
Be®(Li®,a)B" reaction, using a silicon junction detector 
alone to count the alpha particles, provided an inde- 
pendent check of the other measurements. In the work 
reported here the cross sections have been determined 
by comparing the reaction yields with Rutherford 
scattering from the same target at angles where nuclear 


perturbations of the scattering are small. This procedure 
is believed to provide more accurate values of the abso- 
lute cross sections than resulted from the previous work. 


APPARATUS 


The equipment for producing the beam of Li ions, 
the target chamber, and the beam current integrator 
were unchanged from the earlier work.' 

For the measurements made with the junction 
detector alone, hereafter referred to as method A, the 
detector was mounted on the movable portion of the 
target chamber with its sensitive surface at a distance 
of 4.2 cm from the target. The portion of the detector 
used for counting was defined by a circular aperture 
0.185 cm in diameter which was located 0.1 cm in front 
of the surface of the detector. After suitable amplifi- 
cation, pulses from the detector were recorded by a 
100-channel pulse-height analyzer. 

Method B of detecting the alpha particles was a 
modification of the two-counter particle identification 
scheme used previously.' In the present work a silicon 
junction detector replaced the previous CsI(T]) crystal 
as total energy counter, and an improved log-add 
circuit? combined the AE and E pulses from the two 


* This work was supported in part by the joint program of the 
U. S. Atomic Energy Commission and the Office of Naval 
Research. 

1 J. J. Leigh and J. M. Blair, Phys. Rev. 121, 246 (1961). 

2G. Gianelli and L. Stanchi, Nuclear Instr. and Methods 8, 
79 (1960). 


counters. Calculations and tests indicated that the 
combination (E£°-*A£) produced a particle identification 
signal which was nearly independent of the energy of 
the alpha particles and hence was suitable for gating 
the 100-channel pulse-height analyzer which recorded 
the spectrum of alpha-particle pulses from the silicon 
junction detector. Figure 1 illustrates a typical spectrum 
of alpha-particle pulses from the Be*(Li’,a)B" reaction 
as well as an 8.8-Mev ThC’ calibration peak. Figure 2 
shows a similar pulse spectrum from the Be*(Li',a)B" 
reaction. The improved resolution in the present work 
can be seen by comparing Fig. 2 with Fig. 3 of reference 1. 


PROCEDURE 


The preparation of the thin (60 to 100 yg/cm’), 
self-supporting Be foils and the energy calibration of 
the electrostatic generator followed the procedure 
described earlier. 

In the application of method A for particle detection 
the alpha particle peaks in the spectrum of pulses were 
identified by using the linear relation between the pulse 
height and the particle energies calculated for each 
angle. The bias voltage on the silicon junction detector 
was adjusted so that its sensitive region would have 
sufficient thickness to stop completely the alpha 
particles being counted, while allowing protons, 
deuterons, and tritons produced by competing reactions 
to pass through without losing all of their energy. The 
bias potentials necessary varied from 3 to 15 v. At 
angles where bias adjustment did not remove the pulses 
produced by the singly charged particles from the 
region of the spectrum occupied by the alpha particle 
pulses, their relative positions were shifted by placing 
additional layers of Mylar film over the detector. In 
all cases this aperture was covered by one layer of 
quarter-mil Mylar which screened out the large number 
of Li ions elastically scattered from the target. If this 
were not done the pile-up of the many small pulses from 
these scattered ions would have reduced the resolution. 

The procedure for method B was essentially the same 
as in the earlier work.' 

Method A was used to study the Be*(Li*,«)B" 
reaction at bombarding energies of 3.30 and 3.75 Mev, 
while method B was used at 3.3 Mev for the reaction 
Be®(Li®,a)B" and at 3.30, 3.50, and 3.75 Mev for the 
Be®(Li’,a)B” reaction. Measurements were made at 
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Fic. 1. Typical a-particle spectrum from the 
reaction Be®(Li’,a) B®. 


10° intervals from 20° to 160° in the laboratory, with 
some additional observations at 10°. Due to the 


deterioration of the targets and the buildup of surface 
contamination after long bombardment, several target 


foils were used. The data from these targets were nor- 
malized by repeating the measurements on a single 
target at a few angles at all the energies and then 
measuring the thickness of this target by the scattering 
technique described below. 


DETERMINATION OF THE ABSOLUTE 
CROSS SECTION 


In the earlier work, the absolute values of the cross 
sections were calculated from the target thickness 
measured by observing the increase in bombarding 
energy required to excite the H'(Li’,y)Be® reaction, 
when the Be foil was placed in the Li’ beam in front 
of an ice target.! The good resolution of the silicon 
junction detectors made it possible to measure the 
target thickness by Rutherford scattering, and some 
errors in the earlier method were discovered. 

If the solid angle is the same for the Rutherford 
scattering and the nuclear reaction, the cross section 
for the nuclear reaction may be found without meas- 
uring the target thickness or the solid angle. The 
nuclear laboratory cross section, oy, is given in terms 
of the laboratory Rutherford cross section, gr, by the 
following equation : 


4 nv (0,2) or(0’ be’ )Qn2(E) 
on (0,E)= - 
V2(0',E’)Ova(E’) 


AND Be*(Li*,a)B** 


— —— ae - a ger 
SPECTRUM OF ALPHA PARTICLES 


FROM 3.3 MEV Li® ON Be® AT 
20° LAB 


Te 


Lit Bea +8" + 14.4 MEV 


COUNTS PER CHANNEL 


B" LEVELS 


aie 


40 100 











lic. 2. Typical a-particle spectrum from the 
reaction Be®(Li®,a)B". 


where )y=number of nuclear events recorded during 
the collection of charge Qy by the Faraday cup, 
Yr=number of Rutherford events observed during 
the collection of charge Qr by the Faraday cup, and 
2(E)= equilibrium charge of the Li beam after passing 
through the target. 

When using method A, the scattered Li® ions were 
counted by removing the layer of Mylar from the front 
of the silicon junction detector. For method B, the 
Mylar window of the proportional counter was removed 
and the amplified pulses from the junction detector 
were displayed on the pulse-height analyzer without 
using the multiplying and gating circuit. The 
Rutherford scattering was measured at an energy 
E’=3.3 Mev, at laboratory angles from 30° to 50°. At 
smaller angles it was impossible to separate the lithium 
ions scattered from carbon and oxygen contaminants 
on the targets; at larger angles the energy of the ions 
was too small for detection. For the angles studied the 
apsidal distance of the Rutherford orbit was greater 
than 20f, and the nuclear perturbation should be 
negligible. This was confirmed by the constancy of the 
ratio Vr(@)/or(@) with angle. Previous measurements! 
indicate that Z varies by no more than 2% over the 
range of energies used in this experiment. 

The pulse-height spectrum of Li ions scattered from 
a typical target is displayed in Fig. 3. Li groups scat- 
tered from Be, C, and O are seen along with recoil 
target nuclei. This particular target had severe use, 
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on the left; the sources of values on the right are discussed in open circles represent data taken by method A; solid dots were 
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CROSS SECTIONS OF 
and the continual breakdown of diffusion pump oil by 
the beam resulted in a relatively large deposit of carbon 
on the target. The combined thickness of Be, C, and O 
calculated from these scattering data agrees well with 
the total thickness measured by the energy loss method. 
When the earlier measurements' were made, the degree 
of buildup of target contaminants was not appreciated ; 
hence the cross sections were calculated using too large 
a number for the target thickness. Therefore, the 
corrected values of the cross sections given in this paper 
should be used rather than those in reference 1. 


RESULTS 


Typical alpha-particle pulse-height spectra obtained 
by method B are shown in Figs. 1 and 2 for the 
Be®(Li’,a)B" and the Be*(Li*,a)B" reactions, re- 
spectively. Vertical lines indicate the peak positions 
calculated from the tabulated* energy levels and cor- 
rected for energy loss in the proportional counter and the 
response characteristic of the junction detector. The low- 
energy continuum with the Li® beam is thought to be due 
toa particles from the reaction Be*(Li®,Li’) Be’, while the 
continuum with the Li’ beam can be explained in terms 
of the reaction Be®(Li’,He*)B". 

The peaks in Fig. 1 are labeled with the corresponding 
B excitation energies. The lowest energy peak has 
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lic. 7. Differential cross section for a@ particles from 
Be*(Li®,@)B", leaving B" in the second excited state. Crosses and 
open circles represent data taken by method A; solid dots were 
taken by method B. 
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Fic. 8. Differential section for a particles from 
Be®(Li®,«)B", leaving B" in the third excited state. Crosses and 
open circles represent data taken by method A; solid dots were 
taken by method B. 


been neglected because it could not be observed at any 
other angles. These results are also shown in Fig. 4. 
The numbers on the left are calculated from the present 
data; the heavy bars indicate the uncertainty in the 
calculated value. The levels below 6.0 Mev on the right 
are from the compilation of levels*; the levels above 6.0 
Mev are from measurements’ of the total neutron cross 
section of boron. 

Center-of-mass differential cross sections are plotted 
in Figs. 5-11 for Be*®(Li‘a@)B" and Figs. 12-15 for 
Be®(Li’,a)B™. It was not possible to resolve the third 
and fourth levels of B", so the combined cross sections 
are plotted. Cross sections for more highly excited states 


‘1D. B. Fossan, et. al., Phys. Rev. 123, 209 (1961). 
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Fic. 9. Differential cross section for a particles from 
Be®(Li*,«)B", leaving B™ in the fourth and fifth excited states. 
Open circles represent data taken by method A; solid dots were 
taken by method B 


could not be extracted because of the a-particle con- 
tinuum backgrounds mentioned above. 

Error bars represent the standard deviation due to 
counting statistics except for a few points measured by 
method A, for which the error bars have been increased 
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method B. 
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Fic. 11. Differential cross section for a@ particles from 
Be*(Li*,a)B", leaving B" in the seventh excited state. Open circles 
represent data taken by method A; solid dots were taken by 
method B. 


because of uncertainty in subtracting a proton back- 
ground from the peak. The absolute cross section scales 
have an additional uncertainty of 10%, due mainly to 
uncertainty in estimating the number of counts under 
the Li’-Be® elastic scattering peak. All cross sections 
be increased by 9% to correct for the energy loss in the 
target. 

The differential cross sectioas were integrated nu- 
merically to give the total cross sections presented in 
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Fic. 13. Differential cross section for a particles from 
Be®(Li7,«) B®, leaving B™ in the first excited state. 


Table I. Absolute errors are again 10%, although the 
relative yields for various levels of the same reaction 
are accurate to 2%. 
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Be®(Li?,a) B", leaving B" in the second excited state. 


Be* (Li’ 


,a)B!? AND Be?®(Li*,a)B!! 





T T T t T Tt ‘ 
Li?+Be® a +82 
em THIRD AND FOURTH EXCITED STATES 


CENTER OF MASS CROSS SECTION IN MICROBARNS 





4 A 1 1 4 4 


eo 60 1220 4O 160 








4. i 
20 «o 


ic. 15. Differential cross section for a particles from Be®(Li’,«) B®, 
leaving B" in the third and fourth excited states. 


DISCUSSION 


The angular distributions for the reaction 
Be®(Li®,a)B" are in good agreement by the two methods 
and also agree with the earlier measurements by Leigh 
and Blair.1 The absolute cross sections represent a 
correction of the earlier work because the degree of 
target contamination was not appreciated at that time. 
Although the increase in yield between 3.3 and 3.75 
Mev seems large for the third excited state compared 
to the first excited state, these data are consistent with 
the results presented in Fig. 9 of reference 1. 

The data for Be*(Li’,a)B” suggest that the group 
corresponding to levels 3 and 4 in B” is due to excitation 
of the 2.62-Mev level, although the resolution is not 
sufficient to rule out an equal mixture of the two levels. 


TABLE I. Total cross section in millibarns for Be®(Li*,a)B" and 
Be*(Li’,a)B" at three laboratory bombarding energies. 


Target Excited state 3.3Mev 3.5 Mev 3.75 Mev 
Bu 1.25 
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Measurements with a magnetic spectrometer® of the 
reaction B"(d,p)B” showed that the cross section for 
the 2.72-Mev level was 5% of the cross section for the 
2.62-Mev state. Recent measurements’ of protons from 
B'(t,p)B" confirm that the 2.72-Mev state is weakly 
excited. With a different mode of excitation one cannot 
rule out the possibility of a greater population of the 
2.72-Mev level; however, the total cross section for this 
group of a particles is not significantly larger than for 
the groups corresponding to single levels. 

The 7.0-Mev level which we observe in B® is un- 
ambiguously present, and our 8.05-Mev level is quite 


5M. M. Elkind, Phys. 
$A. A. Jaffe, et. al., 


Rev. 92, 127 (1953). 
Proc. Phys. Soc. (London) A76, 914 (1960) 
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strongly excited. Neither of these levels was observed 
in the total neutron cross-section measurements‘ on 
B". If these levels were due to target contaminants we 
should have observed additional sharp a-particle peaks 
of higher energy due to these same contaminants. There 
are several reasons‘ why peaks might not have been seen 
in the neutron work; e.g., the B"™ level could have J=0. 
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Np’ nuclei were aligned through the electric quadrupole and magnetic hyperfine couplings in 
NpO2Rb(NOs)3, cooled to 0.2-4.2°K. A complete experiment, with rotatable monocrystalline sample, solid 


state counter, thermometer, and goniometer, was enclosed in a copper container filled with He’ 
thermally attached to 4 mole of paramagnetic salt which could be cooled magnetically. 


gas and 
The measured 


temperature dependence of the a-particle anisotropy gives A <0, P>0 for the signs of the hyperfine coupling 


constants in NpO.** 


. The @ particles were observed to be emitted preferentially along the direction of the 
nuclear angular momentum vector. The results are consistent with P—zx bonding in the NpO.** 


ion and 


with Hill and Wheeler’s prediction of the role of barrier penetration in a emission from nonspherical nuclei 


I. INTRODUCTION 


LPHA-PARTICLE emission from oriented nuclei 
was first considered by Spiers.’ In a formal way, 
he pointed out that if there were angular momentum 
changes in the alpha emission process, a spatial anisot- 
ropy of emission would in general be expected when the 
parent nuclei were oriented. No specific nuclear model 
was considered in this work, however, and no detailed 
prediction of the character of this anisotropy was given. 
A general theory of angular momentum effects in 
alpha emission has been given by Rose? in which the 
angular distribution of the alpha particles is completely 
specified in terms of nuclear matrix elements. 

It was suggested by Hill and Wheeler® that a non- 
spherical shape for an alpha-emitting nucleus should 
have an effect upon the angular distribution of the alpha 
particles emitted. For example, they found that for a 
nucleus of prolate spheroidal shape the potential barrier 
against alpha-particle emission should be both lower and 


thinner near the nuclear “poles” than near the nuclear 

* Operated by Union Carbide Corporation for the U. S. Atomic 
—— Commission. 

1 J. A. Spiers, Nature 161, 807 (1948). 

?M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), pp. 176-186 

*D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1133 (1953). 


“equator.”’ Assuming a uniform probability of alpha- 
particle formation over the nuclear surface, they pointed 
out that a strong preferential alpha emission near the 
nuclear “poles” would be expected. Using a simplified 
WKB treatment they estimated this preferential emis- 
sion to be sixteen times more intense at the polar than at 
the equatorial region for a moderate spheroidal de- 
formation of the nucleus of c/a~1.1. They further sug- 
gested that these effects could be investigated by nuclear 
orientation experiments, but angular momentum effects 
were not included in their discussion. Barrier effects in 
alpha emission have also been studied by Christy,‘ whose 
conclusions are in general accord with those of Hill and 
Wheeler 

Recently, more complete theoretical discussions of 
alpha emission including angular momentum effects and 
considering specific nuclear models have been given, for 
example, by Brussaard and Tolhoek 
Segall,® Steenberg and Sharma,’ 


* Rasmussen and 


nail Fréman.® It is 


IF. Christy, 
® P. J. Brussaard and H. A. 
* J. O. Rasmussen and B. Segall, Phys. Rev. 103, 1298 (1956). 


*R. Bull. Am. Phys. Soc. 30, 66 (1955). 


Tolhoek, Physica 24, 233 (1958). 
™N. R. Steenberg and R. 
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’P. O. Fréman, Kgl. 
Skrifter 1, No. 3 (1957). 


C. Sharma, Can. J. Phys. 38, 290 
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generally expected that barrier effects will be the domi- 
nating influence in the anisotropy of alpha emission. 

The first measurements* of the anisotrophy of alpha 
emission from oriented nuclei were for Np*’. In these 
experiments, the nuclei were oriented through the un- 
usually large electric quadrupole and magnetic hyperfine 
couplings in the NpO.** group of the salt NpO:Rb(NOs)3. 
In this rhombohedral salt, all of the linear NpO.** 
groups lie parallel to the crystalline c axis." Thus, the 
c axis is the asymmetry axis (z direction) for the nuclear 
orientation, and alpha emission from the oriented nuclei 
was measured relative to this direction. It was found in 
these first experiments that as the temperature was 
lowered and the nuclei became oriented, the preferential 
alpha emission was perpendicular to this axis. 

The hfs coupling constants for this salt have been 
measured by Llewellyn and by Bleaney, Llewellyn, 
Pryce and Hall,'® and discussed theoretically by Eisen- 
stein and Pryce,'® and more recently by Pryce.” They 
expressed their measured results at zero applied mag- 
netic field in terms of a spin Hamiltonian, 


H=AI1,S,4+-B(I,S2+1,S,)+PU2-4l(I+1)], (1) 
with the experimentally determined parameters 
A= +0.16547 +0.00005 cm", 
| B| =0.01782 +0.00003 cm, 
P= 0.03015 +0.00005 cm™. 


The absolute signs for A and P were not determined 
experimentally, but only their relative sign. In early 
theoretical discussions,'® A was given as positive and P 
as negative. When this assignment was used for the 
interpretation of our measurements on alpha emission 
from oriented Np nuclei mentioned above, the unex- 
pected result of predominant alpha emission from the 
nuclear equatorial region was obtained. It was thus 
desirable to determine the signs of A and P experi- 
mentally. We have done this by extending our earlier 
nuclear alignment measurements to a lower temperature 
region. 

A qualitative understanding of the nature of these 
recent experiments may be gained from a consideration 


®L. D. Roberts, J. W. T. Dabbs, G. W. Parker, and R. D. 
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12 J. L. Hoard and J. D. Stroupe, cited in G. H. Dieke and A. B. 
F. Duncan, Spectroscopic Properties of Uranium Compounds 
(McGraw-Hill Book Company, New York, 1949), p. 15. 

18 W. H. Zachariasen, Acta Cryst. 7, 795 (1954). 

14 P. M. Llewellyn, thesis, St. John’s College, England, 1957 

unpublished), Chap. 4. 

‘6 B. Bleaney, P. M. Llewellyn, M. H. L. Pryce, and G. R. Hall, 
Phil. Mag. 45, 992 (1954). 

‘6 J. C. Eisenstein and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A229, 20 (1955). 

17M. H. L. Pryce, Phys. Rev. Letters 3, 375 (1959). 


DISTRIBUTION 


OF @ PARTICLES 


ENERGY (°K) 





+5, 
{ 


os +12) 
2 


SS 
——e ( + 
=o ( 


%2) t5/g. + 


ASE | CASE U 
A>OoP <0 A<O0P>0 
Fic. 1. Energy-level diagram of Np in NpO:Rb(NOs);, for 
different choices of the signs of the hyperfine coupling constants 
A and P. There are small (<1°%) admixtures of states of different 
m, and msg in most of the levels. 


of Fig. 1, where the two possible energy-level diagrams 
are shown which correspond to the alternative sign 
choices for A and P. Due to the “interference” of the 
magnetic and electric coupling effects in H, there is a 
clustering of the levels. For case I of Fig. 1 with A>0, 
P<0O, the lowest level is in a degree isolated, so that 
when the temperature is lowered the system will tend to 
condense into this lowest level, leading to a relatively 
large degree of nuclear alignment. For case II, however, 
the lowest group of three doublets is especially closely 
spaced and contains a complete set or shell of the mag- 
netic substates of 7=}. In our temperature region this 
group would contribute very little to the nuclear align- 
ment, which arises for this case primarily from the next 
higher doublet for which m;= +3. The alignment would 
therefore be substantially smaller than for case I. It is 
also evident from Fig. 1 that the relative populations of 
the different substates would vary in an entirely differ- 
ent way for the two cases as the temperature was 
lowered. Thus a measurement of the temperature de- 
pendence of the nuclear alignment will serve to dis- 
tinguish between the two cases. 

In the present experiment, this temperature depend- 
ence has been studied over the temperature range 
0.2-4.2°K, by inferring the nuclear alignment from 
measurements of alpha-particle anisotropy. The angular 
distribution of alpha particles emitted by oriented nuclei 
has been calculated by Rose,” whose result is 


W@)< S Ary Y G,(T)C(LL'v; 00) 


L,L’ 


XWUILL’; vI')P,(cosé). (2) 
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This may be expressed as 


W (0) <> a,G,(T)P,(cos8), (3) 


where a, contains all the nuclear properties and G, 
measures the nuclear alignment ; 


Tri r, € H/kT) 
G,(T)= . (4) 
Trle H/kT) 


The quantities A, are intensities for L= L’ and prod- 
ucts of amplitudes for L¥ L’; / and /’ are initial and final 
nuclear angular momenta; L is the alpha-particle angu- 
lar momentum; C(LL’y;00) and W(IILL’; vl’) are, 
respectively, Clebsch-Gordan and Racah coefficients. 
Only terms with v even are present, and vy must be no 
greater than 1+’, and also no greater than 2/. For 
Np*?, 7=3; only v=0, 2, or 4 can be present. The 
theoretically admissible term involving P4(cos@) was in 
fact not observed, and in the following only the terms 
with v=0 and 2 will be considered. 

In Eq. (4), is the spin Hamiltonian for the align- 
ment forces, given for our case by Eq. (1), and T,» is an 
element of an irreducible tensor, given by 


Too= (27+1)-3, (5a) 


20 


180(27—2)!43 
| = | [12-41 (1+1)). (5b) 
2I+3)! 


It follows from the theory given above that a measure- 
ment of the coefficient of P2(cos@) as a function of 
temperature can be compared with G.(7) within a 
proportionality constant which depends upon nuclear 
properties. The two possible sign choices for A and P 
give two different functions G2(T) ; these are cases I and 
II discussed previously. 

In the following, after a description of the experi- 
mental procedure, the results are compared with the two 
possible functions G2(7) which we have calculated di- 
rectly from the results of the experiment of Llewellyn."*:" 
The signs of A and P are thus determined experi- 
mentally. A calculation of a2 is then given, based on 
current nuclear theory, and compared with experiment. 
Finally, the direction of preferential alpha emission is 
compared to the prediction of Hill and Wheeler.’ 


Il. EXPERIMENTAL PROCEDURE AND RESULTS 


As in our earlier work,*" the experiment was 
performed by cooling a monocrystalline sample of 
NpO.Rb(NOs3); to the desired temperature and counting 
the emitted alpha particles at known angles to the 
crystalline ¢ axis. In all, twenty-three low-temperature 
runs were made using a single sample, the earlier work 
having shown that the results are reproducible from 
sample to sample. In order to reduce alpha-particle 
heating, the sample was prepared by growing a thin 
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layer (0.75 mg/cm?) of NpO.Rb(NOs;); onto a single 
crystal of the isomorphous compound UO.Rb(NO;);. 
The base crystal and the surface layer were grown from 
saturated solutions in 16M HNO; at approximately 
50°C. Numerous x-ray diffraction studies'* have con- 
firmed that the uranyl crystals are indeed single crystals, 
and that the neptunyl salt grows in the same lattice, 
oriented in the same direction as the underlying ma- 
terial. The amount of Np’ in the sample was deter- 
mined by alpha counting in a known geometry. Separate 
determinations were made for prism faces and cap faces, 
because of differing growth rates. The uranyl and 
neptunyl salts were both checked for radioactive con- 
tamination, and none was observed. 

A schematic diagram of the experimental arrangement 
is shown in Fig. 2. An isothermal copper enclosure, filled 
with He* gas for cooling the sample surface, contained 
the sample in a holder which could be rotated on 
small ball bearings, a germanium surface-barrier alpha 
counter,” rotation indicators, and a carbon resistance 
thermometer.” This sample enclosure was in thermal 
contact with 4 mole of small manganous ammonium 
sulphate (MAS) crystals. The whole assembly was sus- 
pended on cotton threads in a vacuum so it could be 
cooled by adiabatic demagnetization of the MAS, using 
a large Weiss-type electromagnet. The vacuum chamber 
was mounted within Dewar vessels for liquid He and 
liquid Nz. Thermal contact was made—and broken 
between the low-temperature assembly and the liquid 
helium bath by means of a mechanical heat switch.*!™ 


THERMAL CONTACT 
TO LIQUID He* 
LIGHT-TIGHT CAP ‘ 
TTT 


Pt-SOFT GLASS 
SEAL FOR LEADS— 


INDIUM "0" RING— 


BALL BEARINGS 


NpO, Rb (NOs)5 
COATED SINGLE | 
CRYSTAL SAMPLE—# 


—ELECTRICAL CONTACTS 
AT @=O0' AND 30° 


SOLID STATE 
a COUNTER 
SPRING-LOADED fi 
MOUNT ING-——~83 CARBON RESISTANCE 
THERMOMETER IN 
SPACE FILLED COPPER BLOCK 
WITH He® GAS . 
PERMANENT MAGNET 
J FOR ROTATING SAMPLE 


MANGANOUS AMMONIUM 
SULFATE AND TOLUENE 


be ~COPPER PLATES 


Fic. 2. Schematic diagram of experimental arrangement. 


18R. D. Ellison (private communication). 

9 F, J. Walter, J. W. T. Dabbs, and L. D. Roberts, Rev. Sci. 
Instr. 31, 756 (1960). 

* J. R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 

21 F. J. Webb and J. Wilks, Proc. Roy. Soc. (London) A230, 549 
(1955). 

22, R. Berman, J. Appl. Phys. 27, 318 (1956). 
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Fic. 3. Typical angular distributions at 1.92°K and 0.19°K. The 
solid lines are least-squares fits to Eq. (6). 


After the sample enclosure had been cooled to the 
desired temperature, the large Weiss magnet was re- 
moved, and the sample was rotated by means of the 
interaction between external, rotatable Helmholtz coils 
and a small permanent magnet attached to the sample 
holder. At each temperature, a run consisted of at least 
two independent counts at each angle. For thirteen of 
the runs, counting was done only at @=0° and 6=90°; 
for the other ten runs, counts were taken at 15° inter- 
vals. In all cases the counting sequence was arranged to 
minimize the effect of any slow drifts that might have 
been present; no drifts were in fact observed. For each 
run, the temperature was determined by measuring the 
susceptibility of the MAS with a set of mutual induct- 
ance coils and a ballistic galvanometer. The temperature 
readings were corrected for the effects of shape and 
filling fraction of the MAS,” and for the departures of 
its susceptibility from Curie’s law.** In every case, the 
temperature variation during a run was small because of 
the large heat capacity of the MAS; the average temper- 
ature was used when the variation was measurable. The 
carbon resistance thermometer was cemented into a 
copper block whose size and shape approximated that of 
the sample crystal. This block was mounted on plastic 
supports so that it could be cooled essentially only by 
the He*® gas. Measurements using this thermometer 
confirmed that the temperature rise of the sample above 
its surroundings was negligible. 

The pulses from the solid-state counter were amplified 
in a linear amplifier, whose output signal was applied to 
two discriminators set at different discrimination levels 
to study the variation, if any, of angular distribution 
with pulse height. During two runs, the pulse-height 


*%H. B. G. Casimir, Magnetism and Very Low Temperatures 
(Cambridge University Press, New York, 1940), pp. 9-13. 

4A. H. Cooke, H. Meyer, and W. P. Wolf, Proc. Roy. Sox 
(London) A233, 536 (1956). 
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distribution was recorded on a multichannel pulse- 
height analyzer. The results were determined to be 
independent of the discrimination level. 

The observed angular distribution may be expected 
to have the form 


W (6)=V (6)[1+-52F (T)P2(cos6) | (6) 


where b2 is a geometrical correction®® for finite source 
and counter size; for this experiment, b.=0.93. The 
alpha-particle anisotropy is measured by F(T), the 
experimentally determined coefficient of P2(cos@), which 
is to be compared with a2G2(T), the theoretically pre- 
dicted anisotropy in Eq. (3). The function V(@) is the 
angular distribution at high temperature (no nuclear 
alignment) and depends on the shape of the sample 
crystal. The counter characteristics made it impossible 
to measure V(@) directly at high temperature in this 
experiment. This function was therefore deduced by 
comparing the data of the present experiment in the 
temperature range 1.2-4.2°K with the earlier results 
taken in good geometry in this temperature region. 
For each run, the counting data were fitted by least 
squares to Eq. (6). Typical data taken at 1.92 and 
0.19°K are shown in Fig. 3, together with the least- 
squares fits to Eq. (6) for these two runs. The slopes 
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lic. 4. Size of anisotropy as a function of temperature, com- 
pared with normalized G,(7T) functions for the two possible 
choices of the signs of A and P 


2 M. E. Rose, Atomic Energy Commission Report ORNL-2050 
(1956) (unpublished). 
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give b.F(T). It should be noted that, as in the earlier 
experiments, the alpha emission was enhanced near 
6=90°, with F(T)<0. 

The data for all the runs are presented in Fig. 4, 
which shows F(T) as a function of temperature. The 
errors shown in Fig. 4 are standard deviations based on 
counting statistics only; the scatter of the points for 
each run is consistent with these deviations. Also shown 
on Fig. 4 are the two curves for G2(T), calculated from 
Eqs. (1) and (4) and normalized at 1.13°K on the basis 
of the earlier experimental results. 

It is clear from Fig. 4 that the data admit only the 
sign choice A <0, P>0. This conclusion follows directly 
from the two experimental results, the microwave reso- 
nance“ and the present one, and from angular-mo- 
mentum theory.2 No nuclear or electronic structure 
model is involved. This experimentally determined sign 
choice is opposite to the earlier expectation,'® but is 
consistent with a more recent theoretical result of 
Pryce." 


III. DISCUSSION OF RESULTS 
A. Size of Anisotropy 


The spins and parities of the levels in Pa*® populated 
by the alpha decay of Np**’ have recently been compiled 
by Asaro*® and are given in Table I. Using this informa- 
tion, it has been possible to calculate the constant a2 in 
Eq. (3), and thus to make a quantitative comparison 
between the theoretical and experimental anisotropies. 
The calculation contains two adjustable parameters S 
and S’ which give the relative intensities of S-wave 
alpha particles (as against D-wave intensities D and 
D’; S+D=S'+ D’=1) for the two transitions involving 
L=0 alpha particles. For this calculation, we set S’=S 
based on alpha-particle decay systematics.*:*” In any 


TABLE I. Alpha-particle groups from the decay of Np*’.* 


Energy of 
level in 
Pa™*, kev 


Intensity 
% Spin Parity 


0 


~1e GW 


“sn 


NNN Nd bt Ww he 
71 


0.35 
0.5 
0.02 


Nm NN hb 
NNN he 


1 saro (private communication). 
e levels have an admixture of K =3/2. 


26 F. Asaro, (private communication) 


*7 A. Bohr, P. O. Fréman, and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 29, No. 10 (1955). 
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case, the value chosen for S’ will affect the result only 
slightly because of the low intensity of this transition. 
For other transitions, only the lowest possible value of 
angular momentum was considered.”’ Figure 5 shows the 
calculated value of a2/ao as a function of S; dp is the 
amplitude of isotropic alpha emission. The S and D 
waves can be either in phase or out of phase; these are 
plotted to the right and left, respectively, of the origin 
in Fig. 5. Also shown is the least-squares value of @2/ do 
redetermined from the data of the earlier experiments in 
good geometry; see Fig. 6. The comparison of Fig. 5 
suggests that the S and D waves are in phase in such a 
way as to give the largest possible anisotropy. The value 
of S for maximum anisotropy is in the range predicted 
by alpha-particle decay systematics.*:?’ 

In Fig. 6 the data from the earlier experiment are 
plotted as a function of temperature, along with a.G2(T), 
using for a2 its maximum theoretical value. The data are 
not inconsistent with this value of de. 
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Fic. 5. Anisotropy coefficient a2 [cf. Eq. (3)], calculated 
from Eq. (2) and the data of Table I, compared with experimental 
result. 


B. Direction of Preferential Emission 


Referring again to Fig. 1, the experimental result 
A<0, P>0 limits consideration to case II. Although the 
system would condense into a state for which m;= +3 
at a temperature near absolute zero, the situation in the 
temperature range studied in the present experiment is 
quite different. The three lowest doublets are almost 
equally populated, and preferential population of the 
next lowest states leaves an excess of nuclei in states for 
which my= +3, so that the nuclear angular momentum 
vector is aligned preferentially perpendicular to the 
crystalline c axis. The observed enhancement of alpha 
emission in this direction in all our experiments on Np”? 
leads to the conclusion that the alpha particles are 
emitted preferentially along the nuclear angular momentum 
vector. This inference follows directly from the micro- 
wave resonance data and the results of the present 
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experiment, and is independent of any assumptions 
about nuclear shapes or the mechanism of alpha-particle 
emission. 

Under the usual assumption for this region of the 
periodic table that the nuclear angular momentum 
vector is oriented along the nuclear symmetry axis, the 
experimental result means that the alpha particles are 
emitted preferentially along the nuclear symmetry axis. 
For a prolate nucleus, this preferential emission is from 
the “polar” regions, in agreement with the prediction of 
Hill and Wheeler.’ 

The question which remains is whether the Np”? 
nucleus is in fact prolate, as stated above. We know of 
no direct experimental evidence available at this time 
regarding the shape of this nucleus or the sign of the 
nuclear electric quadrupole moment Q. However, the 
level diagrams given by Nilsson and others**-” for 
prolate nuclei in the region A > 225 agree very well with 
experiment. 

It is worth noting that for the neighboring nuclei 
U8, UU, Am*!, and Am", optical hfs spectra have 
been interpreted®™ as giving evidence for Q>0 in all 
cases. 

Pryce has suggested" that P>0 is evidence for 0<0. 
This inference is based on a theory of Eisenstein and 
Pryce’®” of the electronic structure and magnetic 
properties of uranyl-like ions, which assumed that the 
O—U—O and O— Np—O bonds are of predominantly 
character. This theory of o bonding requires P and Q to 
be of opposite sign, so that our result P>O would re- 
quire Q<0. An oblate shape for Np** would be in 
conflict with both the expectations of nuclear system- 
atics and the barrier-penetration picture of Hill and 
Wheeler,’ since the barrier would in this case be weaker 
at the “equatorial” region. 


28S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

2”? B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 

*#® FS. Stephens, F. Asaro, and I. Perlman, Phys. Rev. 113, 212 
(1959). 

31K. L. Vander Sluis and J. R. McNally, Jr., J. Opt. Soc. Am. 
44, 87 (1954) and private communication; A. G. Zimin and N. M. 
Iashin, Soviet Phys.-Doklady 1, 419 (1956) ; N. I. Kaliteevskii and 
M. P. Chaika, Optika i Spektroskopiya 1, 809 (1956); T. E 


Manning, M. Fred, and F. S. Tomkins, Phys. Rev. 102, 1108 


(1956); J. Blaise, S. Gerstenhorn, and M. Louvegnies, J. phys. 
radium 18, 318 (1957). 
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Fic. 6. Experimental anisotropy as a function of temperature, 


compared with theory. The data are from the good-geometry 
experiments described in reference 9. 


A somewhat different model of the electronic structure 
of the uranyl and neptunyl ions® includes the effects of 
P—r bonding. With this modification, it is possible to 
reconcile P>0 with Q>0. On the basis of this modifica- 
tion, our experiments on the angular distribution of 
alpha particles emitted by oriented Np*”’ nuclei are 
consistent with Q>0 and with Hill and Wheeler’s pre- 
diction of the role of barrier penetration in alpha 
emission from nonspherical nuclei. 
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A new level scheme is proposed for Sn. The levels proposed are the 1.17 Mev, 2+; 2.20 Mev, 4*; 2.29 
Mev, 5; and 2.49 Mev, 77 levels, which is concluded from the revision of the order of the cascade transition 
from the upper levels; the revised order of radiations are 0.20 Mev, E2; 0.09 Mev, £1; 1.03 Mev, £2; and 
1.17 Mev, £2. The transition probabilities of the 0.20- and 0.09-Mev gamma rays are also revised as 1.6 107% 
and 3.5X10~- in units of a single-proton transition. A weak cross-over 1.12-Mev £3 transition is observed 
whose probability is also reduced by the factor of 1.5 10~. All the results of the present experiment together 
with other data are discussed in terms of the theory of Kisslinger and Sorensen. It is shown particularly 
that the striking reduction of the 0.26-Mev £2 transition in Sn™8 as well as that of the 0.20-Mev £2 transi 
tion in Sn'™ is explained as a consequence of the pairing correlation. 


1. INTRODUCTION 


ADIATIONS from the decay of 5.8-day Sb!°™ and 
16-min Sb"”° were investigated previously, by one 
of the authors (H.I.).! He measured gamma-ray coin- 
cidences, Ae~—y" as well as y—y directional correla- 
tions, polarization direction correlations,* and lifetimes 
of the third and fourth excited states of Sn’. After- 
wards he checked the previous data of the lifetime of 
the third excited state carefully, and found that the 
order of 0.20- and 0.09-Mev gamma rays should be 
interchanged, the poor energy resolution of plastic 
scintillation gamma-ray spectrometers being the main 
source of the previous incorrect assignment. Keeping 
this fact in mind, some of the previous experimental 
results such as the y—7y and Ke~—y directional correla- 
tions have been reinvestigated. The conclusions on the 
third and fourth excited states in Sn? have been re- 
vised. The final result thus confirmed by the present 
analysis is shown schematically in Fig. 1. This new level 
scheme is also supported by our present observation of 
a weak E3 gamma-ray transition between the third and 
first excited states. In Fig. 1 also is given for comparison 
the new level scheme of Sn"'8, which has also recently 
been investigated‘ by Ikegami e/ al. in an experiment 
on the decay of 5.1-hr Sb"* and 6.0-day Te''®.® 
On the theoretical side, following the suggestion of 


1H. Ikegami, Phys. Rev. 120, 2185 (1960). The result concern 
ing the order of the 0.20- and 0.09-Mev gamma transitions was 
revised at the Tokyo Meeting, April 1961 (unpublished); H. 
Ikegami and T. Udagawa, Institute for Nuclear Study Report 


INS-31, 1961 (unpublished) 

*H. Ikegami, T. Yamazaki, and M. Sakai, unpublished data 
presented at Hiroshima Meeting, October 1959; J. Phys. Soc. 
(Japan) (to be published 

3M. Kawamura, A. Aoki, and H. Ikegami, unpublished data 
presented at Hiroshima Meeting, October 1959; J. Phys. Soc. 
(Japan) 16, 1493 (1961). 

‘The following measurements were performed: lifetime of the 
fourth excited state; directional correlations of 1.22-Mev y-1.03 
Mev y, 1.03-Mey 0.04-Mev y, 0.04-Mev 7-0.26-Mev y and 
1.03-Mev 7-0.26-Mev y; spectra of gamma ray and conversion 
electron from the decay of the 5.1-hr Sb"*; spectra of gamma ray, 
conversion electron, and positron from the 6.0-day Te"*; and 


Bohr, Mottelson, and Pines,® many authors have suc- 
cessfully applied the technique of the theory of super- 
conductivity’ to the investigation of the effect of the 
pairing correlation on the various properties of nuclei.*~"° 
gamma-ray spectrum from the 3.5-min Sb''§ [H. Ikegami, T. 
Yamazaki, M. Sakai, H. Ohnuma, Y. Hasimoto, G. Fujioka, A. 
Hasizume and E. Takekosi, unpublished data presented at 
Tokyo Meeting, April 1961; Nuclear Phys. (to be published) ]. 

‘ The lifetime of the third excited state in Sn"* is taken from 
the work of Bolotin and Schwarzschild [H. H. Bolotin and A. 
Schwarzschild, Bull. Am. Phys. Soc. 6, 50 (1961) ]. Hitherto, 
the 3.5-min (1+) state in Sb"* was placed above the 5.1-hr 8 
state. Ikegami ef al. have observed, however, a 2.64-Mev positron 
in the decay of the 6.0-day Te'®,* the result being in agreement 
with the recent data of Sorokin et al. [A. A. Sorokin, A. Bedesku, 
M. V. Klimentovskaya, L. N. Krukova, K. P. Mitrophanov, 
V. V. Muravieva, V. N. Rwibakou, G. Chandra and V. S. Shipi- 
neli, Izv. Acad. Nauk. USSR 24, 1484 (1960) ]. Resulting from 
this, the decay energy of the 3.5-min state is 3.64 Mev. However, 
Schwarzschild et al. showed that the 5.1-hr state of Sb"® lies 
about 3.9 Mev above the Sn"!* ground state [A. Schwarzschild 
(private communication) ]. The position of the 5.1-hour state 
relative to the 3.5-min state is therefore about 0.2 Mev. Therefore 
the decay schemes of Sb"* and Sb"® become quite similar to 
those of the 5.8-day and 16-min Sb™. (See Fig. 1.) In the decay 
of the 6.0-day Te"!, conversion electrons belonging to the 1.76-, 
2.06- and 2.08-Mev transitions have been found. They are assigned 
as EO transitions between excited 0* states and the ground 
state of Sn". Recently, Jensen et al. have reported on the structure 
of Sn"8, Sn"8, and Sn™ and independently Ramaswamy et al. have 

rformed an experiment on the decay of the 5.1-hour Sb"!* 

B. S. Jensen, O. B. Nielsen, and O. Skilbreid, Nuclear Phys. 19, 
654 (1960); M. K. Ramaswamy, W. L. Skeel, D. L. Hutchins, 
and P. S. Jastram, Phys. Rev. 121, 553 (1961) ]. The conclusions 
of both groups should, however, be revised by considering the 
interchange of the order of the low-energy gamma rays in Sn'!® 
and Sn™, 

6 A. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev. 110, 936 
(1958). 

7N.N. Bogoliubov, Nuovo cimento 7, 794 (1958); J. G. Valatin, 
ibid. 7, 843 (1958). 

*S. T. Belyaev, Kgl. Danske Videnskab. Selskab Mat.-fys. 
Medd. 31, No. 11 (1959). 

*L. S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 32, No. 9 (1960). This paper will be 
referred to as KS in the following. 

1M. Kobayasi and T. Marumori, Progr. Theoret. Phys. 
(Kyoto) 23, 387 (1960); T. Marumori, ibid. 24, 331 (1960); R 
Arvieu and M. Veneroni, Compt. rend. 250, 992, 2155 (1960); 
M. Baranger, Phys. Rev. 120, 957 (1960); S. Yoshida, ibid. 123, 
2122 (1961). 
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Fic. 1. Revised level 
scheme of Sn™., For com- 
parison, the level scheme 
of Sn"8, which has recently 
been investigated by Ike- 
gami et al.‘ is also shown.5 
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The point is that in the intrinsic excitation spectra of 
nuclei there exists evidence for an energy gap corre- 
sponding to that considered in the electronic excitation 
of a superconducting metal, and that in the case of 
nuclear physics, a pairing correlation due to the short- 
range part of the residual nuclear force is responsible for 
the gap. As a consequence of these investigations, it is 
found that the assumption of the pairing correlation 
leads to an understanding of many characteristic fea- 
tures of the nuclear properties including those of the col- 
lective motions. In particular, Kisslinger and Sorensen® 
have performed calculations on the properties of both 
intrinsic and collective excitations of singly closed shell 
(SCS) nuclei where the effect of the quadrupole- 
quadrupole (Q-Q) force® is considered as well as the 
pairing interaction. They take into account the Q-Q 
force in the perturbation or deformed-field approxima- 
tion® and succeed in deriving low-energy systematic 
features of the SCS nuclei. 

Shell model calculations, with a suitable residual 
two-body interaction, have also been made by many 
authors in order to understand level structures of nuclei 
in the neighborhood of doubly closed shells. The results 
of these calculations, such as those of True and Ford!! 
for several Pb isotopes, usually give better agreement 
with experiment than those of Kisslinger and Sorensen. 
Ordinary shell model calculations, however, become ex- 
tremely involved in cases where the particle number 
outside of closed shells is increased and the effects of 
configuration mixing become important. In such cases 
the Kisslinger-Sorensen approach would be the only 
practicable way, and in this paper our experimental! 
results will be analyzed in terms of this theory. Some 
consideration on the limitation of this theory will be 
given in Sec. 5. 


1! W. True and K. Ford, Phys. Rev. 109, 1675 (1958). 
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2. LEVEL SCHEME OF Sn'” 
(a) Order of 0.20- and 0.09-Mev Transitions 


As was described in our previous paper,' the time 
interval between gamma-ray pulses is measured using 
a fast time-to-pulse-height converter which is an im- 
proved type of Green and Bells’ circuit."* Gamma rays 
were detected using two plastic scintillators 30 mm in 
diameter and 30 mm long, coupled to selected RCA- 
6810A photomultipliers. With this apparatus it is not 
very hard to obtain the resolving time 27=6X10-” 
sec for the 1.17- and 1.33-Mev cascade gamma rays from 
Co®. In compensation with this high resolving time, 
the energy resolution of the gamma ray is not high. 
A gamma-ray spectrum from Sb"°™ as seen by these 
detectors is shown in Fig. 2. 

To investigate more precisely the order of the 0.20- 
and 0.09-Mev transitions, the following measurement 
is performed. One detector is fixed at the energy D 
indicated in Fig. 2, while the other detector is set at 
other energies A, B, and C and delayed coincidence 
curves are obtained for each setting; the results are 
shown in Fig. 3. The prompt coincidence part of the 
delayed curves is ascribed to the Compton tails of high- 
energy gamma rays. The ratio of delayed coincidence to 
this prompt coincidence part is monotonically decreased 
by changing the detection energy from A to C because 
of the relative increase of the Compton tail. In spite of 
the fact that no contribution from the 0.09-Mev gamma 
ray should exist in the energy range C, some delayed 
coincidence still exists there. It is thus concluded that 
there is an 8.73 nsec delay between the 0.20- and 1.03- 
Mev gamma rays. If it were assumed, however, that 
the order of the gamma rays is 0.09, 0.20, and 1.03 Mev, 
the delay would have to be ascribed to the 1.03-Mev 


12R. E. Green and R. E. Bell, Nuclear Instr. 3, 127 (1958). 
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Fic. 2. Gamma-ray spectrum from natural Sn bombarded by 
13-Mev protons, measured by plastic scintillator. The limits 
indicated by A, B, C, and D show the energy range of the two 
scintillation detectors in the measurement of the fast delayed 
coincidence. 


transition, which has the highest energy among them; 
this would be very unnatural. Accordingly, the order 
of the gamma rays in Sn™ must be 0.20, 0.09, 1.03, 
and 1.17 Mev and is quite analogous to that of Sn''*. 
The interchange of the order of the 0.20- and 0.09- 
Mev gamma rays requires reinvestigation of the follow- 
ing data: the intensity ratio of the 0.20- and 0.09-Mev 
gamma rays coincident with A x rays, the y—7y direc- 
tional correlations involving the low-energy gamma 
rays, and the directional correlations of the 0.20-Mev 
y-0.09-Mev Ke~ and the 0.20-Mev Ke--0.09-Mev y. 


(b) Electron Capture Branch to 2.49-Mev Level 


From the coincidence ratio [(K x ray)-(0.09-Mev 
7) /(K x ray)-(0.20-Mev y) ]=0.65+0.07 at no delay 
with 1-ysec resolving time, and considering the con- 
version coefficient of these gamma rays and the larger 
decay time of the 2.49-Mev level as seen in Fig. 1, 
which reduces the coincidence efficiency of gamma rays 
with K x rays following electron capture, it is concluded 
that the 5.8-day Sb” feeds the 2.49-Mev state of Sn” 
with more than 99% of its total transition. 


(c) Spin Sequence of Sn'” 


Previous data on the coefficients of Legendre poly- 
nomials in the directional correlation functions are 
summarized in Table I. It should be noted that all of 
these experimental correlation functions are completely 
consistent with the sequence 7~ (0.20-Mev £2)5~ (0.09- 
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Mev £1)4+(1.03-Mev £2)2+(1.17-Mev £2)0*, and also 
with the sequence 7°(0.09-Mev £1)6*(0.20-Mev 
E2)4*(1.03-Mev £2)2+(1.17-Mev £2)0* which was 
previously assigned.' Expected theoretical correlation 
functions for both sequences are also shown in Table I. 
The former sequence is chosen by considering the order 
of the 0.20- and 0.09-Mev gamma rays as described in 
Sec. 2(a). 

Other possible spin and parity assignments were 
ruled out as follows: 


As was described in our previous paper,! the sequence 
4+(E2)2+(£2)0+ for the 1.03- and 1.17-Mev cascade 
was well established by the measurements of the 1.03- 
Mev 7y-1.17-Mev y directional correlation, direction- 
polarization correlation, and conversion coefficients. The 
conversion coefficients! of the 0.20- and 0.09-Mev 
gamma rays indicate £2 and /1 character, respectively, 
and imply odd parity of the third and fourth excited 
states in Sn. Spin assignments 5~, 4-, and 3~ to the 
2.49-Mev excited state and 3~ to the 2.29-Mev state 
are all ruled out by the absence of the 0.29- and 1.12- 
Mev cross-over /1 transitions. Furthermore, the par- 
ticle parameter b2 of 0.09-Mev Ke~ tabulated by 
Biedenharn and Rose"™ is —1.92 for an F1 transition 
and + 1.34 for an M2 transition, and thus the 0.20-Mev 


0.09-Mev Ke directional correlation is very sensitive 


to an M2 mixture in the 0.09-Mev transition. The above 
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Fic. 3. “Delayed” curve for the third excited state of Sn™. 
The indices represent the energy range of the two scintillation 
detectors as shown in Fig. 2. The “prompt” curve (dashed curve) 
is obtained with annihilation gamma rays from Na”. The prompt 
coincidence part of the delayed curves is ascribed to a contribution 
from Compton tails of high-energy gamma rays. 

13 L. C. Biedenharn and M. E. Rose, Revs 


Mode rn Phys 25, 
729 (1953). 
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TABLE I. Summary of all the experimental directional correlation functions. The theoretical directional correlation functions expected 


from the sequences 7~(0.20-Mev £2)5~(0.09-Mev £1)4*(1.03-Mev £2)2*(1.17-Mev £2)0* or 7 


Observed coefficients of 
correlation function 


Az 
+0.106-+0.005 
+0,101-40.005 
+0.105-+0.005 
—0.069-+0.003 
—0.130-+0,006 
+0.134-+0.005 


1.03 Mev y-1.17 Mev y 
0.20 Mev y-1.03 Mev 
0.20 Mev y-1.17 Mev 
0.20 Mev y-0.09 Mev + 
0.20 Mev Ke-0.09 Mev y 
0.20 Mev 7-0.09 Mev Ke 


experimental result shows that the M2 component in the 
0.09-Mev transition is negligibly small. Thus the re- 
maining spin sequences for the 0.20- and 0.09-Mev 
cascade are 7~(/:2)5~(£1)4* and 6 (£2+M1)5-(£1)4" 
with 6= —3.46 or 6= —0.36, where 6 denotes the ratio 
of the matrix element of the quadrupole transition to 
that of the dipole transition as defined by Biedenharn 
and Rose.'® The internal conversion coefficient of the 
0.20-Mev gamma ray rules out the last assignment of 
5= —0.36. It is, however, difficult to decide whether the 
spin and parity assignment of the 0.20- and 0.09-Mev 
cascade is 7~(E2)5~(E1)4* or 6-(£2+M1)5~(£1)4 
with 6=—3.46 by considering the internal conversion 
coefficient of the 0 20-Mev gamma ray. Furthermore it 
is not so definite to decide these assignments by means 
of the 0.20-Mev y—1.17-Mev y or the 0.20-Mev y-—1.03- 
Mev y directional correlation coefficients, because of 
the somewhat small difference of A, coefficients. The 
value of A» is exactly the same in both cases. The 
expected 0.20-Mev Ke-—0.09-Mev y directional cor- 
relation coefficients for these sequences are, respectively, 


Ao=—0.132 for 
1o.=+0.162 for 


7-(E£2)5-(£1)4*, 

6- (£2+M1)5-(£1)4*, 
with 6=—3.46 

while the experimental correlation coefficient is (see 

Table 1) 

1.= —0.130-+0.006; 


this means that the sequence 7~(£2)5-(£1)4* is the 
most reasonable. 


3. GAMMA TRANSITION PROBABILITY 
(a) 0.20-Mev Transition 


The lifetime of the fourth excited state of Sn’ was 
previously determined! as 7y= (1.18+0.05)X10~° sec 
[r= (1.71+0.08)10-> sec]. The 2.49-Mev state is 
de-excited through the 0.20-Mev transition as shown in 
Sec. (2a). The transition is of pure £2 type and the 
experimental value of its conversion coefficient a@ is 
0.133.! Then, the partial mean life of the 0.20-Mev 
gamma transition is given as 


ty= (1+a)r= (1.9340.10) XK 10-5 sec. 


(0.09-Mev £1)6*(0.20-Mev 


rheoretical coefficients of 
correlation function 

A, Ao A, 
+-0).102 +-0).009 
+0.102 +-0).009 
+-0.102 +0,009 
—0.071 0 

0.132 0 
+0.136 


+0.012+0.006 
+0.007 +0.006 
+0.010+0.006 
—0.006+0.004 
—0.010+0.007 
—().006+0.006 


(b) 0.09-Mev Transition 


The previous data gave' the lifetime of the third 
excited state as T,= (6.0540.20)K10~ sec [r= (8.73 
+0.30)10~* sec]. As the experimental value of the 
conversion coefficient of the 0.09-Mev transition is 
known! to be 0.24, the partial mean life of the 0.09-Mev 
gamma transition is 7,= (1.08+0.05) X 10-8 sec. 


(c) 1.12-Mev Transition 


Recently, Ikegami ef al. found a weak internal con- 
version electron lines belonging to the 1.07-Mev cross- 
over £3 transition in Sn"!8.4 The observation of this 
cross-over transition confirms the order of the 0.26- and 
0.04-Mev gamma rays; the order of the gamma rays 
was also found by Bolotin and Schwarzschild.§ 

A similar cross-over transition might also be expected 
to occur in Sn. It seems, however, to be impossible to 
observe such a transition by measuring the conversion 
electrons because of rather smaller yield of the 5.8-day 
Sb”°". The gamma-ray spectrum concident with the 
1.17-Mev gating gamma ray is therefore measured 
with a 40-channel pulse-height analyzer and a coincident 
circuit with an effective resolving time of 5X 10-8 sec. 
Absorbers of 9-mm thick lead are put in front of each 
crystal, 1$ in. in diameter and 2 in. long, coupled to 
RCA-6342A photomultipliers, to eliminate a summing 
effect of the 1.03- and 0.09-Mev gamma rays. The 
window of the gating radiation is carefully set as shown 
in Fig. 4 so that the contribution of 1.03-Mev gamma 
rays in the window becomes less than 0.1%. To check 
this arrangement a similar measurement is also per- 
formed for the 1.17- and 1.33-Mev gamma rays from 
Co®. The result seems to indicate, although not so 
definitely as for Sn"8, a competition of this 1.12-Mev 
cross-over transition with the 0.09-Mev /1 transition, 
the branching ratio of the former being estimated to 
be about 0.5% which leads to r,(£3)=2X10~° sec. 


(d) 1.03-Mev Transition 


If the 2.21-Mev level is the second collective state, 
its mean life is estimated as about 2X 10~™ sec assuming 
that the matrix elements of the 1.03- and 1.17-Mev 
gamma transitions are nearly equal. On the other hand, 
the mean life is estimated as about 4X10~° sec if the 
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Fic. 4. Spectra of gamma rays from Sb™*" and Co®. (A) and 
(B) are single gamma-ray spectra from Sb™" and Co®. The 
other curves (C) and (D) represent 1.03 Mev y rays in coincidence 
with 1.17-Mev + rays from Sb™" and 1.17-Mev + rays coincidence 
with 1.33-Mev vy rays from Co, respectively. The horizontal 
bars represent the energy ranges of the gate window opened in 
the measurement of coincidence spectra. In (C) the dashed curve 
shows the possible 1.12-Mev + ray estimated from the shape of 
the 1.17-Mev y spectrum in (D). 











2.21-Mev state is of a two-quasi-particle character, as 
will be described in Sec. 4(a). It is thus possible to decide 
whether the 2.20-Mev level has a collective nature of a 
quasi-particle excitation character by measuring the 
lifetime with the use of fast delayed-coincidence tech- 
niques. Energy resolution of the close-lying radiations 
is, however, the most important problem. 


(e) 1.17-Mev Transition 


By a Coulomb excitation experiment,“ the mean life 
of the first excited state of Sn™° is determined as 
1.0X10-" sec and its value agrees well with the main 
features of the systematics of the first excited states of 
even-even nuclei. 

All of these results for the gamma transitions in Sn” 
are summarized in Table IT. 


4. THEORETICAL ANALYSIS 


In this section our experimental results as summarized 
in Fig. 1 and Table II, together with other data, will 
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TaBLe II. Comparison of the experimental transition proba- 
bilities with Moszkowski’s unit of a single-proton transition.* 








Transition r,(exp) (sec) 


1.17 Mev (£2) 
1.12 Mev (£3) 
0.20 Mev (£2) 
0.09 Mev (£1) 


F=r,(s.p.)/r,(exp) 
1.00X 10-2? 440” 
~2X10-¢ ~1.5X10 
1.93 10"% 1.6X10°3 
1.08 108 3.0X 10-5 


* See reference 15. 


be discussed in terms of the KS theory.’ Especially 
it will be shown that the large reduction of the 0.20-Mev 
E2 transition may be due to the effect of the pairing 
correlation. Although many characteristic features of 
Sn” can be successfully interpreted in the KS scheme, 
there exist several experimental data which can not be 
explained satisfactorily. 


(a) The First and Second Excited States 


Our final results concerning the energies, spins, and 
parities of the first and second excited states of Sn”° 
are the same as those obtained previously.' The first- 
excited 2+ state is known to be a collective state from 
the Coulomb excitation experiment‘ and from a recent 
experiment on the (d,d’) reaction performed by Cohen 
and Price.'® 

KS calculated the energy of this collective vibrational 
state and the 2+—>0* £2 transition probability by 
introducing collective coordinates to describe the col- 
lective motion. Their calculated values are 1.22 Mev 
for the energy and 0.28X10~** e cm‘ for the B(E2), 
which are in very good agreement with the experi- 
mental values 1.17 Mev and 0.22K10~ 
respectively. 

Theoretically two 4* states are expected to appear 
around 2.21 Mev, the observed energy of the second 
excited 4* state; one is a member of the two-phonon 
triplet and the other is a two-quasi-particle state with 
the (/)1;2)? configuration. The experimental information 
concerning this state, however, is still too incomplete to 
make any more detailed discussion meaningful. As was 
noted in section 3(d), it is of a great interest to measure 
the lifetime of this state to decide whether it has a col- 
lective nature or not. In Pb*", in an energy region below 
twice the energy of the first excited 2* state, two 4+ 
states are found!’ and these have been interpreted by 


e cm, 


4 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 2, 
69 (1957). 

16S. A. Moszkowski, Phys. Rev. 89, 474 (1953); Beta- and 
Gamma-Ray Spectroscopy, edited by K. Siegbahn (North-Holland 
Publishing Company, Amsterdam, 1955), Chap. XIII. In this 
table, statistical factors are neglected (i.e.,. S=1 in Moszkowski’s 
notation). 

16 B. L. Cohen and R. E. Price, Phys. Rev. 123, 283 (1961). 

17 A. W. Sunyar, D. Alburger, G. Friedlander, M. Goldhaber, 
and G. Scharfi-Goldhaber, Phys. Rev. 79, 181 (1950); V. E. 
Krohn and S. Raboy, Phys. Rev. 95, 1354, 608 A (1954); C. J. 
Herrander, R. Stockendal, J. A. McDonnell, and I. Bergstrém, 
Nuclear Phys. 1, 643 (1956); A. R. Fritsch and J. M. Hollander 
J. Inorg. & Nuclear Chem. 6, 165 (1958) ; R. Stockendal, T. Nova- 
kov, B. Johansson, and M. Schmorak, Arkiv. Fysik 14, 65 (1958). 
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KS as two quasi-particle states by considering the /5 
transitions to these states from the higher excited 9 
state, and the strong reduction of de-excitation of these 
states to the first-excited collective 2* state. 

Fortunately the mean life of the lower 4* state of 
Pb? has been measured!’; its value is 3.8X10~7 sec. 
Assuming the same transition matrix element of 4+ — 2* 
transition, we can estimate the mean life of the 4° 
state of Sn to be 4X 10~* sec. This value of the lifetime 
may help in deciding whether or not the 4* state has a 
collective nature. 


(b) Third and Fourth Excited States 


In the energy region 2-3 Mev, one 7~ and two 5 
states are expected to appear from the calculated 
scheme of KS. These states are all considered as two 
quasi-particle state with configurations (/11/2,d3/2)7-, 
(Ayij2,d3/2)5-, and (hy1/2,51/2)5-, respectively. Therefore 
the observed 7~ state is uniquely identified as a (/11/2,d3,2) 
If we denote the (Aj1/2,d3/2) and (/11/2,51/2) states by a 
and 8, the energies of these quasi-particle states are, 
respectively, 


E, =2.27 Mev, Eg =2.33 Mev. 


These value are obtained by using the values of half 
the energy gap, A4=1.07 Mev, and the Fermi energy, 
\=2.26 Mev, tabulated in KS, neglecting the Q—Q 
interaction. The resulting energy difference of the states 
a and @ is about 0.06 Mev and thus the two possible 
5~ states are very close together in energy. The. effect 
of the Q—Q interaction is first to shift the energies of 
these states due to its diagonal element, and then to 
separate them due to its nondiagonal elements. As will 
be shown below, however, this separation is strongly 
reduced as a consequence of the pairing correlation, so 
that the energy separation of the 5~ and 7~ states is 
essentially determined by the energy shift. The resulting 
separation 0.19 Mev is in good agreement with 
experiment. 

The energy shifts AZ,” and AF and the nondiagonal 
matrix element G are written as follows: 


ARS = ¥ [1/27 4+01E flit, if) 
i=1,2 


? 
X [ua 2— (uiuj;—v,0;)? ]—Fs(12,12), 
AFs= X [1/(27:+D1E folii, ii) 
j=] ,3 j 
[02— (uu;—0,0;)? ], 
G=—F,,(12,13), 
with 
Fy (jj1,992)= (—) UP e(GHidI2)W (G29 791522) 
XK (ujujy— Vj0j1) (Mjtjg— Vj0j2)+ (— ) fe(jjiJj23) 
XW (pj 7271322) (4? — 1037) (14; ,5.— 0), 052) 
and 


fa(istejoji) = x(jallr?¥2||¢1)(Jel|r?¥2||¢2). 
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x is the coupling constant of the Q—Q force® and 4, 
vj, etc., describe the fractional occupation of the single- 
particle state 7. The subscripts 1, 2, and 3 specify the 
states Myij2, d3/2, and sy/2, respectively, and J is the 
total spin of the state a and 8. 

First we consider the energy shift. As is seen from Eq. 
(1), the energy shift of the (/i1/2,d3;2)y states are J 
dependent due to the presence of the last term which 
splits the 5~ and 7~ states of this configuration. This 
term, however, contains a factor (uj#;—90,v;) which 
represents the pairing correlation effect and takes a 
very small value if the j- and j’-orbits are both very 
close to the Fermi energy. As the /1/2 and d3;2 orbits 
lie near the Fermi energy in this case, a strong reduction 
of this term due to the above factor is expected. In 
fact, taking the value X= (5/4m)(r’)’y~~1 Mev defined 
by KS and using values of the additional parameters 
calculated by KS, the splitting of the 5~ and 7~ states 
due to the term /’;(12,12) is found to be 2 kev which 
is certainly negligibly small. Thus, neglecting this term 
and calculating AE, and A£z, the final energies of the 
states a and £ are obtained as 

E,.=~2.72 Mev, Eg~2.53 Mev, 
which give 0.19 Mev for the separation of the a and 8 
states. 

The matrix element G= — F';(12,13) between the two 
5~ states can be calculated by inserting the value of the 
parameters of KS into Eq. (4) to give 


G~0.012 Mev, 


which is very small compared with the above separation 
energy 0.19 Mev. The reduction of this matrix element 
is due to the same reason as that of F,(12,12). 

From the above consideration it can be concluded 


that the observed 5~ state is identified as an almost 
pure (/11/2,51/2) configuration, and that the 5~ state of the 
configuration (h11/2,d3/2) is approximately degenerated 
with the 7~ state of the same configuration. The calcu- 
lated energy separation between the 5~ and 7~ states 
are in agreement with experiment but the absolute 
positions of these states are higher than the experimental 
ones. This indicates that the parameters of KS employed 
in the calculations should be changed. This point will 
be discussed later. 

In addition to the 7 
states with spins 6 


and 5~ states, other odd-parity 
and 4~ with the configurations 
(A11/2,d3/2)6-, (Arx1/2,51/2)6-; aNd (/41/2,d3/2)4- are expected 
to appear in the same energy region. As will be discussed 
in section 4(e), states with spin smaller than 6 cannot 
be fed from the decay of Sb"°” if the spin of the latter 
is 8. On the other hand, the 6~ state with configuration 
(4t11/2,51/2), Which according to our analysis is expected 
to lie close to the observed 5~ state, should have been 
observed through a M1 and/or £2 de-excitation from 
the 2.49-Mev 7~ state. The fact that there is no evidence 
of this transition is rather hard to explain in the frame- 
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TABLE ILI. Experimental and theoretical values of the reduction 
factor F for the 0.26- and 0.20-Mev £2 transitions in Sn"® and 
Sn™, respectively. The first column gives the experimental value 
and the second and third columns give the theoretical values 
calculated by using the parameters of KS and TU, respectively. 


Theoretical 
reduction factor 
KS TU 


Experimental 
Nucleus reduction factor 
5.8X10™3 
2.6X 10"? 


Snits 3X 107% 5.5107 


3.6X10-5 


) 
Sn'™ 1.6X 10-3 


work of the present theory and thus remains as one of 
the difficulties. 


(c) Reduction of the 0.20-Mev £2 Transition 


KS point out the possibility that if the initial and 
final states in odd nuclei are both one-quasi-particle 
states of the (free) shell-model orbits very close to the 
Fermi energy, the electric transitions between these 
states are strongly reduced as a consequence of the pair- 
ing correlation.'® As was discussed above, 7~ and 5- 
states can be interpreted as two-quasi-particle states of 
configurations (/t41/2,d3/2) and (Aj1/2,51/2), and thus the 
0.20-Mev £2 transition between these states is essenti- 
ally a (d3/2) — (si/2) quasi-particle transition. Noting 
that the d3,2 and s,/2 orbits are both slightly below the 
Fermi energy, the large reduction suggested by KS can 
also be expected to occur in this 0.20-Mev £2 transition. 
If we employ the expression B(E2)=((r?)?/4m)eF, 
then the factor F is just the reduction factor we seek and 
it is found that F= 2.6 10-2 (see Table III). 

The effect of the pairing correlation is contained in F 
through a factor (#;4;—v,v;)* which in our case equals 
3.6X10-, and thus it is seen that the smallness of F 
is mostly due to the pairing effect. Compared with the 
experimental value F= 1.6X 10~’, the above theoretical 
value F = 2.6X 10° is still too large. It should be noted, 
however, that the factor (uju;—,v;) is very sensitive 
to the choice of the parameters, especially to the ener- 
gies of the shell-model orbit. In the calculation of KS 
the calculated 7/2* and 11/2> states in Sn" and Sn™! 
lie well above and below the experimental ones, re- 
spectively. In a calculation recently performed by 
Tamura and one of the authors (TU), the energies 
of the free gz/2 and /,;2 orbits are assumed to be 0.42 
and 2.4 Mev. Employing the other parametric values 
of KS, improved agreement is obtained for the level 
positions of the above odd Sn isotopes. Moreover, the 
absolute positions of the 7~ and 5~ states of Sn™ 

18 The possibility of the reduction of the electric transition 
caused by the pairing correlation is also suggested by Grin [Y. 
Grin, Proceedings of the International Conference on Nuclear 
Structure, Kingston, edited by D. A. Bromley and E. W. Vogt 
(University of Toronto Press, Toronto, 1960), p. 769]. 

’°T. Tamura and T. Udagawa, unpublished data presented at 
Tokyo Meeting, April 1961. This calculation will be referred to as 
TU in the following. 
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discussed in section 5(b) are also improved to be 2.51 
and 2.26 Mev, respectively, which are in fairly good 
agreement with experiment. Using the results of this 
calculation, the factor (uj;uj;-—,v;)? is reduced much 
more and F=3.6X10~° is obtained (see also Table ITI). 
The truth may lie in between. The admixture of the 
(h11/2,d3/2)s- state to the (Ay1/2,51/2)s- state would not 
very much weaken the above strong reduction, because 
the Ayyj2— Ayyj2 and d3;2— d3;2 quasi-particle 2 
transitions are also reduced due to the same reason as 
for the d3;2 — 51/2 transition. In fact the reduction factor 
F of the (A11/2,d3/2)7-— (Ay1/2,d3/2)5- #2 transition, 
calculated by using the parameters of KS again, is 
estimated to be 2.3X10~° which justifies the above 
argument. 

The reduction with the factor 2.3X10~ of the 0.26- 
Mev £2 transition recently observed by Ikegami et al.‘ 
in Sn"8 can also be interpreted in a quite identical 
manner to that described above, and the results of the 
numerical calculation are presented in Table III. The 
observed trend that the reduction factor of Sn"* is 
larger than that of Sn” can be understood if the above- 
mentioned parameters of TU are employed, but is in- 
consistent with the results calculated by using the 
parameter of KS. 


(d) 0.09-Mev £1 Transition and 1.12-Mev 
E3 Transition 


As was discussed in section 4(a), the second excited 
4* state is either a member of the two-phonon triplet 
or a (/41/2)* two-quasi-particle state. Since the 5~ state 
is a (A41/2,51/2) two-quasi-particle state, a strong reduc- 
tion of the 0.09-Mev £1 transition is expected from 
simultaneous 7 and / forbiddenness, if the transition 
proceeds as (/1/2,51/2)s- — (Aii/2)*4+. It is also evident 
that this transition is reduced if the 4* state is taken as 
a two-phonon state. Therefore the experimental reduc- 
tion factor 3.0X 10~° of this transition is understandable. 

The 1.12-Mev £3 transition is considered as a 
(441/2,51/2) — (one-phonon state) transition which might 
again be expected to be reduced strongly because of the 
forbiddenness of the simultaneous one-phonon creation 
and two-quasi-particle annihilations. The observed 
reduction factor, however, is not as small as expected. 
It is very interesting to calculate this reduction factor 
by describing the collective 2* state with particle co- 
ordinates.” This sort of calculation is, however, beyond 
the scope of this paper and will be performed else- 
where. 

In Sn" the 0.04-Mev £1 and 1.07-Mev £3 transitions 
corresponding to the 0.09- and 1.12-Mev transitions in 
Sn” are also observed. The reduction factors of these 
transitions are 4.5X10~° and 2.610", respectively, 
which are almost the same values as those of Sn!” 
(see Table II). The interpretation of these transitions 
in Sn"™* can also be made in a similar way to that for 
Sn™. 





STRUCTURE 


(e) Spin and Level Spacing of the 5.8-day 
Sb!" and 16-min Sb'” 


The absence of positron emissions in the decay of the 
5.8-day Sb”°™ implies that its decay energy to the 2.49- 
Mev Sn™ level is less than 1.1 Mev. The log ft value for 
the decay then lies between 5.0 and 6.0, which is com- 
patible with an allowed transition. The possible spin 
assignment to this level is therefore 6~, 7~, or 8-. The 
absence of the feeding of the 2.29-Mev 5~ state in 
Sn”, which was described in section 2(b), rules out the 
assignment 6~ to the 5.8-day Sb”. On the other hand, 
as was discussed in section 4(b), 4->, 5-, 6, and 7 
states are expected from (/y1/2,d3/2) and (h41/2,51/2) 
configurations. Nonobservation of such a 6 state in 
Sn” may imply that the 5.8-day Sn” has spin 8~ and 
is characterized as (d5/2)p»(/i1/2)n. Assuming that the 
log ft value of beta-decay to the 7~ state in Sn”° from 
the 5.8-day state of Sb'’° is the same as that of the beta 
decay to the 7~ state in Sn"'* from 5.1-hr state of Sb'"® 
(log ft=5.0),° the decay energy is estimated to be about 
0.3 Mev. The position of the 5.8-day state of Sb”° 
relative to the 16-min state is therefore about 0.1 Mev. 

The ground state of Sb’ (16 min) is known to be a 
1* state which can be represented by the configuration 
(d5/2) p(d3/2) n- 

The level scheme of Sb"* presented in Fig. 1 can 
also be interpreted in an identical way, and the inversion 
of the 3.5-min and 5.1-hr states of Sb"'’ pointed out in 
reference 5 is consistent with the calculated scheme of 
KS. 

5. CONCLUDING REMARKS 


As was explained in detail in section 4, it is found that 
the KS theory explains most of our experimental results, 
and particularly the large reduction of the 0.20- and 
0.26-Mev £2 transitions in Sn” and Sn"* are well 
explained as caused by the pairing correlation. It is 
interesting to note here that in general the reduction 
factors of the electric transitions of quasi-particles be- 
tween orbits very close to the Fermi energy depend 
rather sensitively on the energies of the (free) shell- 
model orbits as well as on the strength of the pair 
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interaction, and thus the measurements of the reduction 
factors of such transitions will serve in determining pre- 
cisely the energies of the shell-model orbits. From the 
comparison of the experimental reduction factors of the 
above two £2 transitions with the calculated ones, it is 
found that the values of the parameters used in the 
calculation of KS had better be revised somewhat. In 
fact it is shown that the observed trend of these reduc- 
tions of £2 transition can be successfully explained, if 
use is made of the parametric values found in the calcu- 
lation of TU. A similar revision of the KS parameters is 
found useful also for the calculation of the level posi- 
tions of the 5~ and 7~ states.”° 


The observed £3 transition between the third and 
first excited states does not occur within the present 
scheme of analysis. To get a finite probability for this 
transition, we would have to take into account the ad- 
mixture of some two-quasi-particle states to the first 
excited 2* state (which is treated as a pure collective 
state in the present analysis); or perhaps it is better 


treated by expressing the collective 2* state solely in 
terms of the quasi-particle description. Such work will 


be considered on another occasion. 
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2 These are the conclusions to which one might be led, if he 
attempts to analyze the experimental data solely within the frame- 
work of KS. It should be noted, however, that in KS only the pair 
and Q-Q interactions are assumed, and it is expected that there 
are other kinds of interactions working. Therefore, although it is 
found that a pretty good explanation of the experimental data 
could be made based on KS with revised parameter values, it 
should be kept in mind that a somewhat more realistic calculation 
would have to be made concerning the finer details of the experi- 
mental situation. 
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Decay of the Zn’! Isomers* 


T. T. THWAITEs AND W. W. PRATT 
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received February 13, 1961; revised manuscript received August 28, 1961) 


The decay of the Zn™ isomers has been reinvestigated using scintillation counter techniques. Samples of 
enriched Zn” were exposed to reactor neutrons. Gamma rays of 120+5, 390+ 10, 510+5, 680+ 20, 920+ 10, 
1120+ 10, and 1630+ 10 kev were found in the decay of the 2.45+0.10-min isomer. A beta ray group to the 
ground state of Ga”! with energy of 2.61+0.05 Mev was found from the 2-min isomer. Gamma rays of 
390+5, 490+5, and 610+5 kev were found to be in cascade in the 4.0+0.1-hr isomer and to be fed by a 
single beta group of 1.46+0.05 Mev. A decay scheme for the Zn”! isomers is proposed. 


INTRODUCTION 


HE existence of an isomeric state in Zn” was 
reported by LeBlanc ef a/.! Their measurements 
indicated that both isomers decayed only to excited 
states of undetermined spins and parities in Ga”. They 
found gamma rays of 0.12, 0.91, 0.51, and 1.09 Mev in 
the decay of the 2-min isomer and of 0.38, 0.49, and 
0.61 Mev in the decay of the 4hr isomer. The 4-hr 
gamma rays were shown to be in cascade. They also 
found beta rays with a maximum energy of 2.4+0.2 
Mev with the 2-min isomer and this energy did not 
appear to change when coincidence with the 0.51-Mev 
gamma ray was required. Beta rays with maximum 
energy of 1.5.0.1 Mev were found with the 4-hr decay. 
It is expected on the basis of the nuclear shell model 
that the Zn” isomers have J* values of 1/2- and 9/2+ 
as the Zn™ isomers appear to have. The decay scheme 
of the Zn™ isomers is shown for reference in Fig. 1.? 
No excited states in Ga® are populated in the decay of 
either of the Zn®™ isomers, although there are several 
states which it would be energetically possible to reach. 
Although the assignment of the shell-model values to 
the Zn” isomers could not be made definite, it was 
generally assumed that the 2-min isomer was the-}- 
state and the 4-hr isomer was the 9/2+ state.? This 
assignment did not explain the apparent absence of an 
allowed beta transition from the 2-min isomer to the 
$- ground state of Ga”. The investigation of the decay 
of the Zn” isomers reported here supports this assump- 
tion and clarifies some of the level structure in Ga”. 
A preliminary version of this work was reported at the 
January, 1961 meeting of the American Physical 
Society.’ 
The scintillation spectrometer techniques employed 
in these experiments differ from those described pre- 
viously* in that a 128-channel analyzer was used in 


* Supported in part by the U. S. Atomic Energy Commission 
and the National Science Foundation. 

1 J. M. LeBlanc, J. M. Cork, S. B. Burson, Phys. Rev. 97, 750 
(1955). 

* Nuclear Data Sheets, National Academy of Sciences, National 
Research Council (U. S. Government Printing Office, Washington, 
D. C.). 

*T. T. Thwaites and W. W. Pratt, Bull. Am. Phys. Soc. 6, 50 
(1961). 

*R. G. Cochran and W. W. Pratt, Phys. Rev. 109, 878 (1958); 
113, 852 (1959). 


some of the measurements instead of the 20-channel 
analyzer and that Nal crystals with better resolution 
(<8% Cs"87) were used generally except in some of the 
coincidence measurements. An anthracene crystal® of 
2-in. diameter, 1-in. thickness, and 12% resolution 
(Cs7) was used to take the 2-min beta ray spectra. 
All the results presented here were taken with samples 
of either Zn metal or oxide enriched to 59.3% Zn™.® 
Gamma-ray calibration sources of Tm'”, Co*’, Hg, 
Au’, Cu®, Cs®7, Zn®, Co™, and Na™, and beta-ray 
calibration sources of Cs™7, Au'®*, Cu®®, and Al*® were 
used. 


EXPERIMENTAL RESULTS 
A. Gamma Rays from 2-Minute Isomer 


Figure 2 shows the gamma-ray spectrum of 2-min 
Zn" as taken with a 3-in. X3-in. Nal crystal. The sample 
in this case consisted of about 10 mg of Zn” and was 
exposed for 3 min to the reactor neutron flux and then 
transferred to an unexposed polyethylene tube before 
counting. Figure 3 shows the lower energy gamma rays 
with greater dispersion and was taken with a 2 in. X2 in. 
Nal crystal. The sample in this case was again about 10 
mg of Zn” metal. It was exposed for 2 min and was re- 
tained in the tube in which it was exposed. The impuri- 
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Fic. 1. Decay scheme of Zn® isomers according to the 
nuclear data sheets. 


5 Both the anthracene crystal and the Nal crystals were ob 
tained from Harshaw Chemical Company, Cleveland, Ohio. 

® Obtained on loan and sale from the Oak Ridge National 
Laboratory, Oak Ridge, Tennessee. 
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TABLE I. Energies and intensities of 2.5-min isomer gamma rays. 





120+5 
743 


390+10 
10+2 


Energy in kev 
Intensities in percent relative to 510 kev 


ties in the polyethylene do not contribute any peaks 
in this energy region, only a continuum of counts. In 
both cases a }-in. Al beta ray shield was placed in front 
of the crystal and the long-lived activity was subtracted. 

The half-lives of all the gamma rays except the 680- 
kev one were measured and found to be about 2.5 min. 
The 680-kev gamma ray was confirmed by gamma- 
gamma coincidence experiments. The 510- and 920-kev 
gamma rays can also be seen in natural Zn. Their 
intensities were found to vary according to the amount 
of Zn” present when using weighed samples of natural 
and enriched Zn. Table I lists the energies and intensi- 
ties of the 2-min isomer gamma rays. The intensities 
were inferred from spectra taken with a 2-in. X2-in. 
crystal, using the response curve method, and a 3-in. X3- 
in. crystal, using the photopeak method. The two meas- 
urements agreed. 

The 390, 680, and 1630-kev gamma rays were not 
observed by LeBlanc et al.'! The 120- and 390-kev 
gammas were found to be in coincidence with beta 
rays, thus showing that neither of them can be an iso- 
meric transition. A gamma ray with the same energy 
as the 390-kev gamma, within experimental error, 
occurs in the decay of the 4-hr isomer. It thus appears 
to be the only transition in common between the two 
decays. 


B. Gamma-Gamma Coincidences in 
the 2-Minute Isomer 


Gamma-gamma_ coincidence measurements were 
made with a fast-slow coincidence circuit of 27=0.5 usec 
gating the 20-channel analyzer. In order to increase the 
solid angles no collimation was used with the crystals. 
Beta ray shields of }-in. Al were employed. In all cases 
the exposures were adjusted so that the accidentals 
were only a few percent of the real coincidence rate. 
In the cases in which real coincidences were observed, 
runs were also made with the single-channel analyzer 
gate raised in order to show that the coincidences were 
due to the chosen photopeak and not the Compton 
tail of some higher energy gamma ray. The gamma- 
gamma coincidences found by this procedure were 
0.51-1.12, 0.92-0.68, and 0.39-0.12 Mev. 

On the basis of coincidence, energy, and intensity 
measurements the 2-min isomer gamma rays imply 
states in Ga”! at excitations of 0.39, 0.51, 0.92, and 1.63 
Mev. At least three of these states, namely those of 
0.51, 0.92, and 1.63 Mev must by populated by beta 
transitions in the decay of the 2-min isomer. 


C. Beta Rays from 2-Minute Isomer 


An anthracene crystal was used to take the beta-ray 
spectra presented as Fermi plots in Figs. 4, 5, and 6. 





510+5 
100 


680+20 


<2 


920+10 
24+2 


1630+10 
1.1+0.3 


10+2 


The standard spectra in Fig. 4 were taken in order to 
establish confidence in the techniques employed. The 
accepted values of the end points for Au’, Cu®, and 
AP* are 0.96, 2.63, and 2.87 Mev, respectively.2 The 
largest deviation from these values is seen to be about 
20 kev. The smaller curvature near the end point of the 
Cu®® spectrum as compared to those of Au" and AI’ is 
attributed to the latter having coincident gamma rays. 
The Fermi plot in Fig. 5 was taken during the same run 
as those in Fig. 4 and was calculated using the same en- 
ergy calibration. 

The sources used for the spectra in Figs. 5 and 6 
consisted of about 1 mg of Zn” suspended in collodion. 
An exposure of 3 min was used in order to saturate the 
activity. In the case of the singles spectrum of Fig. 5 
it was necessary to delay counting until 1 min after 
exposure to permit the decay of an unidentified con- 
taminant in the sources with a half-life of about 12 
sec. This contaminant emitted higher energy beta rays 
than those from the 2-min isomer of Zn”. Backgrounds 
from long-lived activities and a collodion blank were 
subtracted. 

The spectrum in Fig. 5 is found to have an end point 
of 2.61++0.05 Mev. It is to be noted that the points in 
Fig. 5 deviate from the straight line at a higher energy 
than do those for Cu®® in Fig. 4. This break at E=4.5 
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Fic. 2. Singles gamma ray spectrum of the 2-min isomer of Zn”. 
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Fic. 3. Singles gamma ray spectrum of the lower energy 
gamma rays of the 2-min isomer of Zn”. 


is attributed to the presence, in the decay, of a weak 
(14%) interior beta group with end point of E=5.1. 
The break due to this group is apparently displaced to 
a lower energy because it is such a weak group. 


Au'® 
|0.96 Mev 


Cu” 








Fic. 4. Singles Fermi plots of calibration beta spectra 
from Au’, Cu®, and Al". 
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The half-life displayed by these beta rays was found 
to be 2.45+0.10 min and this value was taken to be the 
half-life of the 2-min isomer since the beta activity could 
be followed for several more half-lives than the gamma 
activity. Figure 6 shows a Fermi plot of beta rays in 
coincidence with 0.51-Mev gamma rays. Because of the 
very low counting rates encountered in this experiment, 
the data from 3 runs have been combined in 5-channel 
intervals. The result is an end point near 2.2 Mev, or 
about 0.4 Mev lower than for the singles spectrum. It 
thus appears that the end point of the singles spectrum 
applies to a transition to the ground state of Ga™ 
rather than to the 0.51-Mev state. This conclusion was 
confirmed and the intensity of the beta group populating 
the 0.51-Mev state relative to the total number of de- 
cays was determined by measuring the total beta-ray 
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Fic. 5. Singles Fermi plot of beta rays from the 2-min isomer 


of Zn”!. The surplus of counts in the energy region below E=~4.5 
is probably due to a weak (~14%) interior beta group. 


intensity and the intensity of the 0.51-Mev gamma ray 
simultaneously. A sample of Au'®* which has essentially 
one gamma per beta, was measured in the same geom- 
etry. A correction was made for the difference in sensi- 
tivity of the Nal crystal to the 412- and 510-kev 
gammas, but it was assumed that the sensitivity of the 
anthracene crystal was independent of energy. Sub- 
tractions were made for contributions from the collodion 
backing and from longer lived activities. The result of 
repeated measurements was that the 0.51-Mev state 
was populated in 14+2% of the decays. The energies 
and intensities of the other interior beta-ray groups 
were inferred from gamma-ray measurements and are 
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TABLE IT. 2.5-min isomer beta groups. 


2.61+0.05 2.10+0.06 1.69 +0.06 
82+4 14+2 321 


Energy in Mev 

Intensity in percent 
of decays 

logio ft 5.1 5.4 5.7 5.1 


0.99 +0.07 
1.7+1 


listed along with their logft values in Table II. The 
log ft values are reasonable for allowed transitions in 
all cases except possibly the 1.69-Mev group. 


D. Gamma Rays from the 4-Hour Isomer 


Figure 7 shows the gamma-ray spectrum of 4-hr Zn” 
as taken with a 2-in.X2-in. Nal crystal. The sample 
consisted of about 10 mg of Zn” metal and was exposed 
for 10 min and then allowed to decay for 20 min before 
counting was started. The energies of the 4-hr gamma 
rays are 390+5, 490+5, and 610+5 kev. In Fig. 7 the 
valley between the 390- and 490-kev peaks is largely 
filled by the 440-kev isomeric transition of Zn™. A 
response curve analysis of the 4-hr gamma-ray spectrum 
showed that all three of the 4-hr gammas have approxi- 
mately equal intensities. Coincidence measurements 
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Fic. 6. Fermi plot of beta rays in coincidence with 
0.51-Mev gamma rays. 


confirmed that all three of these gammas are in cascade. 
A search was made for crossover gamma rays and an 
upper limit of a few percent of the intensity of the low- 
energy gammas was set on them. The decay of the 610- 
kev gamma was followed for several days and a half- 
life of 4.00.1 hr deduced. 

Of the six possible orders for the 4-hr gamma cascade, 
four are eliminated if one assumes that the 390-kev 
gammas in the two isomers are identical. The 390-kev 
transition can then only be fitted in as the bottom 
member of the cascade. Angular correlation measure- 
ments have been unable to resolve the remaining 
ambiguity.’ 


E. Beta Rays from the 4-Hour Isomer 


Attempts to observe singles beta-ray spectra of 4-hr 
Zn" were not successful due to intense beta rays from 


7H. J. van den Bold (private communication). 
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Fic. 7. Singles gamma-ray spectrum of the 4-hr isomer of Zn™, 
Zn® which was a contaminant in our sources.* Calcula- 
tions indicate that the 4-hr betas were about 2% as 
intense as the Zn®™ betas immediately after a short 
exposure and rose to a maximum of about 7% about 3 
hr after exposure. After this time the relative intensity 
dropped again due to the 14-hr Zn®™ isomer feeding the 
ground state. Betas were observed beyond the end point 
of the Zn™ spectrum, but they did not yield a well-de- 
fined half life and a spectrum taken at the optimum time 
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Fic. 8. Fermi plots of beta rays in coincidence with the 0.61, 
0.49, and,0.39-Mev gamma rays, respectively, of the 4-hr isomer 
of Zn!. The break in the curves at E=~2.8 is attributed to the 
presence of a large amount of Zn® in the source and is discussed 
in the text. 
8It is to be noted that the Zn®™ isomers obey the empirical 
isomeric ratio rule which states that the isomer with spin closer 
to the spin of the capture state will be more abundantly produced 
in thermal neutron capture. See, for example, E. der Mateosian 
and M. Goldhaber, Phys. Rev. 108, 766 (1957). Thus the 55-min 
isomer of Zn® is produced in about 10 times the amount as the 
14-hr isomer and the relative gamma-ray intensities of Fig. 7 are 
not indicative of the relative beta-ray intensities. 
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Fic. 9. Fermi plot of beta rays from 4-hr isomer of Zn”. 


of 3 hr after exposure did not yield an acceptable Fermi 
plot. Therefore, only coincident beta spectra of 4-hr Zn” 
are presented. Figures 8(a), (b), and (c) show Fermi 
plots of the beta rays in coincidence with the 0.61, 
0.49, and 0.39-Mev gamma rays, respectively. Figure 9 
shows a Fermi plot made by adding all the data for the 
three spectra in Fig. 8. The breaks in these curves 
at E=2.8 are attributed to accidental coincidences 
from Zn® betas. Although accidentals were measured 
and subtracted, they were taken up to an hour later 
and no decay correction was applied to them. The end 
points of the spectra in Fig. 8 are sufficiently similar to 
show that the cascade is fed by a single beta transition 
to a state at 149 Mev in Ga”. The end point of 
1.46+0.05 Mev from Fig. 9 agrees with the average of 
the three end points in Fig. 8 weighted by the number 
of gates. The log/ft value for this transition is 5.9 
assuming that the unobserved isomeric transition is 
indeed negligible. This logft value could indicate 
either an allowed or first-forbidden decay. 


F. Cross-Section Ratio 


An estimate of the cross-section ratio for the produc- 
tion of the two isomers by thermal neutrons was made 
by comparing the intensities of the 510-kev gamma in 
the 2-min decay and the 390-kev gamma in the 4-hr 
decay. A sample of about 10 mg was exposed for 1 min. 
The 510-kev decay was followed and extrapolated back 
to the time of removal from the reactor. The 390-kev 
intensity was measured after the 2-min activity had 
died away. The isomeric cross section ratio was then 
computed using the intensities and half-lives quoted 
earlier. The result was that the 2-min isomer is formed 
in 83+4.10% of the captures. 


PRATT 
CONCLUSION 


Figure 10 shows the decay scheme of the Zn” isomers 
proposed on the basis of the experiments described in 
this article. A strong ground-state transition from the 
2-min isomer is seen to be present, thus supporting the 
interpretation of this isomer as the }~ state. This in- 
terpretation is also supported by the allowed decay to 
the 0.51-Mev state which, on the basis of Coulomb 
excitation experiments,’ almost certainly has negative 
parity. Although the 390- and 120-kev cascade gammas 
from the 0.51-Mev state were not observed in the 
Coulomb excitation experiments, this is not a serious 
objection to the decay scheme in Fig. 10. The 120-kev 
radiation would have been completely masked by ex- 
traneous gammas. An upper limit of approximately 
5% (relative to the 510-kev gamma) of 390-kev radia- 
tion could have been present.” This is not in serious 
disagreement with the intensities of 7% and 10% for 
the cascade radiations listed in Table I, but may imply 
a weak beta group to the 0.39-Mev state. Such a group 
might also resolve the apparent difference in intensities 
between the cascade gammas. 

The isomeric cross section ratio is also consistent 
with the 2-min isomer being the 4~ state since in the 
case of thermal neutron capture in Zn” the capture 
state can only have spin }.° 

An isomeric transition of 340+100 kev is implied 
by the decay scheme of Fig. 10. If this transition has 
M4 character, as does the analogous transition between 
the Zn®™ isomers, it should be present with an intensity 
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Fic. 10. Proposed decay scheme of Zn”! isomers. 
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of the order of 10% of the 4-hr gamma rays. No such 
transition has been observed. 
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Differential Cross Sections for (n,n’y) Reactions in Several Nuclei* 
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Differential cross sections for the production of gamma rays by inelastic neutron scattering have been 
measured and compared with the predictions of the statistical model, employing a diffuse surface complex 
potential to represent the neutron-nucleus interaction. Transitions have been observed in Mg*, Mn®, 
Fe, and Pb™”®. Predictions of the statistical model were in good agreement with total (,n’y) cross sections 
measured for first-excited state transitions in Fe®* and Mg™, and in agreement with measured transition 
rates from the second and third excited states of Fe**. Angular distributions for Mn®* transitions are con- 
sistent with recent spin assignments for the second and third excited states, but the comparisons of the 
measured and calculated total cross sections are not as satisfactory as the comparisons in Fe®® and Mg™. 


INTRODUCTION 


IFFERENTIAL cross sections for the production 

of gamma rays from inelastic neutron scattering 
have recently been measured for several nuclei,!~> and 
these measurements have been compared to the expecta- 
tions of the statistical model for nuclear reactions.® 
Within the framework of this model the differential cross 
sections depend only upon the form of the potential 
chosen to represent the neutron-nucleus interaction. 
The comparisons mentioned showed good agreement 
with the assumption of the diffuse surface potential of 
Beyster et al.’ Comparisons of measured and calculated 
cross sections were also made*’ for the assumption of a 
complex square-well potential, the diffuse surface po- 
tential of Emmerich and also that of Campbell ef ai. 
The success of the diffuse well model in representing the 
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measurements led Day and Walt® to suggest that these 
reactions might serve as a useful spectroscopic tool for 
bound states of nuclei. 

The purpose of the measurements reported here was 
to further test the (,z’y) reactions with respect to 
their use in nuclear spectroscopy. This was done by 
exciting states which produced gamma-ray transitions 
between states of known spin and parity. The length of 
time required to study a particular transition limited 
the number of nuclei studied to four, and the number of 
gamma-ray lines studied as a function of angle to six. 
The four nuclei chosen for study were selected to cover 
a large range of mass number. In selecting the nuclei to 
test the statistical model, interest centered on even-even 
nuclei. Consideration of the production cross sections, 
gamma-ray energy, atomic density, isotopic purity, and 
gamma-ray self-absorption influenced the choice of 
nuclei. Among transitions selected were those from the 
first-excited states to the ground states of Fe*®, Mg*4, 
and Pb**, and the second to first excited state transition 
in Pb®*, For these transitions differential cross-section 
measurements were made at five angles between 0° and 
90°. Two other transitions in Fe®®, one between the 
second and first excited states and the other between the 
third and first excited states were also observed at 90°. 

Transitions from the second and third excited states 
of Mn*® were studied in order to provide additional 
information relevant to the determination of the spins 
of those states. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


Neutrons of approximately 2.9 Mev were produced at 
a 180-kev deuteron accelerator via the D(d,n)He’ re- 
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Fic. 1. Arrangement of equipment, not to any scale. 2.92-Mev 
neutrons from the D(d,»)He® reaction are incident upon the 
cylindrical scattering sample. The shielded NalI(Tl) detector 
rotated about the sample axis at a distance of 70 cm from the 
sample. The neutron monitor is a BF; proportional counter en- 
cased in a block of paraffin. 


action. Deuterons were incident upon a thick TiD 
target,® so that the energy distribution of the neutrons 
from the source was approximately triangular in shape 
with a full width at half-maximum of 170 kev. The 
deuteron energy ranged from 140 to 180 kev for different 
samples, so that the neutron energy varied from 2.87 to 
2.92 Mev. Previous measurements‘ of gamma-ray dis- 
tributions in (,n’y) reactions had indicated that large 
anisotropies might be observed at small angles. For this 
reason, a special effort was made to include measure- 
ments at 0° and 20°. 

To make these measurements we adopted a technique 
used earlier by Day.’ A pulsed neutron flux is provided 
by terminal pulsing the deuteron beam. The prompt 
gamma rays following inelastic neutron scattering are 
detected in coincidence with the deuteron pulses at the 
target. The terminal pulsing assembly follows the design 
described by Good,” except for minor modifications. 
The experimental arrangement is shown in Fig. 1. The 
pulsed neutron flux is incident upon a cylindrical sample 
and the radiation from the sample is detected with a 
shielded 1} in.X1 in. NaI (Tl) detector; the shield design 
is that of Cranberg and Levin.‘ The time distribution of 
radiation from the neutron-producing target and sample 
may be displayed on a 256-channel analyzer with the 
aid of a time-to-pulse-height converter; the converter 
is a modified form of that designed by Neiler.” A time 
spectrum obtained with the detector at an angle of 0° 
with respect to the deuteron beam is shown in Fig. 2. 
The detector-to-sample distance was 70 cm, so that 
prompt gamma rays were separated from incident neu- 

8 Available from Scientific Engineering Laboratories, 1510 Sixth 
Street, Berkeley 10, California. 

* Joan M. Freeman, Proceedings of the International Conference 
on Neutron Interactions [U. S. Atomic Energy Commission 
Report TID-7547, 1957 (unpublished), p. 176]. 

10 See Fast Neutron Physics, edited by J. B. Marion and J. L 


Fowler (Interscience Publishers, Inc., New York, 1960), Part I, 
Chap. IV. 
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trons by 28 nanosec at the detector. The peak in channel 
110 represents the prompt gamma rays from the neutron 
source and from the Fe sample; the group in channel 94 
represents incident and elastically scattered neutrons. 
The operating time resolution of the coincidence sys- 
tem was 13 nanosec; this is the full width at half-maxi- 
mum of the groups in Fig. 2. Eleven nanosec of this 
width is the contribution of the deuteron pulse duration 
at the target, and the remainder is the result of the 
detection electronics. Under these conditions, the ac- 
celerator provided an average beam current of 6 wa with 
a duty cycle of 3.7%. The average neutron flux in the 
direction of the sample was 1.5 10° neutrons/sec-sr. 
The procedure used was to gate the gamma-ray energy 
spectrum of the Nal(TI) detector with the prompt 
gamma peak of Fig. 2. In this manner all of the back- 
ground contained in the neutron peak and 90% of the 
background not correlated in time with the deuteron 
pulses were eliminated from the energy spectrum of the 
detector. This background separation enabled us to 
complete measurements from 0° to 90°. Samples of 
naturally occurring isotopic abundance were used for 
Fe, Mg, and Mn. The Pb sample was radio-lead" whose 
Pb* concentration is quoted as 88.24°%. The measured 
yields were corrected for the isotopic abundances of the 
samples. Cylindrical samples with diameters between 
¢ in. and 1 in. were positioned with their axes perpen- 
dicular to the reaction plane so that the angular resolu- 
tions were: +15° for Fe, +18° for Mg, and +27° for 
Mn and Pb. Data collection times were determined to 
provide statistical uncertainties of +6% or less; indi- 
vidual runs varied from 10 to 20 hr. In spite of the co- 
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Fic. 2. Time spectrum of radiation from NalI(TI) detector for 
6,=0°. The peak in channel 110 represents prompt gamma rays 
from the neutron source and sample. The peak in 94 represents 
neutrons from the source. The full width at half-maximum of 
either group is 13 nanosec and they are separated by 28 nanosec. 


4 Radio-lead is available from the Atomic Energy of Canada, 
Limited. It has the following isotopic analysis: Pb‘, 0.06%; 
PbS, 88.24%; Pb’, 8.78%; Pb™8, 2.92%. 
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incidence requirement, large backgrounds were a major 
source of uncertainty for the relative cross-section 
measurements. Most of this background was prompt 
gamma rays from the neutron source and it was 
especially pronounced at small angles. 

The absolute cross sections for the production of 
gamma rays were determined by absolute measurements 
of the neutron flux incident upon the sample, the 
gamma-ray yield, and the number of scattering nuclei 
within the sample. The photopeak efficiency of the 

}-in. diameter X 1-in. thick NaI(Tl) detector was 
measured at 0.511 Mev and 1.277 Mev with the aid of a 
standard Na” source placed at the normal sample 
position. By interpolation, a photopeak efficiency of 
16.2+0.4% was obtained at 0.662 Mev, which is in 
excellent agreement with the results of Bell.” The 
neutron flux was determined by simultaneously count- 
ing the neutrons and He’ particles from the D(d,n)He’® 
source reaction. Neutrons were counted with both a 
plastic scintillator and a BF; proportional counter en- 
cased in a block of paraffin. The He’ particles were 
detected with a thin CsI(TI) scintillator. The BF; 
counter, shown in Fig. 1, served as the flux monitor 
and was calibrated in terms of the He* counting rate. 
The plastic scintillator was used to measure the excita- 
tion function and angular distribution of the thick- 
target neutron yields. Uncertainties in the determina- 
tion of the neutron flux are associated with measure- 
ments of the angular distribution of neutron yields from 
the D(d,n)He’ reaction, solid angle of the recoil detector, 
and the excitation function for the D(d,n) reaction from 
0 to 180 kev. The combination of uncertainties in these 
quantities yields a neutron flux uncertainty of +5.5%, 
including an estimated uncertainty of +3.5% attributed 
to the method used to correct for neutron multiple 
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Fic. 3. Gamma-ray energy spectrum from a natural Fe sample 
at 90°. The photopeaks in channels 58, 82, and 122 are Fe® 
transitions of 0.85+0.015, 1.22+0.03, and 1.78+0.06 Mev, 
respectively. The photopeak in channel 96 is the first excited-to 
ground state transition in Fe at 1.43+-0.04 Mev. 


2 Beta and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(North-Nolland Publishing Company, Amsterdam, 1955). 
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Fic. 4. 90° energy spectrum of gamma rays from the radio-lead 
sample. The photopeaks in channels 57 and 85 are transitions in 
Pb** at 0.536+0.007 Mev and 0.814+0.01 Mev, respectively. 


scattering. According to a calculation of Day,! the in- 
crease in neutron flux available for inelastic neutron 
scattering caused by multiple scattering is approxi- 
mately equal to the attenuation in the neutron flux 
caused by single scattering. Day’s detailed computa- 
tion of multiple scattering corrections for a large number 
of samples yielded agreement with this simple assump- 
tion to within +3.5%, and we have adopted it to correct 
for neutron absorption and multiple scattering at a 
gamma-ray observation angle of 90°. A final +2.7% 
uncertainty is attributed to the determination of the 
solid angle of the sample at the Nal(Tl) detector and 
additional uncertainties arising from the finite size of 
the sample. A total systematic uncertainty of +6.7% 
attributed to the absolute cross-section determinations 
was obtained as the square root of the sum of squares of 
the uncertainties in detector efficiency, detector solid 
angle, and neutron flux. This uncertainty was common 
to all differential cross-section measurements, and was 
added algebraically to the statistical and background 
separation uncertainties on each measurement to obtain 
the total uncertainty of the differential cross sections. 


RESULTS 


Gamma-ray spectra from (n,n"y) reactions in Fe, Mg, 
Mn, and Pb** have already been published'*."; Figs. 3 
and 4 are 90° energy spectra of gamma rays from the 
Fe and radio-lead samples, respectively. These spectra 
are reproduced to demonstrate the capacity of the 
system for these measurements. Figure 3 shows three 
transitions in Fe*® and one in Fe. The Fe®® transitions 
are at 0.85 Mev in channel 58, 1.22 Mev in channel 82, 
and 1.78 Mev in channel 122, shown in an inset of Fig. 3. 
Measurements at other angles have been made only 
for the strong 0.85-Mev line; small-angle backgrounds 
make distribution measurements of the weaker lines less 
feasible. Both of the prominent lines in Fig. 4 have been 
studied as a function of angle. The 0.536-Mev transition 


8 FI. Boley, E. 
110, 915 (1958). 


H. Thorndike, and A. T. Moffet, Phys. Rev. 
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Fic. 5. Differential cross sections for the 0.85-Mev transition, 
showing the angular dependence of absorption corrections. The 
points are normalized to the corrected value of the differential 
cross section at 90°. The solid curve is a least-squares fit to the 
points. The dot-dash curve is the least-squares fit after inclusion 
of the angular dependence of the correction for sample absorption 
of neutrons and gamma rays. 


in channel 57 contains a contribution from the 0.57-Mev 
transition in Pb’. The isotopic abundance of Pb” in 
the radio-lead sample is 8.78%" and the ratio of the 
(n,n’y) cross sections at 90° and at E,=2.56 Mev is 
o (207) /c(206) = 1.66.' We estimate, therefore, that 14% 
of the measured yield is a Pb” contribution. Since the 
distribution of the Pb*’ gamma ray has not been 
measured, we corrected our measurements by assuming 
isotropy for the Pb” transition. The measured differ- 
ential cross sections for the 0.85-Mev line in Fe®* and the 
0.81-Mev line in Pb** are shown in Figs. 5 and 6. The 
points are measured yields plotted before correction for 
the angular dependence of the sample absorption of 
neutrons and gamma rays, and the uncertainties shown 
are those which would vary from angle to angle, includ- 
ing the statistical uncertainties. The solid curves are 
least-squares fits to the measurements, and the dot-dash 
curve is the least-squares fit to the measurements after 
they have been corrected for the angular variation of 
neutron and gamma-ray absorption by the sample. The 
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Fic. 6. Differential cross sections for the 0.814-Mev transition 
in Pb**. The description of the curves and point plotting follows 
that of Fig. 5. 


ee 


McELLISTREM 


TABLE I. Coefficients of a least-squares fit to the differential 
cross sections, expanded in terms of Legendre polynomials. Co- 
efficients are in millibarns per steradian. 








Isotope E, (Mev) ao 


Fes 0.85 100.0 
Mg™ 1.37 53.4 
Mn® 0.861 28.3 
1.18 24.8 
0.536 73 
0.814 169 





Pb 








absorption corrections have been calculated numerically 
with the aid of an IBM-650 computer. Absorption cor- 
rections at 90° have been made using the assumption 
of Day' to correct for neutron absorption and multiple 
scattering. The distributions have been arbitrarily ex- 
tended to be symmetric with respect to 90°, since they 
are transitions between states of definite spin and parity. 
These figures are included principally to indicate the 
magnitude of the angular variation of the absorption 
corrections for our samples. Table I presents the co- 
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Fic. 7. Differential cross sections for the 0.85-Mev transition 
in Fe. The dot-dash curve is the least-squares fit to the measured 
cross sections. The solid curve represents the statistical model 
predictions. The low-energy portion of the Fe® level scheme, with 
excited-state energy and spin and parity assignments, is shown at 
the right. Arrows indicate observed transitions. 


efficients of a least-squares fit to the differential cross 
sections of the form 


da/dw= do+d2P 2+ aP,, 


where the P;, are Legendre polynomials of order L. 
Curves are fitted after the data has been corrected for 
absorption. 

Figures 7 through 12 present all of the differential 
cross sections measured as well as the results of our 
efforts to represent them with the statistical model. 
Low-energy portions of the nuclear level schemes are 
included in the figures to illustrate the levels participat- 
ing in these transitions; arrows indicate measured 
transitions. The points are the measurements after 
absorption corrections have been applied, and the dot- 
dash curves are the least-squares fits whose coefficients 
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are tabulated in Table I. The solid and dashed curves 
are theoretical calculations of the differential cross sec- 
tions using the neutron transmissions tabulated by 
Beyster et al.’? The calculations include contributions 
through /=3 for both incident and outgoing neutrons 
for all transitions except those in Pb?*. The Pb?” calcu- 
lations include terms through /= 4. 

The production cross sections for the 0.85-Mev line in 
Fe* are presented in Fig. 7. This line is excited primarily 
by inelastic scattering to the 0.85-Mev state, but in- 
cludes also cascade contributions from the 2.08- and 
2.66-Mev states. Our measurements for this transition 
are in agreement with those of Hosoe and Suzuki,* where 
the measurements overlap. The solid curve was calcu- 
lated from the assumed statistical model and includes 
calculated cascade contributions from the second and 
third excited states. The calculated second and third 
excited-state cascade contributions may be compared to 
measurements of them at 90°. The comparison is pre- 
sented by comparing the experimental and theoretical 
ratios R,, and R, of the cascade contributions to the 
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Fic. 8. Differential cross sections for the 1.37-Mev transition in 
Mg™. The dot-dash curve is a least-squares fit to the measured 
cross sections. The solid curve represents the predictions of the 
statistical model. States of Mg* participating in the transition 
are shown at the right. 


total 90° production cross section for the 0.85-Mev line. 
For the cascade from the 2.08-Mev state, R.=6.1% 
and R,,=7.7+0.4%; for the cascade from the 2.66-Mev 
state, R,=11.8% and R,,=7.5+2.0%. These cascade 
contributions have also been measured by Van Patter 
and Jackiw,® with a gamma-ray detection system whose 
angular spread is ~ 40°. From their measurements, after 
corrections for angular spread have been applied, we 
find R,, values of 8.2% and 11.4% for the transitions 
from the 2.08- and 2.66-Mev states. The angular spread 
corrections are obtained from the statistical model pre- 
dictions for the angular distributions. 

The measurements and theoretical calculations for 
the indicated transition in Mg™ are shown in Fig. 8. 
These measurements are in good agreement with those 
of Hosoe and Suzuki for 6, >45°; their measurements 
do not include small angles. The model employed here 
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Fic. 9. Differential cross sections for the 0.81-Mev transition in 
Pb*6, The dot-dash curve is a least-squares fit to the measure- 
ments. The solid curve represents the statistical model calculations 
multiplied by 1.16. The low-energy portion of the Pb? level 
scheme, with excited-state energy and spin and parity assignments, 
is shown at the right. Arrows indicate observed transitions. For 
the statistical model calculations of the 0.81-Mev transition, the 
3+ — 2+ transition was assumed to be 4/1. 


certainly does not properly represent the small-angle 
measurements, either for Fe®* or Mg®*. Since the Mg* 
data showed such a pronounced anisotropy, we re- 
measured the angular region between 0° and 45° twice, 
and with two somewhat different experimental arrange- 
ments. The pulsed beam coincidence system measure- 
ments were repeated, and then the full beam was used 
with an associated particle coincidence system" to 
separate the gamma rays of interest. In the latter sys- 
tem, a thin anthracene detector was used to detect He’ 
recoils from the D(d,n)He® source reaction and coin- 
cidences were required between the recoil He’* particles 
and the prompt gamma rays. All measurements of the 
Mg anisotropy at small angles were in good agreement. 

The measured and calculated cross sections for the 
Pb*"* transitions are shown in Figs. 9 and 10. In contrast 
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Fic. 10. Differential cross sections for the 0.536-Mev transition 
in Pb*, The dot-dash curve is a least-squares fit to the measure- 
ments. The solid and dashed curves represent statistical model 
calculations for M1 and £2 multipolarities, respectively, multi- 
plied by 1.56. 


4R. C. Lamb, Technical Report UK-60-1 (Physics), 1960 
(unpublished); Progress Report, under Atomic Energy Commis- 
sion contract, 1961 (unpublished). 
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Fic. 11. Differential cross sections for the 0.861-Mev transition 
in Mn**. The transition is indicated by an arrow in the level 
scheme shown at the right. 


to the representations in Figs. 7 and 8, the solid curves 
of Figs. 9 and 10 are not the calculated differential cross 
sections, but differ from them by numerical factors. The 
solid curve of Fig. 9 represents the calculated cross 
sections multiplied by 1.16 and the curve in Fig. 10 is 
plotted to be the statistical model results multiplied by 
1.56. As is apparent from the appearance of these fac- 
tors, the agreement between calculated and measured 
cross sections for the 0.536-Mev transition is not 
especially satisfactory. Recently, the transition proba- 
bilities for excitation of the various states of Pb”®* have 
been measured at 94° and as a function of neutron energy 
by Lind and Day." Their report includes a decay scheme 
and branching ratios for the gamma-ray transitions; we 
have used this information to assist us in calculating the 
cross sections shown in Figs. 9 and 10. The solid curve 
of Fig. 9 includes the 3+ — 2* cascade contribution from 
the 1.34-Mev state, assumed to be M1. The effect of the 
cascades from higher 2* states'® on the shape of the 
curve has not been included, since the multipolarities 
of these cascade contributions are not known. These 
cascades account for 23% of the 2*-—> 0* transitions. 
However, the calculated differential cross sections have 
been adjusted in magnitude so that the total cross 
section does include the effects of the cascades from the 
higher 2* states. We have found that assuming £2 
rather than M1 for the 3*— 2* transition does not 
appreciably alter the shape of the calculated distribu- 
tion for the 2* — 0* line. 

Figure 10 presents the measurements and calculations 
for direct excitation of the 3* state. There is no evi- 
dence’ of cascades to this state from higher states, so 
that the calculations should completely represent this 
transition. The solid and dashed curves represent the 
assumptions M1 and £2, repsectively, for the 3+ — 2+ 
transition. Any admixture containing 20% or more £2 
provides a distribution very similar to the dashed curve. 
The points plotted in Fig. 10 have been corrected for the 
expected 14% contribution to the measured yields from 
the 0.57-Mev line in Pb”, assumed to be isotropic. A 


'6T). A. Lind and R. B. Day, Ann. of Phys. 12, 485 (1961). 
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TABLE II. Experimental and theoretical total cross 
sections for gamma-ray production. 


E, (Mev) 


(mb) 


1125 


Isotope om (mb) oe 


Fe* 


0.85 +0.015 1260+60 
1150+130* 
1210> 
670+45 697 

660+ 1002 
356+20 
310+20 
920+ 130° 530 
5004 
2122+120 
15004 


Mg 1.374+0.015 


Mn* 0.861+0.007 


1.18 +0.010 


Pb*6 0.536+0.007 


0.814+0.010 1670 


® M. Hosoe and S. Suzuki, J. Phys. Soc. Japan 14, 699 (1959), 

b> D. M. Van Patter and R. W. Jackiw, Proceedings of the International 
Conference on Structure, Kingston (University of Toronto Press, Toronto, 
and North Holland Publishing Company, isterdam, 1960), p. 2 

© This value is obtained after subtracting the itribution of t 
0.57-Mev line from the measured yield. The quoted uncertainty does not 
include the uncertainty of this subtraction. 

4D. A, Lind and R. B. Day, Ann. Phys 


12, 485 (1961). 

‘ 
general characteristic of the comparison of measured 
and calculated differential cross sections in Figs. 7 
through 10 is that the measurements show more ani- 
sotropy than the model predicts. 

Table II contains a summary of total cross sections 
obtained by integrating the measured differential cross 
sections and also those inferred from the statistical 
model. Energy measurements of the gamma rays are 
also included in this table. As shown in Table II, our 
measurements are in good agreement with the measure- 
ments of Hosoe and Suzuki’ and Van Patter and Jackiw.° 
The present measurements of the Pb*”* transition rates 
are not in agreement with those reported by Lind and 
Day." A possible source of error could be our procedure 
for handling multiple scattering corrections. We adopted 
an approximate correction demonstrated by Day' to be 
valid for a somewhat different sample geometry than 
that used by us. Our Pb** sample was a right circular 
cylinder of approximately 5.5-cm length and 1.9-cm 
diameter, oriented with cylinder axis perpendicular to 
the neutron flux. Day developed this approximation for 
the ring geometry. It would be difficult to attribute the 
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Fic. 12. Differential cross sections for the 1.18-Mev transition 
in Mn**. The transition is indicated by an arrow in the level 
scheme shown at the right. 
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entire disagreement to this source, however, since the 
multiple scattering correction would be of the order of 
17%. The theoretical cross sections in Table II are in 
agreement with the measured ones, except for our 
measurements for the 0.536-Mev line in Pb?®, Lind and 
Day had found that the cross sections implied by the 
neutron transmissions tabulated by Beyster et al.’? were 
too large to represent the Pb** transitions near thresh- 
old.'® It is clear that this is not the case at this neutron 
energy; that is, the theoretical cross sections are not 
large compared to the measured ones. 


Mn* Levels 


Differential cross sections of the Mn**(n,n’y) lines 
from the second and third excited states have been 
measured in an effort to provide additional information 
about the properties of these states. Extensive measure- 
ments of Mn*°(n,2’y) cross sections have been reported 
and Mn*°(,2’) differential cross sections have been 
measured at -,,= 2.45 Mev.‘ Nath e al.!® have compared 
their measurements as a function of neutron energy to 
theoretical expectations for Mn*° transitions in order to 
provide spin assignments of 9/2 and 11/2 to the second 
and third excited states, respectively. Their measure- 
ments did not fix the parities of these states. Figures 11 
and 12 present differential cross sections for the produc- 
tion of gamma rays from the second and third excited 
states, respectively. The de-excitation of these levels is 
known".!6 to proceed principally to the $~ first excited 
state. The least-squares fits indicate significant P, co- 
efficients for both distributions, which implies transition 
amplitudes of multipolarity 2 2. 

The degree of agreement between measured and com- 
puted total cross sections for (,n’y) reactions indicated 
in Table Il prompted us to use the statistical model 
described above to place limits on possible spin assign- 
ments to the levels of Mn®*. Unfortunately, the extent 
to which these states are indirectly excited by cascades 

16N. Nath, M. A. Rothman, D. M. Van Patter, and C. E. 


Mandeville, Nuclear Phys. 13, 74 (1961) and references cited 
therein. 


SECTION 


FOR (n,n’y) REACTIONS 1537 
from higher states is not known at £,=2.9 Mev. It is 
not possible, therefore, to use the magnitudes of our 
production cross-section measurements to limit possible 
spins. Nath e/ al. have measured" the inelastic scattering 
cross sections to be 0.31 and 0.08 barn for the second 
and third excited states, respectively, at F,=2.47 Mev. 
Cranberg and Levin‘ quote differential inelastic scatter- 
ing cross sections of 20 and 11 mb/sr, respectively. If 
we assume isotropy for the inelastic neutron distribu- 
tions, this would imply total cross sections of 0.25 and 
0.14 barn. These measurements were at E,=2.45 Mev. 
The size of the cross sections for excitation of the levels 
requires the spins to be £ 11/2, and this together with 
the P, coefficients in our gamma-ray distributions indi- 
cates that a pronounced £2 amplitude is present in the 
second excited state transition, so that the parity of 
that state is odd, as expected by Nath ef al. The sta- 
tistical model employed in this paper yields cross sec- 
tions of 180 and 113 mbarn for spins of 9/2~ and 11/27 
The principal argument in favor of a 9/27 assignment 
for the second excited state was a single-particle branch- 
ing ratio calculation'® which assumed that the 9/27 to 
7/2- transition was M1.Since we find a significant £2 
amplitude is present in the transition, assignments of $— 
or 3~ might also be probable spins for that level. If we 
and 11/27 we calculate cross sec- 
tions of 220 and 130 mbarns, respectively, in slightly 
better agreement with the observed cross sections and 
cross-section ratios. The statistical model predicts a 
rather smiall change in the cross-section magnitudes as 
the incident neutron energy is changed from 2.45 to 2.9 
Mev. Our total production cross sections for the second 


assume spins of 7/2 


and third levels are 356 and 310 mbam, respectively, in- 
dicating considerable cascade contributions from higher 
states. For this reason, calculations of the differential 
production cross sections have not been attempted. 
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Revised Calculations on the Photodisintegration of the Deuteron* 
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A numerical error which affected results in two of the approximations reported on previously is taken 
into account. Revised values of coefficients for formulas and graphs illustrating typical effects of the revision 
are supplied. The disagreement with experiment at the smaller proton angles and higher energies is accen 
tuated while agreement with experiment at the lower energies and larger as well as smaller angles is, on the 
whole, improved and is practically unaffected at the lower energies and higher angles. 


N a previous publication' by some of the present tained that the combination u,+",— 3 which enters 


authors, the values of the differential cross section 
for the d(y,”)p reaction and of the expected polariza- 
tion of the ejected protons have been given. In the 
course of an extension of the work which is in progress 
by means of a digital machine program, it was ascer- 


TaBLe I. Angular distribution parameters in microbarns/ 
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Eq. (4.1) of the paper quoted was used in the computa- 
tions as a number having the value u»+u.+ 3. This 
numerical mistake does not affect the results in approxi- 
mations A, B, C of the paper. It matters, however, for 
approximations D and £ since the erroneous number 
enters as a coefficient in the important cross product 
terms of matrix elements of M1 transitions to triplet 
states. Corrected values of quantities in Tables VIII-XI 
of reference 1 are listed below in Tables I-IV, respec- 
tively. The notation of reference 1 is used. 

The effect of the revision is to decrease the difference 
between the values of the differential cross section in 
approximations D and C by a factor of roughly 3.6 
leaving the difference between E and D nearly un- 
changed. Typical revised results are shown in Figs. 1-4 
which correspond, respectively, to Figs. 3, 4, 5, and 7 
of reference 1. According to the first of these at gamma 


TaBLE II. Polarization parameters in microbarns/sr for Band tt in approximation D. Suffixes 1 and 2 
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CALCULATIONS 


ray energies of 62.2 and 102.2 Mev, the agreement with 
experiment is not worsened by the change. Revision of 
Fig. 2 of reference 1 gives a slightly better agreement 
between approximation / and experiment than pre- 
viously at 22.2 and 32.2 Mev for @..m.<90° and perhaps 
a slightly worse one for 4.m.>90°. At these low energies 
approximation D is almost indistinguishable from C. 
Figure 2 of the present note is a revision of Fig. 4 of 
reference 1 and shows for 6. ....<90° a definitely worse 
agreement with experiment than previously for both 
D and E. For 6¢.™.>90°, approximation E shows no 
systematic deviation from experiment at 152.2 Mev and 
is somewhat better in this respect than Fig. 4 of refer- 
ence 1. At 177.2 Mev the revision also improves the 
agreement of approximation / with experiment for 
9. 

Figure 3 shows proton polarization and is a revision of 
previous Fig. 5. As for the cross section, the difference 
between C and D is quite small in the revised calcu- 


TABLE LV. Polarization parameters in microbarns/sr for protons 
and neutrons in approximation Z. Suffixes 1 and 2 correspond to 
potentials I and IT. 
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Fic. 1. Differential cross section for the d(y,n)p reaction with 
unpolarized gamma rays of energy 62.2 and 102.2 Mev in the 
laboratory system for potential I. The experimental points of 
various investigators are represented as follows: Circles for those 
of Allen at 66 Mev; squares for those of Whalin, Schriever, and 
Hanson at 65 and 105 Mev; triangles for those of Keck and 
Tollestrup at 105 Mev; open and solid inverted triangles for those 
of Galey at 60 and 65 Mev, respectively. [Some of the more recent 
results and references to earlier work are given by L. Allen, Jr., 
Phys. Rev. 98, 705 (1955); J. C. Keck and A. V. Tollestrup, ibid. 
101, 360 (1956); E. A. Whalin, B. D. Schriever, and A. O. Hanson, 
ibid. 101, 377 (1956); D. R. Dixon and K. C. Bandtel, ibid. 104, 
1730 (1956); C. A. Tatro, T. R. Palfrey, Jr., R. M. Whalley, 
and R. O. Haxby, ibid. 112, 932 (1958); J. A. Galey, ibid. 117, 
763 (1960). ] 








in microborns /steradian 


o (@) 











60 


Bom. 
Fic. 2. Differential cross section for the d(y,n)p reaction with 
unpolarized gamma rays of energy 152.2 and 177.2 Mev in the 
laboratory system for potential I. The experimental points of the 
various investigators are represented as follows*: squares for those 
of Whalin, Schriever, and Hanson at 149 Mev; triangles for those 
of Keck and Tollestrup at 155 Mev; circles for those of Dixon 
and Bandtel at 182 Mev. 
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Fic. 3. Percentage polarization of protons from the d(y,n)p 
reaction with unpolarized gamma rays of energy 22.2 and 32.2 
Mev in the laboratory system for potential I. 


lations. In this case the revision has only a small effect. 
Figure 4 gives a revision of the previous Fig. 7 and shows 
proton polarization at gamma-ray energies of 152.2 and 
177.2 Mev. The differences between approximations D, 
E, and C are again smaller than previously. While pre- 
viously D showed no maximum at small angles it is 
now similar to C and £ in this respect. The large-angle 
minimum of £ gives a smaller P,’ than the correspond- 
ing minimum of D while previously the opposite was 
the case. The general features of the polarization graphs 
have not been affected, however. 

The differences between results for potentials I and 
II in approximation £ illustrated in Fig. 8 of reference 1 
for cross section and in Fig. 9 of reference 1 for polari- 
zation are practically unaffected by the revision. As has 
been remarked in reference 1, the agreement with ex- 
periment then obtained, while not perfect, was better 
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Fic. 4. Percentage polarization of protons from the d(y,n)p 


reaction with unpolarized gamma rays of energy 152.2 and 177.2 
Mev in the laboratory system for potential I 


than one had reason to expect in view of uncertainties 
in the theory. The revised calculations improve the 
agreement of approximation F/ at high energies and 
larger angles. On the other hand, the disagreement at 
smaller angles becomes quite pronounced both at 152.2 
and 177.2 Mev. In this respect the results appear to be 
more reasonable, the cases of approximate agreement 
for all angles being now confined to relatively small 
energies. 

There are available revised versions of Figs. 2, 6, 8, 
and 9 of reference 1 which can be furnished on request. 
The revisions reported on apply also to an earlier pub- 
lication,? the results of which have, however, been 
superseded by those in reference 1. 


2 W. Zernik, M. L. Rustgi, and G. Breit, Phys. Rev. 114, 135: 
(1959). 
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Nuclear Resonant Absorption of Gamma Rays by Ca‘°} 


A. C. Eckert* AND E, F. SHRADER 
Case Institute of Technology, Cleveland, Ohio 
(Received July 3, 1961) 


Ground-state gamma rays (E,=10.3 Mev) emitted by excited Ca* formed in the reaction K®(p,7)Ca® 
at E=2.05 Mev have been resonantly absorbed in calcium. Nuclear resonant absorption occurs when the 
absorber is placed at such an angle that the energy discrepancy upon emission and absorption of the gamma 
rays is restored by the Doppler shift resulting from the recoil velocity of the excited Ca* nucleus. The gamma 
radiation is detected by a scintillation detector mounted behind an angle-defining collimator. The nuclear 
resonant absorption curve is obtained by observing the transmission through the absorber as the collimator 
is rotated through the resonant angle. The observed width, which is of the order of 0.8 degree, is a function 
of the angular divergence of the proton beam and the angular opening of the collimator. From the integral 
of the absorption as a function of angle and from a yield measurement, the radiation width for a transition 
to the ground state is determined to be 3.60.24 ev, while 5.8+1.8 ev is found for the proton width, and 
10.3+1.7 ev for the total width. These values together with the measured angular distribution of the ground 
state radiation are consistent with a 2+ assignment to this level. 


I. INTRODUCTION 


HE method of nuclear resonant absorption using 
(p,y) reactions as a source of gamma radiation, 
previously employed by Smith and Endt! and by Hanna 
and Schiitzmeister,? has been used to determine the 
total width and the partial widths of a previously 
unreported level at 10.3 Mev in Ca*. Although the 
method has been in use several years, the parameters 
of only three different levels occurring in three different 
nuclides have been determined by this method. Seven 
different levels occurring in three different nuclei, i.e., 
AP’, S*, and Ca® all reported in the literature to be 
formed by proton capture and to undergo ground-state 
gamma-ray transitions, have been investigated in the 
course of this present work. For none of these levels has 
nuclear resonant absorption been definitely observed. 


Il. THEORY 


Following the arguments of Smith and Endt, the 
nuclear absorption in the absorber is given by 


Tt 


Q(E',E,) | {1—exp[n(E”— F’)]} 
X{(E"—E,)dE”, (I111) 


where 
E.= Eo—(E?/2Me]+LEy(2MCE,)! cosé./Mc*], (112) 


and @, is the central angle selected by a collimator 
between the absorber and a detector. The function 
f(E"—E,) is a weighting function which takes into 
account the angular opening of the collimator and any 
angular divergence of the proton beam. f(£”’—E,) is 
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normalized such that 


[ f(E"— E.)dE” =1. (113) 


/0 


The evaluation of @(E’,E,) is not possible because 
an analytic expression for the response function 
f(E"—E.) is not known. However, if the absorption 
integral 

A= | Q(E",E.)dE., 


(114) 


is formed, it can be shown that A is independent of the 
functional form of f(£’’—£.) if the assumption can be 
made that f(£’’—E,) is zero except in the immediate 
vicinity of E” equal to E,. That this assumption is 
valid is demonstrated by the fact that an energy 
resolution of 300 ev is readily obtainable for a collimator 
opening of one degree or less while the total energy 
variation due to the Doppler shift from 0° to 90° may 
be as large as 20 kev. Thus, the area under the absorp- 
tion curve, expressed in energy units, is given by 


at 


A= | {1—exp[no(E”— E’) }}dE” 


an 


x | f(E"-E,dE,. (IIS) 


Hence, 


(116) 


A | {1—exp[no(E”— E’) }}dE”. 


/ 0 


Therefore, the area under the absorption curve is 
independent of the instrumental resolution. However, 
the shape of the absorption curve @(E’,E.) does depend 
on the resolution in the following manner. For good 
resolution, hence low counting rate and poor counting 
statistics, the absorption curve would be narrow but 
deep ; for poor resolution, therefore higher counting 
rates and better counting statistics, the curve would be 
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broad and shallow. For either case the same area is 
obtained. 

If the level is narrow, less than 100 ev, then the 
Breit-Wigner form of the absorption cross section must 
be modified to include thermal broadening of the level. 
The thermal width A is given by 


A=E,(2kT./Mc*)}, (117) 


where & is Boltzmann’s constant and 7, is an effective 
temperature determined by the Debye temperature of 
the absorber. Curves for obtaining T, are given by 
Lamb.’ The arguments of Bethe‘ show that if thermal 
broadening is included the usual resonant cross section 
must be replaced by 


a (t,x) =o (t,x), (118) 


where 


, (119) 


o(t.x«)= 


t [ expl —}f(«—y)* jdy 


2x} 


* i+y 

2x=2%"(E—E), t=T/A. 

Thus, the absorption area takes on the form 
A(t,noo 


a 
= / {1—exp[now/(t,x) }}dx, (I110) 
A 2 J« 
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Fic. 1. Relation between the absorption integral A and the 
level parameters for various values of the ratio A/T’ where A is 
the thermal broadening. The points shown are relative experi- 
mental values of absorption integral for three different absorber 
thicknesses. On the log-log plot the points can only be placed in 
a limited range and still be consistent with a single value of A/T. 
The best fit is for A/f=1.2+0.2. oo is the cross section at 
resonance 
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The values of A/A for various values of ¢ and nay have 
been computed and are shown in Fig. 1. In this present 
work these curves allow the assignment of the value of 
I'/A to the level in question. 


Ill. EXPERIMENTAL PROCEDURE 


The source of protons to initiate the K®(p,y)Ca® 
reaction was the 3-Mev Van de Graaff linear accelerator 
of the Case Institute of Technology. The energy 
stability of this accelerator is 500 ev or less and may 
be as low as 300 ev at 2 Mev depending on the oper- 
ating conditions. The possible divergence of the beam 
was limited by a 1-in. aperture 10 ft from the target 
and a ;%-in. aperture 6 in. in front of the target. Thus 
a beam divergence of about 0.5° is expected. 

The targets were made by evaporating KI onto a 
tantalum backing which was previously washed in 
hydrochloric acid. These potassium iodide targets were 
rather trouble-free and could be left exposed to moist 
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Fic. 2. Experimental arrangement for observing resonant 
absorption of gamma rays by calcium. 


air for several hours without appreciable water ab- 
sorption. For the resonant absorption experiment 
targets as thick as 10 kev were used, while for the 
determination of yield curves targets 1 kev or thinner 
were used. 

Figure 2 shows the experimental arrangement for 
observing resonant absorption. A 2.5-in. by 2.5-in. 
Nal(T]) crystal was used as the monitor and a 5-in. 
diameter by 4 in. deep Nal(TI) crystal was used to 
detect the photons transmitted through the calcium 
absorber. Above this detector was a large plastic 
scintillator which acted as a cosmic-ray anticoincidence 
shield. 

The collimator geometry is shown in more detail in 
Fig. 3. The entrance or angle defining aperture of the 
collimator subtends approximately 0.3°. The far aper- 
ture of the collimator was large enough that the full 


*M. E. Rose, W. Miranker, P. Leak, L. Rosenthal, and J. K 
Hendrickson, Westinghouse Electric Corporation Atomic Power 
Division Report WAPD-SR-506, 1954 (unpublished), Vols. I 
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UCLEAR RESONANT 
target spot is viewed by the detection crystal. The 
detector and collimator could be rotated as a unit about 
an axis passing through the target spot. Rotation about 
an axis not passing through the target spot could result 
in a variation of counting rate with angle unless the 
collimator is constructed as shown. To check this point, 
runs were taken periodically through 5° centered on the 
expected resonant angle without absorbers to deter- 
mine that the counting rate was indeed independent of 
angle. 

A block diagram of the circuitry used is shown in 
Vig. 4. The pulses from the two detectors were mixed 
and presented to a 256-channel pulse-height analyzer 
which had a selective storage feature. The pulses from 
the monitor were stored in the first group of 128 
channels while those pulses from the movable detector 
were stored in the second group. Thus, the spectra from 
both detectors were stored simultaneously. A large 
plastic scintillator placed over the 5-in. crystal and 
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Fic. 3. Details of collimator geometry for observing 
resonant absorption of gamma rays. 


used as an anticoincidence gate reduced the background 
counts by a factor of three. 

The experimental procedure was the following. The 
movable collimator and detector was set at an angle 
several resolution widths away from the expected 
position of resonance and the spectra from the two 
detectors were recorded. The movable collimator and 
detector unit was then moved a fraction of a degree 
closer to the resonance angle and the spectra again 
recorded. This procedure was continued until the 
resonance was traversed. During each experimental 
period at least two traversals were made, one with 6 
increasing and one with @ decreasing, in an attempt to 
cancel systematic drifts. For each angular position, the 
number of counts corrected for background within the 
10.3-Mev photopeak of the monitor spectrum was 
divided into the number of counts within the same 
photopeak of the spectrum recorded by the movable 
detector through the collimator as a function of angle. 
The background, which was essentially all of cosmic-ray 
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lic. 4. Block diagram of electronic circuits used in the 
observation of resonant absorption of gamma rays. 


origin, was determined to be independent of machine 
operation. Thus, knowing the pulse height distribution 
of the background counts, one can infer the number of 
background counts under the photopeak from a 
knowledge of the counts in higher channels. 

During the initial phase of experimentation the 
calcium absorber was in the form of calcium oxide 
pressed into brick form having a density of 1.4 g/cc as 
compared to a crystalline density of 3.37 g/cc. The 
absorber in this form had several disadvantages. First, 
the presence of the oxygen represented nonresonant 
attenuation and hence resulted in a reduction of 
counting statistics. Second, calcium oxide has an 
appreciable affinity for water. Thus an uncertainty in 
the composition of the absorber was present. In addi- 
tion, the Debye temperature of calcium oxide is not 
known and hence the thermal width of the level cannot 
be determined. To eliminate these disadvantages an 
absorber of calcium metal was used during the later 
phase of the experiment. Only the absorption curves 
obtained from the calcium metal absorbers were used 
to determine the parameters of the level being investi- 
gated. The results using the calcium oxide absorbers 
were however in qualitative agreement with those using 
the calcium metal absorbers if it is assumed that the 
Debye temperature of calcium oxide is similar to that 
of magnesium oxide. The ground-state gamma-ray 
yield as a function of proton energy was measured from 
1 Mev to 2.7 Mev using the 25-in. crystal. The angular 
distribution of the ground state radiation from the 
10.3-Mev_ level conventional 
manner. 


was measured in the 


IV. RESULTS 


A level in Ca® formed by the resonant capture of 
protons by K* was reported by Towle e¢ al.® to occur 
at E,=1.566 Mev and to give rise to a strong ground- 
state gamma-ray transition. The energy of the gamma 
ray was reported to be 9.90 Mev and the partial width 
for emission to the ground state was given as 14/(2/+1) 
ev, where J is probably equal to one.’ It had been also 


6 J. H. Towle, R. Berenbaum, and J. H. Matthews, Proc. Phys. 
Soc. (London) A70, 84 (1957). 

7 R. Berenbaum and J. H. Matthews, Proc. Phys. Soc. (London) 
A70, 445 (1957). 
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Fic. 5. Structure of gamma-ray yield from the K®(p,7)Ca® 
reaction at proton energy in the region of 1.56 Mev. 


reported that the total width is less than one kev. This 
information indicated that there was a good possibility 
for this level to display nuclear resonant absorption. 
Consequently, the region in the vicinity of the expected 
resonance angle was carefully scanned using a 6-in. 
sample of calcium oxide absorber, but no resonant 
absorption was definitely observed. Upon later ex- 
amination of a (p,y) yield curve over this level, using 
a target on the order of 15-kev thick, it was noted that 
there appeared to be structure in this resonance. Upon 
making a yield curve determination using a one-kev 
thick potassium iodide target, it was found that this 
level reported as a single line is a doublet separated by 
4.26 kev (see Fig. 5), both levels decaying predomi- 
nantly by ground-state transitions. 

The yield of the ground-state gamma radiation from 
E,=1.45 to 2.1 Mev from the K®(p,y)Ca® reaction 
using a 10-kev thick potassium iodide target is shown 
in Fig. 6. At E,=2.05 Mev is a previously unreported 
level at 10.3 Mev in Ca®. Figure 7 shows the yield from 
this level using a thin target. The yield goes from base 
to peak in 370 ev, which is comparable to the attainable 
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Fic. 7. The 2.05-Mev resonance in the K®(p,y)Ca® reaction. 


energy resolution of the Van de Graaff. Because of the 
high yield and the apparent narrow width of this level, 
it appeared to be a good candidate for nuclear resonant 
absorption. 

In the region up to 3 Mev, several more well-resolved 
resonances were found, but for each the yield was much 
lower and the ground-state transition not as prominent 
as for the 2.05-Mev level. These levels were not in- 
vestigated because of marginal results one could expect 
from such levels. 

Figure 8 shows the gamma-ray spectrum from the 
10.3-Mev level using a 2}-in. diameter by 2}-in. long 
Nal scintillation detector. Analysis of this spectrum 
indicates that (80+8)% of the time the level decays 
to the ground state, the remaining 20% going to the 
first-excited state resulting in a 7.0-Mev gamma ray. 


Fic. 8. Gamma 
ray spectrum for the 
K*(p,7)Ca® reaction 
at the E,=2.05 Mev 
resonance. Spectrum 
was obtained using a 
2}-in. by 2}-in. Nal 
crystal spectrometer. 
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8 A preliminary report of a more exhaustive investigation of the 
K®(p,7)Ca® reaction has been given by R. L. Zimmerman and 
M. Moe, Bull. Am. Phys. Soc. 6, 47 (1961). 
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Fic. 9. Nuclear resonant absorption by the 10.3-Mev level of 
Ca®. Top curve is the transmission by 6 inches of CaO of radiation 
from the K®(,7)Ca® reaction. Bottom curve is obtained using 
2 in. of CaO. Note break in transmission scale between curves. 


The resonant absorption curves for two thicknesses 
of calcium oxide absorber and three thicknesses of 
calcium metai absorber are shown in Figs. 9 and 10. A 
total of approximately 1500-ya hours was required to 
obtain data for the five curves. Table I indicates the 
measured area for each absorber thickness. 

The experimental angular distribution of the 10.3- 
Mev gamma rays is shown in Fig. 11. The least-squares 
fit, up to terms in cos‘, is 


W (6)=1— (0.17 +0.02) cos’@+ (0.03 +0.03) cos‘. 


V. DISCUSSION OF RESULTS 
The three areas for the calcium metal absorbers are 
found to best fit the curves designated by A/T =1.2+0.2 
in Fig. 1. Using the value A=12.4 ev as determined 
from Eq. (117), the following results are obtained : 
r=10.3+1.7 ev. 


This value of A/I permits a determination of o» and 
therefore of (2/+1)I',>=18.2+1.2 ev. An absolute 
yield measurement gives the result that 
(2J+1)r 0 ,/T=9.5+1 ev, 
while spectral analysis indicates a branching ratio of 
l,°/P' =0.80+0.08. 
TABLE I. Experimental results of the resonant absorption of 


the 10.3-Mev gamma ray in absorbers of varying composition 
and size. 





Max. 
Absorber absorption 
Oo 


composition 


Length 
(inches) 


Area 
n(nuc./cm*) 
CaO 2.0 7.90 X 10 
22.6 10” 
5.94 107? 
16.1 10” 
65.6 10” 


Ca metal 
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Fic. 10. Nuclear resonant absorption by the 10.3-Mev level of 
Ca®. From top to bottom the curves are for transmission by 
11.125, 2.75, and 1.0 in. of calcium metal, respectively, of radiation 
from the K®(p,7)Ca® reaction. Note transmission scale breaks 
between curves. 


To calculate the partial widths T,, I',», and I, 
requires a knowledge of J. Since the ground-and first- 
excited states of Ca® are known to be 0* states, the 
spin of the 10.3 Mev state is likely to be 1 or 2. A J=2 
assignment gives a consistent set of partial widths 
while a J=1 assignment gives values for the partial 
widths which are physical only by taking the extremes 
of the experimental errors. It was hoped that the 
angular distribution of the gamma rays would settle 
this question. However using the tables of Ferguson 
and Rutledge,® the analysis of the angular distribution 
is not unique (see Appendix 1) since channel spin 
mixing, S=1 or 2, and / mixing are possible, / being the 
angular-momentum quantum number of the incident 
proton. It is shown there that the level assignments 
J=1+ and 2* are consistent with the measured angular 
distribution, although J = 2* is favored. 
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Fic. 11. Angular distribution of ground state radiation from the 
10.3-Mev level of Ca® excited in the K®(p,7)Ca® reaction. 


* A. J. Ferguson and A. R. Rutledge, Chalk River Laboratory 
Report CRP-615 (unpublished). 
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Fic. 12. The energy-level diagram of Ca®. 


The proton energy at resonance is determined to be 
E,=2.05+0.01 Mev relative to the E,=0.993 Mev 
resonance of the Al*’(p,y)Si** reaction. Using the value 
Q=8.85 Mev for the K*(p,y)Ca® reaction, the ex- 
citation energy E, of the Ca level is calculated to be 
10.3 Mev. Table II gives a summary of results and Fig. 
12 the known level structure of Ca”. In order to deter- 
mine the parity of the state, additional information is 
required, since even though the angular distribution 
measurement is consistent with the assignment of /=2 
it does not in itself determine the parity. 

Additional information may be obtained by con- 
sidering the following equation, 


[= (2k/eK)oD, (V1) 


where & is the wave number of the incident proton, K 
is the proton wave number inside the nucleus (K = 10" 
cm), v, is the penetration factor for the Coulomb 
barrier (computed with r=1.2X10-" cm), and D is a 
proportionality constant having the units of energy. 
Equation (V1) may be rewritten in the form 
IT 2k LY, 
where y is the reduced width. According to Vogt" the 
reduced width in the vicinity of A=40 is y=10- ev 


cm. For ',=5.8 ev and k=3.13X10" cm 
energy of 2 Mev, 


at a proton 


1. =T,/2ky=9.26X10- 


Using the equation of Mott and Massey" the pene- 


© E. Vogt, Nuclear Reactions, edited by P. M. Endt and M. 
Demeur (North Holland Publishing Company, Amsterdam, 
1959), Vol. 1. 

uN. F. Mott and H. S. W. Massey, The Theory of Alomic 
Collisions (Oxford University Press, New York, 1949), p. 55. 
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TABLE II. Parameters of the 10.3-Mev level in Ca®. 


Excitation energy 
Proton energy 2.05+0.005 Mev 
Total width 10.3 +1.7 ev 
Proton width 5.8 +1.8 ev 
Gamma width to ground state 3.6 +0.24 ev 
Total gamma width 4.5 +0.55 ev 
Spin and parity 2* (2-,1*) 


10.3 +0.01 Mev 


tration factors for three different values of / have been 
calculated to be 
= 3.95 10-, 


1,=3.74X 10-4, 
v2=5.64X 10-5, 


and thus the value of /=2 yields a penetration factor 
which is in fair agreement with the expected value of 
the reduced width in the vicinity of A=39. If the 
formation of the compound nucleus is through d-wave 
capture, then the parity of the state is positive. 

It should be pointed out, however, that to obtain the 
observed angular distribution the J/=2* assignment 
requires an /=0, /=2 mixing in the order of 10 to 1 
while consideration of the required penetration factor 
to yield the measured value of [, requires that /=2 
should predominate. This apparent discrepancy cannot 
be explained. 

A 2* level assignment is strengthened by the addi- 
tional information obtained through consideration of 
the radiation width, I',*. The single-particle widths 
according to Weisskopf{" are 


l'.(£2)=0.79 ev, M*=4.5, 


I'~(M2) 2.06 10 2 eV, M 1700, 


where 


and is the strength of the transition measured in 
Weisskopf units. For M2 transitions measured values 
of M? vary from 10~ to 1. Thus, it is unlikely that the 
transition is M2. For £2 transitions, however, observed 
values of M? range from 1 to 1000. Thus, the transition 
is most likely E2 and the 2* level 
supported. 

In conclusion, a 2* level assignment 
sistent with the data, however, a 2 
ment cannot be completely excluded. 


assignment is 


is most con- 


or 1* level assign- 


APPENDIX 1. ANGULAR DISTRIBUTION ANALYSIS 


The angular distribution of the gamma rays emitted 
from a (p,y) reaction may be written in the form 


n 


W(0)=>- A;P2;(cosd), 


where the P2,;(cos@) are the Legendre polynomials. 


BY. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 





NUCLEAR RESONANT 


The reaction to be considered is the following: 
K®+ p— (Ca)*  Ca®+y, 


where (Ca*)* represents the 10.3-Mev level in Ca“; 
the angular momentum J and the parity of which are 
to be determined. The ground states of K* and Ca® 
are known to be $+ and 0*, respectively. Table III gives 
the possible values of S (channel spin) and / for different 
assumed values of J and parity of the excited state. 

The tables of Ferguson and Rutledge? have been 
used to determine the coefficients A; which are listed 
in Table IV. In Table IV f is the measure of the channel 
spin mixing and is the ratio of the square of the matrix 
element for S=1 to the square of the matrix element 
for S=2. x and y are the squared matrix element ratios 
for the two possible / values (J,/’). Consideration of 
Gamow penetration factors indicates that the smaller 
of the two possible values should be favored and hence 
the values of « and y would be expected to be less than 
unity. 

The task to be performed is to determine the values 
of x, y, and f required to fit the measured distribution 
for the four cases above. Thus the feasibility of each 
assumed J value and parity may be determined. 

The measured distribution is 

W (6)=1—(0.17+0.02) cos*6+ (0.03 +0.03) cos*#. 


The results are as follows. 
J=1*: For this case no unique solution exists. 
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TABLE III. Possible J* values of the 10.3-Mev level in Ca® and 
required channel spin and proton orbital angular momentum. 
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However, 
f=0.5872x?—2.24x—0.27, 


Hence, x> 3.9. 
Jz=1 For 
However, 


2 is favored over /=0. 
case no unque exists. 


Therefore, /-= 
this solution 


f (0.27x°—1.47x—0.03) =0.63, 

or x25.4. Thus /=3 is favored over /=1. 
sai . . 
J=2*: There exists a unique solution which is 


x=0.096, f=252. 
Hence, /=0 and S=2 are favored and a small admixture 
of /=2 is required to fit the distribution. 

J =2-: The exact solution for this case is formidable, 
however it may be demonstrated easily that solutions 
for x and y less than unity exist. 


Tasie IV. Angular correlation coefficients for photons emitted from the 10.3-Mev level in Ca® for various values of J*. 


J* W(SLI) 





W (1,0,0) =1 
W (1,0,2) =54(0.63246) P2 
W (1,2,2) =1—54(0.22361) P2 


W =W (1,0,0) +2W (1,0,2)+2°W (1,2,2) + fW (2 


W (1,1,1) =1+0.5P2 

W (2,1,1) = 1—54(0.04472) Ps 
W (2,1,3) =54(0.65727) P2 

W (2,3,3) =1—54(0.17889) Ps 


f is channel spin mixing and x, y are the squared matrix element ratios for the two possible values of /. 


Relative probability 





1 
x 
x? 


2) 


ay 4 


W =W(1,1,1)+-fW (2,1,1) +2fW (2,1,3) +22 /W (2,3,3) 
W (1,2,2) =1+0.357P24-1.141P, 


W (2,0,0)=1 
W (2,0,2) =1.195P2 


W (2,2,2) =1—1.53P2—0.491 P, 


W =W (1,2,2) + /W (2,0,0) +-2fW (2,0,2)-+-22/W (2,2,2) 


W (1,1,1) =1+54(0.22361) Ps 


W (1,1,3) = —5#(0.15649) P2+3 (0.93314) P, 
W (1,3,3) = 1 —54(0.25555) P2—3 (0.19048) P, 


W (2,1,1) =1—5#(0.2236) Ps 
W (2,1,3) = —54(0.3833) P2 


3(0.38095)P, 


W (2,3,3) =1+-54 (0.06389) P2+-3(0.28571) P. 
W =W (1,1,1)+«W (1,1,3) +2°W (1,3,3) + /W (2,1,1) +9 /W (2,1,3) +9 
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Our conclusions are as follows: 

For J=1~ the required / mixing is such that the 
higher values are favored. It is expected that this is 
not the case. 
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For J=2+ the smaller / values are favored. Thus, it 
is expected that the assignment of J =2 is best, however 
no assumption about the parity of the state may be 
made. 
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Neon gas has been bombarded with 2.4, 3.1, 4.6, and 6.1-Mev deuterons and with 3.4- and 4.5-Mev He? 
particles. Time-of-flight measurements of neutron groups indicate excited states of Na® at 0.37+0.04, 
1.69+0.05, 2.83+0.04, 3.89+0.05, 4.86+0.06, and 5.01+0.05 Mev, in addition to the well-known states at 
2.43, 3.57, 4.18, 4.31, and 4.49 Mev. Angular distributions show strong direct interaction features. Mg”, 


here reported for the first time, has a mass excess 


are observed with £,<2.5 Mev 


I. INTRODUCTION 


N Ne#!, studies of the proton groups from the re- 

actions F'*(He*,p)Ne* (Hinds and Middleton!) and 
Ne” (d,p)Ne™ (Freeman?) have shown the existence of 
eleven states with excitation energies F£, less than 5 
Mev. In the mirror nucleus Na”, only eight states had 
been reported in the same energy interval when this 
work was begun. Thus this experiment was undertaken 
to locate the remaining states, to determine, if possible, 
their J*, and to study the interaction mechanisms in- 
volved in the Ne*°(d,n) Na” reaction at deuteron energies 
at and above the Coulomb barrier. 

The information* concerning the Na*! states come 
from two types of studies: the bound states have been 
observed in the Ne*(d,n)Na™ reaction, using plate,‘ 
spectrometer,® and counter-ratio® techniques; the un- 
bound states have been determined by studying the 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission and the National Science Foundation. 

*Now at California Institute of Technology, Pasadena, 
California 
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M—A) of 
= —().043+0.08 Mev for Ne®(He',»)Mg™. The first excited state is at 0.995+0.04 Mev. No 


—0.14+0.08 Mev (C® reference) from Q 


other states 


interactions’ of Ne” and protons [Ne”(p,y)Na”,>:5* 
Ne”(p,p)Ne*,? and" Ne”(p,p’)Ne** ]. The evidence 
for the observed states may be summarized as follows: 
Ground state. The mass of Na*' is known” to 32 kev. 
The superallowed character of the 8 
ground state of Ne* shows J*™= }* 
0.37-Mev state. This state has been observed in 
Ne™”(d,n)Na”. At Ea=1 Mev (@=0° and 90°), Swann 
and Mandeville‘ reported a state with Y= —0.17+0.05 
Mev which they tentatively assigned to the ground- 
state reaction. Angular distributions® at Fg 
and 4.9 show /,=2 and therefore /* 
state. 


decay to the 


1.73-Mev state. This state was previously reported 
to be located at 1.46+0.04 Mev by Marion, Slattery, 
and Chapman.* They used the counter ratio technique 
for locating the corresponding threshold in the (d,n) 
reaction. While we are in agreement with the other 
results reported by Marion ef al. (see below), we dis- 
agree by over 200 kev with this determination. It may 


7See P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 
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be that the location of a resonance in the total yield 
of neutrons, which occurs at about the same energy as 
the threshold, may somehow have affected the true 
position of the threshold. A state at 1.77+0.05 Mev has 
recently been reported.® 

2.43-Mev state. The observation of this state has been 
reported by Marion et al.°; Q=—2.201+0.007 Mev. 
This is the Na*! state whose mass is known best. The 
(d,n) angular distributions indicate® /,=0 and therefore 
Jrt=}*, 

2.84-Mev state. Marion et al. observed a threshold in 
Ne(d,n) at Eg=2.887+0.015 Mev. Since an analogous 
level was not then known in Ne”, they assigned the 
threshold to Ne®(d,n)Na® (£,=9.01 Mev in Na”). If 
we assume the group to be due to the (d,z) reaction on 
Ne, O= —2.623+0.015 Mev, £,=2.85340.035 Mev. 
This excitation energy is in good agreement with that 
of the Ne™ level at 2.87 Mev, and with the results 
which will be reported in Sec. ITI. 

The states at 3.56, 4.18, 4.31, and 4.49 Mev. The first 
of these states has been seen in the Ne*(p,y)Na*! re- 
action. The ground-state transition is very strong,°* 
the level is formed by /=2 proton capture,® and the 
angular distribution of the 3.57-Mev vy rays*®*® shows 
J*=%}+ or 3+. The other states are observed’®" as 
resonances in (p,p) or (p,p’) at F,=1.81 (= 180 kev), 
1.953 (C'=6 kev), and 2.135 Mev (f!=17 kev): J™=3-, 
5*, and }*, respectively. There is also observed an 
anomaly in the cross section at E,=2.7 Mev. It is re- 
ported” that this anomaly cannot be analyzed in terms 
of a single state. 


The existence of Mg” has not been previously re- 
ported. Its mass may however be roughly calculated by 
assuming the charge independence of nuclear forces. 
The first state in the T7,=0 member of the A = 22 triad, 


Na”, which appears to be the /*=0*, T=1 analog of 
the ground states of Ne” and of Mg” is located® at 
().666 Mev. Since the mass excess (M—A) of the Na” 
ground state is —5.183 Mev,” the (M—.A) of the 0.666- 
Mev state is —4.517 Mev. The isobaric difference be- 
tween Mg” and Na” is approximately 3.9 Mev 
[ Coulomb energy difference, using ro= 1.45 fermis, less 
the (1—H!) mass difference ] and therefore the (M— A) 
of Mg”®= —4.517+3.9 Mev= —0.6 Mev. One can then 
calculate the Q of the Ne**(He*,)Mg” reaction to be 
+0.4 Mev. While this calculation is admittedly crude, 
it is known" that in the light nuclei the agreement be- 
tween analog states, when the adjustment is carried 
out in a similar way, is usually better than 0.4 Mev. 
And, in fact, when the mass of Ne” is isobarically ad- 
justed, the Ne”-Na™ mass difference becomes +0.63 
Mev, in excellent agreement with the position of the 
presumed 7= 1 state at 0.666 Mev. 

One may expect the level structure in Mg” to be 
similar to that of its mirror nucleus, Ne”. The first 
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Lauritsen, Ann. Rev. Nuclear 
Sci. 10, 409 (1960). 
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three states of Ne” are located at 0 (J=Ot), 1.274 
(J =2+), and 3.356 Mev (J=1-, 2+). 


II. EXPERIMENTAL PROCEDURES 


The large Los Alamos vertical Van de Graaff gen- 
erator was used to accelerate deuterons to energies of 
2.5 to 6.2 Mev and He’ particles to energies of 4.0 to 
5.0 Mev. An rf electrostatic beam deflector, operated 
at a frequency of about 1.93 Mc/sec, is located in the 
high-voltage terminal of the accelerator. It serves to 
“chop” the charged particles into bursts and therefore 
permits use of time-of-flight measurements of neutrons 
emitted in nuclear reactions. After collimation in the 
beam tube, the incident particles encounter a gas 
target chamber. 

The target consisted of a brass chamber insulated 
from the beam tube. The cylindrical chamber was 3 
cm long and had a diameter of 0.9 cm. The front of the 
chamber was covered with 0.05-mil nickel foil. The 
back of the chamber was made of gold. Currents varied 
from 0.2 vamp to 1 wamp. Gases used were spectro- 
scopically pure neon and tritium. The samples were 
subsequently assayed by Dr. T. Roberts. 

The neutrons were detected by a proton recoil plastic 
scintillator coupled to a fast photomultiplier. The de- 
tector used in the (d,n) work was an NE 102 scintillator 
with 12-in. diameter and 1}-in. length; that used in the 
(He*,x) work was larger: 5 in. in diameter, 1} in. long. 
Both scintillators were canned with an aluminum re- 
flector, surrounded by lead and placed inside large 
collimators." The collimator used is set up on a ro- 
tatable mount so that it can be aimed at the target at 
any angle between 0° and ~ 160° with respect to the 
incident charged particle beam. The distance between 
the target and the detector was varied in this experi- 
ment up to a maximum of 4 m, the flight path being 
generally a compromise between resolution and avail- 
able machine time. 

The energy of the neutrons is determined by a meas- 
urement of the time required for the neutrons to travel 
the flight path between the target and the detector. 
This is accomplished by means of a time-to-pulse height 
converter and pulse-height analyzer. The details of the 
time measuring arrangement have been described previ- 
ously.!® The only change which has been made from 
the arrangement described in reference 15 is that the 
“stop” pulse is derived from a capacitative pickup 
cylinder, through which the pulsed beam passes, rather 
than from the deflecting voltage. This change became 
necessary when terminal pulsing was substituted for 
external pulsing of the beam. 


4. Cranberg and L. Rosen, Nuclear Spectroscopy, edited by 
F. Ajzenberg-Selove (Academic Press, Inc., New York, 1960), 
Vol. A, p. 411. The collimator enclosing the larger detector uses 
paraffin and lithium hydride as the moderating and capturing 
materials. It is 30 in. in outside diameter and about 48 in. long 
with a 5-in. diameter hole on the axis. 

16W. Weber, C. W. Johnston, and L 


Cranberg, Rev. Sci. 
Instr. 27, 166 (1956) 
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The calibration of the output of the pulse-height 
analyzer in terms of time was determined in two ways: 
(1) For the Ne”*(d,x)Na™ spectra, the time per channel 
was calculated on the basis of the de-excitation y ray 
and the neutron group corresponding to the 2.431-Mev 
state; the Q value for that reaction is known to +7 kev. 
At each angle, and at each deuteron energy, the differ- 
ence between the channel number corresponding to 
t=0 and the 2.43-Mev state neutron group was deter- 
mined. The energy of the neutron group was calculated, 
and the corresponding flight time was obtained from 
the tables of Ribakov and Sidorov.’* The flight time 
divided by the channel difference then gave ¢., the time 
per channel (/.~2.28 nsec/channel). (2) In the case of 
the Ne*(He’,z)Mg™ reaction no known group could be 
used for calibration. Instead, tritium gas was bom- 
barded by 2.50-Mev protons and the neutrons emitted 
at 0° from the T(p,2)He’ reaction, whose energy could 
be calculated accurately, were detected at various flight 
paths ranging from 1.0 to 3.0 m. This flight path varia- 
tion not only led to determinations of ¢, but also showed 
the linearity of the time versus channel plot. Unfor- 
tunately, no ¢, calibration was made on the day on 
which the best (He*,) runs were made, but calibrations 
taken the days preceding and following that day indi- 
cate /.= 2.32 nsec/channel. 

In both cases the uncertainties in the ¢, determina- 
tions are, of course, included in the quoted uncertainties 
of the Q values we obtained. 

The detector sensitivity had been determined previ- 
ously’? by observing the known 0° yield of the 
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Fic. 1. The time spectrum of neutrons from the Ne®(d,n)Na”! 
reaction for an incident energy of 3.07 Mev, as seen at 0° to the 
deuteron direction. The numbered peaks correspond to states in 
Na* as indicated in Fig. 18. When sample statistical errors are 
not indicated, the error is contained within the data point. The 
flight path was 2.02 m. 


6B. V. Ribakov and V. A. Sidorov, Suppl. Atomnaya Energ. 
6, (1958). 

17D. M. Thomson, Ph.D. thesis, University of Kansas, 1960 
(unpublished); available from University Microfilms, Ann Arbor, 
Michigan. 


CRANBERG, 


AND DIETRICH 
T(p,n)He® and D(d,n)He® reactions as a function of 
neutron energy. The over-all gain and effective bias of 
the detection system were adjusted daily on the basis 
of pulses produced by the 60-kev y ray from an 
americium-241 source, thereby duplicating the condi- 
tions under which the detector sensitivity had been 
determined. Americium-241 produces a characteristic 
peak at about the same pulse heights as do neutrons of 
energies near the cut-off region of the detector sensi- 
tivity curve,'’? so that gain and discriminator settings 
may be made in terms of the 60-kev y rays, thereby 
compensating for drifts of the electronic system. The 
absolute sensitivity may be calculated in terms of the 
known cross section of the T(~,7)He® reaction. This 
calculation will be discussed further in Sec. ITI. 
Finally, the question of background must be con- 
sidered. All runs were immediately preceded or fol- 
lowed by a background run in which the gas chamber 
was evacuated. The background showed some structure, 
primarily due to the C"(d,n)N™ reaction. The carbon 
was probably in the form of a deposit on the nickel foil 
at the chamber entrance. Generally background runs 
were shorter than the foreground runs. The IBM-704 
computer at Los Alamos, which processed the raw data, 
subtracted the background runs, suitably corrected for 
any difference in incident beam charge, from the fore- 
ground runs. Longer runs were desirable in the back- 
ward direction because the neutron angular distribu- 
tions were peaked in the forward direction. However, 
for ease in computing angular distributions, the 704 was 
programmed to normalize the “true” data (foreground 
less background) at all angles and energies to the same 
incident beam charge (approximately 107 wcoul per run) 
and to the same target thickness (the pressure of the 
gas varied slightly from one run to another). 


Ill. Na*! RESULTS 


The Ne”(d,n)Na* reaction was studied at Ea= 2.37, 


3.07, 4.60, and 6.12 Mev. The Ha=2.37 Mev run was 


2. The data at 90°, £z=3.07 Mev (see also caption of Fig. 1). 
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made at only one angle, 0°, and with good resolution to 
resolve the ground and first excited states of Na”. The 
runs at the higher energies were concerned with the 
higher excited states and with the interaction mecha- 
nisms; they were carried out at 11 angles ranging from 
0° to 150° in the laboratory system. 


A. 3.07-Mev Run 


The incident energy of the deuteron beam was 3.20 
Mev. The 0.05-mil Ni window corresponded to an en- 
ergy loss of 0.11 Mev. The pressure of the neon gas 
was 100 mm of Hg, and thus the average energy of the 
deuterons in the target was 3.07 Mev. Typical spectra 
are shown in Figs. 1 and 2. No attempt was made to 
separate the ground and first excited states (groups 
0+1) but indication of structure is evident. The 1.73- 
and 2.43-Mev groups appear clearly (groups 2 and 3, 
respectively). Relative to the 2.43-Mev state (see Sec. 
Il), the Q value of group 2 is determined to be —1.46 
+0.01 Mev. [The error quoted here is the standard 
deviation of the results from seven angles; in the back- 
ward direction, the groups due to the 2.43-Mev state 
were not clearly enough observed to be used as 
references. | 

The neon gas used was an isotopic sample: it con- 
tained 8.85% of the Ne” isotope.'® The Ne”(d,n)Na™* 
reaction accounts for the subsidiary structure seen in 
Figs. 1 and 2. For instance, at 0° and at 90°, the groups 
centered at channels 22 and 25 are due to an excited 
state of Na® at 8.41+0.03 Mev. [The shift to higher 
channel from 0° to 90° may seem surprising, but it 
should be noted that the y-ray peak is shifted also. 
This was done deliberately to obtain a more convenient 
display. ] It is clear that, these groups are due to an 
excited state in Na® because a few runs were made with 
isotopically pure’ Ne” and these groups were strongly 
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Fic. 4. The data at 30°, Eu=4.60 Mev (see also caption of Fig. 1). 


evident. Marion et al.® had observed a threshold in the 
(dn) reaction on neon at £z=2.292+0.010 Mev. Since 
no analogous state is known!” in Ne”, the authors sug- 
gested that the threshold was connected with the 
Ne*(d,n)Na™ reaction: £,=8.431+0.011, in excellent 
agreement with our result. Finally, the high-energy 
structure in the 90° data (Fig. 2) can also be accounted 
for by the Ne” contribution. 


B. 4.60-Mev Run 


The incident energy of the deuteron beam was 4.70 
Mev. The 0.05-mil Ni window corresponded to an 
energy loss of 0.08 Mev. The pressure of the neon gas 
was 100 mm of Hg and therefore Ea= 4.60 Mev. Typical 
spectra are shown in Figs. 3-5. The weighted Q value 
from the runs at 4.60 Mev, corresponding to neutron 
groups ‘‘2” is —1.49+0.04 Mev, in excellent agreement 


Fic. 3. The data at 0°, Ez=4.60 Mev (see also caption of Fig. 1). 


18 The neon was assayed by Dr. T. Roberts to whom we are 
indebted for the following information: Ne”, 90.89%, Ne?!, 
0.260%, Ne, 8.85%, traces of N and O. 

19 We are grateful to Dr. N. Jarmie and Dr. M. G. Silbert who 
made the Ne® available to us. 
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Fic. 5. The data at 90°, #,=4.60 Mev (see also caption of Fig. 1). 
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Fic. 6. The data at 0°, Ez=6.12 Mev (see also caption of Fig. 1). 


with the £z= 3.07 Mev results and in disagreement with 
the results of Marion ef al. (see Sec. I). At all angles 
except 0° and 15° there also appear resolved neutron 
groups corresponding to an excited state of Na* at 
2.83+0.04 Mev (groups labeled “‘4’’). [See the intro- 
duction for a discussion of Marion’s results® relating 
to this level. } 


C. 6.12-Mev Run 


The incident energy of the deuteron beam was 6.21 
Mev. The loss in the Ni window was 0.07 Mev. The 
pressure of neon was 100 mm of Hg. Therefore Eg=6.12 
Mev. Typical spectra are shown in Figs. 6-10. In addi- 
tion to the groups (not always resolved) corresponding 
to the first five states of Na”, six other groups appear. 


(1) Groups labeled “5”: These appear most clearly 
at 75°, 90°, and 105°. The groups correspond to the 
J=¥* level at 3.57 Mev observed in Ne*’(p,y)Na”. 
“6”: Based on the 90° and 105° 
3.89+0.05 Mev. This 


5 
(2) Groups labeled 
data, O= —3.66+0.04 Mev, EF, 
state has not been observed in the (Ne®+ )) work. 


Fic. 7. The data at 30°, E,=6.12 Mev (see also caption of Fig. 1). 
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Fic. 8. The data at 75°, £z=6.12 Mev (see also caption of Fig. 1). 
Since the Ne”*(p,p) work" has not been published, it is 
not known whether a resonance (at £,~1.5 Mev) cor- 
responding to such a state is definitely excluded. Of 
course it is not completely excluded that the groups 
“6” are due to Ne”(d,z)Na**. However the groups are 
relatively intense and the mirror region shows three 
states (of unknown J”) with / 3.74, and 
3.89 Mev. 

(3) Groups labeled “7” and ‘8’: These groups, cor- 
responding to the 4.18- and 4.31-Mev states are never 
fully resolved, although the 90° and 105° spectra sug- 
gest the presence of two separate groups. The intensities 
of the groups do not differ greatly. From an analysis' 
of the (Ne”+ )) resonances, J/=}- and 3+. The /, 
should then be 1 and 2, respectively. 

(4) Groups labeled ‘9’’: These groups are indicated 
at all angles but are never fully resolved. They corre- 
spond to the J= }* state at 4.49 Mev observed in 
(Ne*°+ p). 

(5) Group labeled “10”: This group appears clearly 
only at 75°. If it belongs to Ne**(d,n)Na”™, O= —4.63 
+0.05, E,=4.86+0.06 Mev. It is not excluded that 
Ne” is involved. The intensity argument cannot be 
made here. One can only say that additional states in 
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Fic. 9. The data at 90°, 2,=6.12 Mev (sce also caption of Fig. 1). 
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Na” are needed in this energy region because of the 
Ne*' structure. Haeberli!® does not report a resonance 
at 2.52 Mev corresponding to this state. However, 
attempts to analyze the 2.7-Mev resonance (see below) 
in terms of a single state have not been successful. It 
may be that the 4.86-Mev state is involved. The J 
value of this state is probably high since the intensity 
is relatively low. 

(6) Groups labeled “11”: These groups are clearly 
resolved at all angles: O= —4.78+0.03 Mev, £,=5.01 
+0.05 Mev. Presumably this state is involved in the 
2.7-Mev complex resonance observed"’ by Haeberli in 


(Ne*+ p). 
D. 2.37-Mev Run 


The incident energy of the deuteron beam was 2.51 
Mev. The loss in the Ni foil was 0.13 Mev. The target 
was thin: 28 mm of Hg pressure of neon. The average 
deuteron energy was therefore 2.37 Mev. Data were 
taken at 0° only. The spectrum is shown as Fig. 11. It 
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Fic. 10. The data at 105°, £g=6.12 Mev 
(see also caption of Fig. 1). 


shows two resolved neutron groups corresponding to 
the ground state of Na” and to a state at 0.37+0.04 
Mev. The intensities of the two groups are nearly the 
same. 


E. Cross Sections 


The observed angular distributions are displayed in 
Figs. 12 to 17. The ordinates show the relative cross 
sections in the c.m. system in units which are arbitrary 
but which are the same in all the figures. The differential 
cross sections in millibarns per steradian, at the peak 
of the angular distributions of each of the neutron 
groups, are shown in Table I. While the relative cross 
sections are accurately determined, the absolute cross 
sections are only known to within about 30%. This 
figure includes an uncertainty of 20% in the counter 
efficiency and of 10% in the number of target nuclei. 
Table I also includes values of the reduced widths. 


F. Angular Distributions 


The angular distributions of the neutron groups were 
analyzed in terms of the Butler-Born theory, using the 
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Fic. 11. The data at 0°, Bg=2.37 Mev. The group marked 0 
corresponds to the ground state of Na*!, that marked 1 to the 
first excited state of Na* at 0.37+0.04 Mev. The flight path was 
3.02 m. 


Lubitz” tables, and in terms of the distorted wave Born 
approximation (DWBA) method used by Tobocman.” 
While the structure of the distributions was 
usually well matched by the Butler-Born theory using 
a 5-fermi radius parameter, there was better over-all 
agreement with the DWBA curves. 

These curves were obtained by using a program pre- 
pared by W. Tobocman and W. Gibbs and described 


gross 


TABLE I. Differential cross sections* at peak® of 
angular distributions. 





Excita- 
tion ‘ 

energies E 
Mev)‘ 


Cross sections in mb/sr at 
=3.07 Ea=4.60 


Ea=6.12 
Mev Mev Mev 
11.8 


Reduced 
widths® 
(2J+1)4 


(48 5 $2 16.9 (32 0.12! 


wm 


0.9 (97 6 (3 d 
34 (0 119 


0.28:4 
0.7754 
0.048 
0.18! 


(4) 


0 ibe ~1 
= 00 fe Ge 


(0°) 


31 (0°) 


we 
=o C 


(Q*) 
(O°) 


0.11! 


0.25! 


Jide de te DODO 


(1) 


® The estimated uncertainty in these cross 
III-E. 
b The peak angle in the c.m. system 
right of the cross-section value. 
© States in brackets were not resolved: the cross section is that of the 
composite group. - 
4 The total cross section for formation of this state is less than at Ea 
=4.60 Mev 
¢ These reduced widths have been calculated from formula I1.29 of the 
article by M. H. MacFarlane and J. B. French [Revs. Modern Phys. 32, 
567 (1960)] using ro=5 fermi and otras! taken from reference 20. The 
assumed I» are indicated in parentheses. 
f This value is derived from the 6.12-Mev cross section. 
@ This value is derived from the 4.60-Mev cross section. 
b This reduced width was obtained by “‘fitting” the theoretical curve at 
95°, even though the fit is extremely poor. 
i Because the energy of this state is so nearly the proton separation en- 
ergy, formula I1.40 of MacFarlane and French was used in determining 
this reduced width. 


sections is +30°% : see Sec. 


is indicated in parentheses to the 


2 C, R. Lubitz, University of Michigan Report, 1957 (un- 
published). 
21 W. Tobocman, Phys. Rev. 115, 98 (1959). 
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in a report by Rodberg.” The calculations were carried 
out by Swartz™ at the Los Alamos IBM-704 (Code 
STR). The parameters used in calculating the curves 
were: 


Ry, radius of captured nucleon shell-model potential 
3.8 f; 

R, cutoff radius=7 f; 

Va, depth of real potential for deuteron-target nu- 
cleus interaction= —50 Mev; 

Wa, depth of imaginary potential= —30 Mev; 

aa, diffuseness parameter=0.8 f; 

Ra=3.4 f; 

V,, depth of real potential for neutron-residual nu- 
cleus interaction= —50 Mev; 

W,, depth of imaginary potential= —8 Mev; 

a», diffuseness parameter=0.5 f; 

R,=2.9 f. 


f 
of the captured proton) varied from case to case. €a, the 
deuteron binding energy, had to be artificially raised 


Of course Ea, Q, and /, (the orbital angular momentum 


the calculation from blowing up. The sum of eq and 
Q must be greater than about 0.2 Mev. The variation 
in eg does not affect the shape of the distribution but it 
affect the absolute differential cross sections™ 
[o(@)~x €a |. 

These parameters, suggested by Rodberg, led to 
angular distributions which fitted the set of experi- 
mental curves overall well in shape but poorly in 
absolute cross sections. In one case, that for Q=0, 


does 


a 2 i : 


a. 


RELATIVE CROSS SECTION 





60° 


8 (C.M. 

Fic. 12. Angular distributions in the center-of-mass system for 
the neutrons (unresolved) to the ground and first excited states 
of Na™ at E,=3.07, 4.60, and 6.12 Mev. When statistical errors 
are not indicated, they are contained within the data points. The 
relative intensities are arbitrary, but the units used are the same 
in Figs. 12-18. The curves are calculated from the distorted-wave 
Born approximation theory (see Sec. ITI-F for details). 


22 


.. S. Rodberg, Los Alamos Scientific Laboratory Report, 1960 
(unpublished). 

3 We are very indebted to Mr. Blair Swartz for his kindness in 
arranging these calculations. 
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E.=4.60 Mev (see below), a number of the parameters 
were varied to observe their contribution. The cross 
section, for instance, is strongly dependent on Ry: an 
increase of a little over 10% in Ry led to a doubling 
of the peak cross section. No attempt was made to fit 
the absolute magnitudes of the cross sections because 
there did not seem to be a consistent dependence be- 
tween the theoretically predicted cross sections and the 
experimentally observed ones (see the discussion which 
follows). 

Ground+0.37-Mev states (Fig. 12). The two un- 
resolved groups were plotted as an entity with Qo.1=0 
Mev. The states are believed to be $+ and 3* and the /, 
should therefore be 2. The data obtained at HL4= 3.07, 
4.60, and 6.12 Mev may be compared with the theo- 
retical curves. The magnitudes of the peaks of the 
theoretical curves were, in each case, arbitrarily fitted 
to the peaks of the smooth curves (not shown on the 
figure) drawn through the data points. The agreement 
of the shapes in the E,.=4.60- and 6.12-Mev cases is 
good except in the backward direction where the theo- 
retical curves are, typically, too low. The Ez=3.07 
Mev curve poorly reproduces the data points at for- 
ward angles. The theoretical cross sections were calcu- 
lated using a “J” = $ for the group [¢(@)~2/+1] to 
compensate for the presence of the two states (2/»+1 
=4, 2/,+1=6; therefore 2 “J”+1=10). The ratios 
of the theoretical and the experimental peak cross sec- 
tions (for the latter, see Table I) are 0.41 (3.07 Mev), 
0.50 (4.60 Mev), and 0.45 (6.12 Mev). 

1.73-Mev state (Fig. 13). It is suggested by Benenson 
and Lidofsky,® on the basis of a collective model* 
calculation, that this state, with Q=—1.50 Mev, has 
J=3*, which would involve /,=4. The DWBA calcula- 
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Fic. 13. Angular distributions in the _c.m. system for the neu- 
trons to the 1.73-Mev state of Na™ (#,=3.07 and 4.60 Mev). 
(See also caption of Fig. 12.) 


* G. Rakavy, Nuclear Phys. 4, 375 (1957). 
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tions for this case are shown in Fig. 13 (plotted in arbi- 
trary units but in proper relation for the two energy 
cases) even though they bear little resemblance to the 
experimental data. This is the only state for which the 
DWBA approach, and the Butler-Born approach, do 
not seem to be applicable. Assuming J= 3*,/,=4, the 
ratio of the theoretical and experimental cross sections 
are 0.074 (3.07 Mev, 97°), 0.064 (4.60 Mev, 110°). 

2.43-Mev state (Fig. 14). This state (Q= —2.20 Mev) 
is known to have J=}+: /,=0. The fit of the DWBA 
curves is good. One may notice that the experimental 
rise near @=50° (Ka=6.12 Mev) is also indicated in the 
calculated curve. The theoretical curves were sepa- 
rately normalized to each of the 0° data points. The 
cross-section ratios at 0° are 0.94, 0.80, and 0.47 for 
E4=3.07, 4.60, and 6.12 Mev. The eg used to obtain 
these ratios was 2.225 Mev; that used in the theoretical 
calculations was 2.7 Mev. 

2.84-Mev state (Fig. 15). The J* assignment for this 
state, with Q=—2.61 Mev, is not known. DWBA 
curves for /,=0 and 1 (Ka=4.60 Mev) are indicated 
on the figure. The fit of the forward angles with /,=0 
is good in shape if not in cross section. At 0°, the cross- 
section ratio (taking into account eg=3.2 Mev) is 8.7 
(l,=0, J assumed to be 3), 10.8 (/,=1, J taken to be $). 
The curve for /,=2 does not peak in the forward 
direction. ' 

4.18 and 4.31-Mev states (Fig. 16). These states were 
not resolved and the angular distribution is a composite 
one. The J* have been given" as 3-, $+. The dis- 
tribution should then be /,=1 and 2 combined. The 
l,=1 DWBA curve was normalized to the 0° point; 
the /,=2 curve is then plotted to scale. The agreement 
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Fic. 14. Angular distributions in the c.m. system for the neu- 
trons to the 2.43-Mev state of Na* (Hz=3.07, 4.60, and 6.12 
Mev). (See also caption of Fig. 12.) 
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Fic. 15. Angular distributions in the c.m. system for the neu- 
trons to the 2.84-Mev state of Na™ (H7=4.60 and 6.12 Mev). 
(See also caption of Fig. 12.) 


is good if one bears in mind the composite nature of 
these data. Assuming that about 80% of the experi- 
mental cross section (at 0°) is due to the J= > state 
(l,=1) and taking into consideration the value used 
for eq (4.6 Mev), the cross-section ratio is 0.5. 

4.49 and 5.01-Mev states (Fig. 17). These states with 
Q=-—4.26 and —4.78 Mev were resolved. The data 
points are however compared with the same theoretical 
curves since the curves are nearly the same (the Q 
dependence on £4 is not very strong) and the data 
points are very similar. It should be pointed out that 
the experimental points are plotted in the same arbi- 
trary units and that, in fact, the differential cross sec- 
tions for the two levels are identical at 0° (see Table I). 
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Fic. 16. Angular distribution in the c.m. system for the neu- 
trons (unresolved) to the states of Na* at 4.18 and 4.31 Mev 
(Ha=6.12 Mev). (See also caption of Fig. 12.) 


25 From the ratio of the theoretical curves for /,=1 and 2. 
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Fic. 17. Angular distribution in the c.m. system for the neu- 


trons to the 4.49-Mev and 5.01-Mev states of Na®! (H,=6.12 
Mev). (See also caption of Fig. 12.) 


The two theoretical curves were separately normalized 
to the 0° points. The agreement with the /,=1 curve is 
excellent, although /,=2 (with different values of some 
of the parameters) is not excluded. The Q= —4.26 Mev 
state has been said'®" to be J=$*, which would imply 
1,=2. Since the data relating to this value have not 
been published, it may be that J =}, and hence /,=1, 
is a possibility. In any case, the similarities in shape and 
absolute cross sections argue that the /, involved in the 
formation of both states are the same. Assuming /,= 1, 
J=%, the cross-section ratio for either state is 0.29 
(corrected for eg=5.5 Mev); for /,=2, J=3, it is 0.095. 


0.35 (3/2,5/2)* 
: s 


7 
Ne* 2 
Na 

Fic. 18. Energy level diagrams of the mirror nuclei Ne™ and 

Na*!. The values for E, (in Mev) and J* are derived primarily 
from the summary of K. Way and her group [Landolt-Bérnstein, 
Nuclear Energy Levels, Springer-Verlag, Berlin, Germany, 1961 ] 
and from the results presented in this paper. The ground states of 
Ne*! and Na* have been arbitrarily adjusted to show the similari- 
ties in the level structure. Mirror states are connected by dashed 
lines. All levels shown in Ne* are bound. The numbers (0 to 11) 
to the right of the Na* diagram identify the corresponding neu- 
tron groups. 
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In summary then, the cross section ratios (theoretical 
to experimental) are in the range 0.3 to 1.0, for the most 
probable /, values, except in two cases: those of the 
states at 1.73- and 2.84-Mev excitation energy. 

The summary of these and other results on the levels 
of Na* are shown in Table II and in Fig. 18. 


IV. EXPERIMENTAL RESULTS: Mg” 


Only two successful runs were made on the 
Ne**(He*,n) Mg” reaction because of time limitation and 
the very low cross section of the reaction. The successful 
runs were made with He’ particles*® accelerated to 3.99 
Mev and with the detector positioned at 0° and 60° 
with respect to the incident beam: see Figs. 19 and 20. 
Because of the low yield of neutrons, the large 5 in. 1.5 
in. counter was used. The target chamber was operated 
at a pressure of 70 mm of Hg, corresponding to an en- 
ergy loss*’ of about 150 kev in the neon gas. The 0.05- 
mil nickel foil at the entrance to the chamber degraded 
the energy of the He*® beam by 0.5 Mev. Thus the 
average incident energy of the He® particles was 3.40 
Mev with an uncertainty of about 0.05 Mev due prin- 
cipally to uncertainty in the energy loss in the nickel. 

Two groups are observed at 0° and 60°; the group 
labeled 0 is presumably due to the ground state of Mg”, 
that labeled 1 to the first excited state. No other groups 
are observed corresponding to states with £,<2.5 Mev. 
Both of the observed states are bound and the origin of 
the relatively high plateau is not known (the spectra 
are ‘“‘true,”’ that is the background has been subtracted). 

There is excellent agreement of the results from the 
0° and 60° runs: Qo=—0.04(2) (0°), —0.04(5) Mev 


TABLE II. Energy levels of Na*! 


Level hes ’ } 
num- Ne” (d,n)Na*!: Q in Mev 
ber (previous work)* (this work 


0 +0.230+0.030" e 0 
1 —0.10 +0.03 —0.14+0.04 0.37 
2 —1.24 +0.02\¢ —146+0.04 1.73 
—1.55 +0.05 
—2.201+0.007 
—2.58 +0.06 
—3.343+0.035'« 


‘Best’ E, 
(in Mev) 


+(0).04 
+0).04 


—2.201¢ 431+0.031 
—2.60+0.02 84 +0.04 
e 573+0.035 
3.89 +0.05 
4.18 +0.05 
$.314+0.035 
4.488+-0.035 
4.86 +0.06 
—4.78+0.03 5.01 +0.05 


— 3.66+0.04 
—3.95 +0.05'« . 
—4.084+0.035'« e 
9 —4,258+0.035'« c 
10 —4.63+0.05 
11 —4.84« 


® For references, see discussion in Sec. I 

>» Calculated from masses given in reference 12 

¢ Group observed but no attempt made t 

1 See discussion in text. 

¢ This group used as standard to determine 
in this column. 

f Estimated error since error in resonance energy is not 
reference. 

® These levels were observed in the interaction of protons with Ne”. The 
listed O values for the Ne°(d,")Na*! reaction were calculated on the basis 
of the proton resonance energies and the binding energy of a proton in Na”. 


) obtain accurate Q value. 


all the other O values listed 


stated in original 


26 We are indebted to Dr. H. E. Wegner who made the He? gas 
available to us. 

27, W. Whaling, Handbuch der Physik (Springer-Verlag, Berlin, 
1958), Vol. 34. 
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(60°); (i= —1.03(7) (0°), —1.03(9) Mev (60°). And 
while the absolute accuracy of the Q values is not very 
high because of the uncertainty in the incident He’ 
energy, the excitation energy of the excited state is well 
determined: £,=0.995+0.04 Mev (the error given 
arises from the uncertainty in the ¢, value). This excita- 
tion energy is consistent with the energy (1.274 Mev) 
of the first excited state in Ne”. The Qo and Q; values 
are estimated to be —0.04+0.08 and —1.04+0.08 
Mev. The (Qp» value leads to a mass excess (M—A) for 
Mg”=—0.14+0.08 Mev (based on C, and on the 
Mattauch-Wapstra masses” for Ne”, He’, and 7). The 
lowest particle binding energy in Mg” is then 5.22 Mev 
for (Na*!+)). 


The relative yields of the 0 and 1 groups are con- 


a.) 
CHANNEL 
Fic. 20. The data at 60°, E(He®)=3.40 Mev 
(see also caption of Fig. 19). 


sistent with their presumably J=0* and 2* character. 
Group 1 should become relatively stronger at 60°. An 
extremely rough calculation of the differential cross 


section at 0° of the ground-state group suggests 0.5 
mb/sr. This is a reasonable value for a (He*,n) group.”8 
This experiment is obviously a very preliminary one. 


One of us (F.A.S.) plans to repeat it in the near future. 
It is reported here only because of the complete lack of 
experimental information on Mg”. 
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Fic. 19. The time spectrum of neutrons from the Ne (He',n)- 
Mg” reaction for an incident energy of 3.40 Mev, as seen at 0° to 
the incident He® beam. The peak labeled 0 corresponds to the 
ground state of Mg*, that labeled 1 to the state at 0.995 Mev. 


28D. A. Bromley and E. Almqvist, Reports on Progress in 
The flight path was 1.97 m. 


Physics (The Physical Society, London, 1959), Vol. 23, p. 544. 
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The energy of some of the gamma radiation following the proton bombardment of K“ has been measured, 
and the origins of some of these gamma rays have been determined. The excitation functions of the 1.00-Mev 
gamma from inelastic scattering in K“ and the 2.16-Mev gamma from the K“!(p,ay) reaction have been 
measured in a region between 2.3 and 3.5 Mev and approximately 50 resonances observed. The energies 
and absolute cross sections, and the anisotropy of the gamma radiation proceeding from some of these 
resonances have been measured, leading to information on the excited states in Ca*® at about 13-Mev 
excitation, including an upper limit on the average level spacing. Evidence is given to show the 100-Mev 
level in K*' is most likely a $+ state in agreement with theoretical predictions. 


INTRODUCTION 


HE low-lying states of nuclei near the doubly 
magic Ca“ are of particular interest from the 


point of view of the jj-coupling shell model. Recent 
theoretical analyses have yielded results in good agree- 
ment with experiment,}~* while other specific predic- 

1C, Levinson and K. W. Ford, Phys. Rev. 99, 792 (1955); 
100, 11 (1955). 


2 J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). 
3S. P. Pandya, Progr. Theoret. Phys. (Kyoto) 19, 404 (1958). 


* Supported by the joint program of the U. S. Atomic Energy 
Commission and the Lockheed General Research Program. 

+ Now at Aerospace Corporation, Fl Segundo, California. , 

t Permanent Address: Physics Department, Princeton Uni 
versity, Princeton, New Jersey. 
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tions, including some on K“, remain to be checked 
experimentally. In particular, Pandya*® calculates the 
positions of the excited states of the (d3;2)~(f7/2)* con- 
figuration in K*'. He obtains energies of 1.0, 2.1, 2.2, 
and 1.8 Mev for the states of spin 4, 3, 3, and 3, 
respectively. 

At high excitation energies, the average properties of 
levels are at present all that can be compared with 
theoretical predictions. Observations of the level density 
can be compared with the semi-empirical models based 
primarily on data obtained from slow neutron initiated 
reactions.*:> These observations are especially valuable 
if experimental information can be obtained on the 
distribution of spins among the states. Measurements 
of the distribution of partial reaction widths have been 
interpreted by Porter and Thomas and others.*:? The 
average values of the reaction cross section can provide 
information about the relevant strength functions® 
which have been predicted theoretically by the optical 
model® and the independent-particle model.” 

This paper presents information on the low-lying 
states of K“ and the higher excited states of Ca* which 
were obtained from experiments involving the proton 
bombardment of K*." At the time that these experi- 
ments were initiated, very little was known about either 
the low-lying states of K“ or the higher excited states 
of Ca*. More recently, experimental work by Enge 
et al? and by Clarke, ef al.” has yielded information 
about both these nuclei. Where comparable, these results 
are in agreement with those reported here. 


EXPERIMENTAL OBSERVATIONS 
Identification of Gamma Radiation 


A preliminary study of the gamma radiation following 
the proton bombardment of natural potassium targets 
revealed several prominent gamma rays with energies 
less than 3 Mev. Thick targets of various potassium 
compounds of natural isotopic abundance (93.2%K** 
and 6.8%K*) were bombarded with protons of energies 
up to 3.3 Mev from the Lockheed electrostatic accelera- 
tor, and the resulting spectra of gamma radiation were 

*T. D. Newton, Can. J. Phys. 34, 804 (1956). See also expression 
by H. Feshbach, in Nuclear Spectroscopy, edited by F. Ajzenberg- 
Selove (Academic Press, Inc., New York, 1960), Part B, p. 668. 

* A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957); 36, 1040 
(1958) ; 37, 244 (1959). 

*C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

7 See review by J. A. Harvey, in Proceedings of the International 
Conference on Nuclear Structure, Kingston (University of Toronto 
Press, Toronto, 1960), Chap. 71, p. 659. 

* J. P. Schiffer and L. L. Jee, Jr., Phys. Rev. 109, 2099 (1958). 

*H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954). 

10 A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev. 
98, 693 (1955). 

1 R. D. Sharp, R. M. Friedman, and L. F. Chase, Jr., Bull. Am. 
Phys. Soc. 3, 419 (1958) ; 4, 366 (1959); R. D. Sharp, L. F. Chase, 
Jr., E. K. Warburton, and R. M. Friedman, ibid. 6, 46 (1961). 

2H. A. Enge, W. H. Moore, and J. W. Kelley, Bull. Am. Phys. 
Soc. 3, 210 (1958). 

3R. L. Clarke, E. Almqvist, and E. B. Paul, Nuclear Phys. 
14, 472 (1959). 
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Fic. 1. A typical gamma-ray spectrum from the proton bom- 
bardment of a thin natural KI target on a tantalum backing. The 
gamma-ray energies in Mev are listed near the total absorption 
peaks. The incident energy was 3.04 Mev, and the exposure length 
was 214 microcoulombs. 


studied to determine which of the observed gamma rays 
originated in the potassium nuclei. 

The radiation was observed with a 4-in. by 4-in. Nal 
crystal scintillation spectrometer. The instrument was 
mounted on a carriage which could be rotated around 
the target through an arc of 240° and set at any distance 
between 1 and 12 in. from the target. Energy analysis 
of the pulses from the spectrometer was performed with 
the aid of a 100-channel analyzer. A typical spectrum 
is shown in Fig. 1. 

The energies of the observed gamma rays were deter- 
mined by calibration of the spectrometer with various 
radioactive sources whose gamma-ray energies are well 
known. Table I lists the sources used and the resulting 
energies of the potassium gamma radiation. The values 
of the energies shown are accurate to within +1% for 
the 1.00- and 2.16-Mev radiation and within +3% for 
the less prominent 1.27-Mev radiation. The gamma-ray 


TABLE I. Energy determination of gamma radiation. 








Calibration gamma radiation 
Source 


Hg™ 
Ta* 


0.662 
1.277 
1.48 
2.18 
2.614 


Gammas observed from proton bombardment of KI 
Energy (Mev) 


0.440+0.010 
0.625+0.010 
1.00 +0.010 
1.27 +0.030 
1.65° 
2.16 





+0.020 


| * Coulomb excitation of tantaium target backing. 


> Several unresolved groups centered at this energy including first escape 
peak of 2.16-Mev gamma. 
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peak centered at 1.65 Mev was considerably broadened 
and appeared to arise from two or more unresolved 
levels. In addition, there is higher energy gamma radia- 
tion of comparatively low yield, whose energy was not 
well determined. 

As a further step in establishing the origin of the 
observed gamma rays, a series of gamma-gamma co- 
incidence measurements was made, utilizing a second 
4-in. by 4-in. Nal spectrometer in conjunction with the 
one previously described. Targets of natural potassium 
metal and of potassium iodide enriched to 86.8% in K® 
were used. Conventional fast-slow coincidence circuitry 
was employed with a nominal 30 musec resolving time 
in the fast circuit. Differential gates were set around the 
photopeaks of the various low-energy gamma rays, and 
the coincidence spectra were observed. Gamma radia- 
tion of 1.55+0.03 and 0.52 +0.03 Mev were observed in 
all the coincidence spectra. It was concluded that these 
two observed gamma rays were in coincidence with 
higher energy gamma radiation whose Compton tails 
fell within the differential gates. This is consistent with 
the expected (p,y) cascades through the first-excited 
states of Ca? and Ca” from K*'(p,y) and K**(p,y) re- 
actions, respectively. The first excited state of Ca® is 
at 1.52 Mev. The first excited states of Ca® at 3.35 Mev 
is 0+ and decays by pair production, giving rise to 
0.511-Mev annihilation radiation. Some of the observed 
annihilation radiation also arises from pair production 
by high-energy gammas in coincidence with other high- 
energy gammas in the cascade transitions of both Ca® 
and Ca*. No coincidences were observed which were 
attributable to gamma radiation in coincidence with 
the photopeaks in question. 

Since these low-energy gamma rays are not in coin- 
cidence with other gamma radiation, they cannot origi- 
nate from a (p,y) process. To determine if they arise 
from (p,p’), (p,a), or (p,d) reactions, charged particle- 
gamma ray coincidence experiments were performed 
with both natural and enriched targets. A 1-in.-diam CsI 
crystal was hand-polished to approximately 0.007-in. 
thickness and cemented directly to the face of a 6655 
photomultiplier. A thin layer of aluminum was then 
evaporated onto the crystal and photomultiplier face to 
act as a light shield and as a reflector. The unit was 
positioned inside the vacuum system at 150° with re- 
spect to the incident proton beam direction, to minimize 
the background of elastically scattered particles. A 
diaphragm with a 3-in. aperture was placed in front of 
the crystal to improve the resolution of the system. The 
thickness of the aluminum layer on the crystal was 
determined by measuring the half-width of the Al?’(py) 
resonance at 991 kev from an aluminum layer deposited 
during the evaporation on a glass slide next to the 
phototube. The unit was calibrated with a Po*” source 
(5.3-Mev alpha particles) made by dipping a 0.010-in. 
silver wire in a polonium chloride solution. This source 
was mounted in the target chamber at the position of 
the beam spot and gave rise to a peak of 7% resolution 
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Fic. 2. The spectrum of protons and alpha particles in coin- 
cidence with gamma radiation between 0.6 and 1.3 Mev. The inci- 
dent proton energy was 3.04 Mev, and the exposure length was 
500 microcoulombs. The peaks have been identified as follows: 
po=chance coincidence peak from elastic scattering, primarily 
from the gold and iodine in the target. a: =alpha-particle group 
from the K*!(p,ay) reaction to the 2.16-Mev state in Ar®8, in 
coincidence with Compton scattered gamma radiation in the 
energy region studied. ~;=proton group from the K*!(p,p’y) re- 
action to the 1.00-Mev state in K“ in coincidence with the total 
absorption peak at 1.00 Mev. »;=proton groups from the 
K‘!(p,p’y) reaction to four excited states near 1.65 Mev in K“, 
in coincidence with Compton-scattered gamma radiation in the 
energy region studied. 


(full width at half-maximum divided by peak energy). 
The apparatus was tested using the alpha-particle 
groups from the F!*(p,ay) reaction which are in coin- 
cidence with gamma-ray groups of energies from 6 to 
7 Mev. 

The CsI spectrometer was used to observe the charged 
particles in coincidence with the various low-energy 
gamma rays from potassium. Thin targets were prepared 
by evaporating potassium iodide onto backings, con- 
sisting of a thin film of Formvar onto which a thin layer 
of gold had previously been evaporated. 

Long coincidence runs were made with the incident 
beam currents held to less than 0.03 ua to minimize the 
chance coincidence background. The charged-particle 
spectra in coincidence with the various gamma rays are 
shown in Figs. 2-4. The results of the experiments are 
summarized in Table II. They are consistent with the 
2.16-Mev gamma ray originating from the K“(p,ay) 
reaction to a known level in Ar* and the 1.00-Mev 
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lic. 3. Alpha particles in coincidence with gamma radiation 
between 2.0 and 2.3 Mev. The incident proton energy was 3.04 
Mev, and the exposure length was 600 microcoulombs. The peaks 
have been identified as follows: /o=chance coincidence peak from 
elastic scattering. a:=alpha-particle group from the K"(p,ey) 
reaction to the 2.16-Mev state in Ar®*, in coincidence with the 
total absorption peak at 2.16 Mev. 
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Fic. 4. Spectrum of protons and alpha particle in coincidence 
with gamma radiations of energy greater than 0.8 Mev. The 
incident proton energy was 3.04 Mev, and the exposure length 
was 520 microcoulombs. The peaks have been identified as follows: 
po=chance coincidence peak from elastic scattering a;=alpha- 
particle group from K*(p,ay) reaction to the 2.16-Mev state in 
Ar’, »;— p;=proton groups from inelastic scattering in K" to the 
1.00- and 1.27-Mev levels, and to an unresolved group of levels 
near 1.6 Mev. 


gamma ray, and the 1.27- and 1.65-Mev gamma rays 
arising from inelastic proton scattering. The origins of 
the 0.440- and 0.625-Mev gamma rays have not yet 
been established. 

These results are consistent with some recent findings 
by Enge et al., using a magnetic spectrograph and en- 
riched isotopic targets.’? In a study of inelastic proton 
scattering at 7-Mev incident energy, they found energy 
levels in K*! at 0.99 and 1.30 Mev, and were able to 
resolve the group at 1.65 Mev into four components of 
1.57, 1.59, 1.69, and 1.71 Mev. They also saw levels at 
2.15 and 2.17 Mev which were not appreciably excited 
at our lower bombarding energies. 


Excitation Functions 


The excitation functions of the two most prominent 
of the gamma rays were measured over the range from 
2.3 to 3.5 Mev. Preliminary studies were made with 
targets of natural isotopic abundance which were ap- 
proximately 50-kev thick to the incident proton beam. 
Potassium metal targets were prepared by evaporation 
onto tantalum backings directly in the target chamber, 
since even a brief exposure to air completely oxidizes 
them. Targets of potassium iodide evaporated onto 
tantalum backings were also used, and proved to be 


TABLE IT. Results of charged particles-gamma ray coincidence 
experiments proton bombardment of KI (natural isotopic abun- 
dance). Bombarding energy =3.04 Mev. 


Particle energy 
expected from 
a reaction to 
nucleus this final 
(Mev) state (Mev) 


1.51-1.71 1. 
1.30 Bs 
1.00 1. 
4. 


2.15 


State in 
final 


Particle 
energy 
observed 
(Mev) 


1.23 (av) 
1.50 K"(p,p’ 
1.83 K"(p,p’ 
4.02 K" (pa 


Particle 


observed Reaction 


K"(p,p’) 





Proton 
Proton 
Proton 
Alpha 


3 (av) 


2 
5 
g 
1 
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preferable, having less contaminant content. The results 
from both varieties of targets were in agreement. 

The targets were bombarded with protons of energies 
between 2.0 and 3.5 Mev in 10- to 20-kev steps. Points 
were taken systematically varying the incident proton 
energy in both increasing and decreasing directions. 
Frequent repetitions were made to detect any changes 
in the target or the detection apparatus. A cold trap 
which was placed approximately } in. from the target 
was maintained at liquid nitrogen temperature through- 
out the bombardment. 

The length of the exposure at each data point was 
determined by integrating the beam current entering 
the target chamber, which was insulated from the rest 
of the vacuum system and appropriately biased to 


TaBLe III. Calibration points used for analyzing magnet and 
a comparison of the energies of prominent resonances observed 
with both the natural targets of 50-kev half-width and the 
enriched targets of 15-kev half-width. 


Energy calibration points for analyzing magnet 


Calibration Resonance 
energy energy 


(Mev) (Mev) Beam 
0.8724 0.8724 H* 
0.9924 0.9924 Ht 
1.7476 1.7476 

3.4896 0.8724 

3.9696 9.9924 


Prominent resonances in excitation functions 





Reaction 
F19( pay) 
Al?" (py) 
C8 (py) 

F (per) 
AF" (py) 


Resonance energy (Mev) corrected 
for target thickness 
Reaction 
K"'(p,p’y) 
1.00-Mev gamma 


Natural targets Enriched targets 


2.51 2.507 
3.02 3.018 
3.14 3.142 
3.20" 3.176, 3.195, 
3.29 3.300 
3.41 3.414 
3.028 2.996, 3.018 





3.225 


K" (p,ay) 
2.16-Mev gamma 


* Unresolved group. 


minimize the emission of secondary electrons. In addi- 
tion, the 303-kev Coulomb excitation gamma ray from 
the tantalum backing was monitored, separately, with 
a single-channel analyzer. Its excitation function was 
observed to be a smoothly varying, almost linear, curve 
in agreement with expectations, and served as a check 
on the current integrating procedure used in the 
experiment. 

The entire gamma-ray spectrum up to 2.5 Mev was 
recorded at each energy by the 100-channel analyzer. 
Only the two most prominent gamma rays have been 
analyzed in detail. The excitation functions of these, 
the 1.00- and 2.16-Mev gammas, exhibited several 
partially resolved resonances (Table III), and it was 
decided to repeat the experiments with thinner targets 
enriched in K“. A target approximately 15-kev thick 
was prepared of KI enriched to 86.8% in K“. It also 
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Fic. 5. (a) Excitation 
function of 1.00-Mev gamma 
radiation. The absolute 
yields are given as follows: 
Run 1—One scale unit 
equals 29 X 10° gamma ray 
per incident proton. Run 
2—One scale unit equals 
33X10-" gamma ray per 
incident proton. (b) Meas- 
ured and calculated ani- 
sotropies. See Table VI and 
text for assumptions made 
in calculations and defini- 
tions of terms. 
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the course of the experiment and observing that any 
energy degradation of the beam was negligible. 

The excitations functions obtained with the enriched 


was made by vacuum evaporation onto a tantalum 
backing. The excitation function was measured as de- 
scribed above, except that it was studied in greater 


detail. Over 500 exposures were made at approximately 
3-kev intervals from 2.2 to 3.5 Mev. Each section of the 
yield curve was gone over at least twice, both for in- 
creasing and decreasing beam energy. Frequent repeti- 
tions were made and the reproducibility of the data was 
excellent. The effects of any carbon buildup on the 
target were checked by repeatedly tracing out the front 
edge of a particularly large resonance at intervals during 


targets are shown in Fig. 5(a) for the 1.00-Mev gammas 
and Fig. 6(a) for the 2.16-Mev gammas. For clarity, 
some of the data points have been omitted in the region 
of overlap between runs 1 and 2 (2.5 to 2.75 Mev). In 
the region above 3.25 Mev, the 2.16-Mev gamma ray 
was obscured by 1.95-Mev radiations from the K*'(p,y) 
and K**(p,ay) reactions. The thinner targets and higher 


yields brought out considerable structure which was not 
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lic. 6. (a) Excitation 
function of 2.16-Mev 
gamma radiation. The 
absolute yields are given 
as follows: Run 1—One 
scale unit equals 6.5 
x10~ gamma ray per 
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Measured and calculated 
anisotropies. See Table 
VI and text for assump- 
tions made in calcula- 
tions and definitions of 
terms. 
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observed in the preliminary experiments. However, the 
gross features of the excitation function reproduced 
satisfactorily those results obtained with the natural 
targets. 

A precise energy calibration of the beam-analyzing 
magnet was made to determine accurately the energies 
of the resonances in the various excitation curves. Some 
calibration points were taken both before and after each 
run, and the calibration constant was observed to be the 
same. In Table III are listed the well-known nuclear 
reactions used as calibration points, and the correspond- 
ing energies of the most prominent resonances in the 
excitation functions obtained with both the nautral and 
enriched targets. The widths of the observed resonances 
were assumed to be due primarily to target thickness 
and the corresponding correction of one-half this amount 
has been applied. 

The cross-section measurements were made absolute 
by determining the photopeak efficiency of the Nal 
crystal spectrometer in the geometry of the experiment 
with a calibrated source of Na*‘."* Two points on the 
efficiency curve at 1.37 and 2.75 Mev gamma-ray energy 
were thus obtained and were used to normalize efficiency 
curves of the correct shape for a 4-in. by 4-in. Nal 
crystal.!® The estimated precision of the absolute cross- 
section scale shown on Figs. 5 and 6 is +25%. 

The target thickness was determined by elastically 
scattering protons from the tantalum-backed target and 
from a clean piece of tantalum. The difference in the 
energy of the scattered protons was observed with our 
new broad-range magnetic spectrograph. An energy 
difference (AE) corresponding to twice the target thick- 
ness is obtained both from the relative displacement of 
the step function due to protons scattered from tantalum 
and from the width of the peak due to protons scattered 
from the iodine in the KI of the target material. This 
latter peak was not completely resolved from the tanta- 
lum step. It was graphically separated using the above 
condition on AE. A target thickness of 15 kev to 3-Mev 
protons in the geometry of the excitation function 
experiments was obtained. 


Anisotropy Measurements 


The region of the previously observed excitation curve 
containing the most pronounced structure was repeated, 
using as detectors, two 4-in. by 4-in. NaI crystal spec- 
trometers set at 0° and 90° to the incident beam direc- 
tion. The pulses from each detector were fed into 
separate 100-channel analyzers. Three-inch-thick Pb 
collimators were used to cut down the low-energy back- 
ground and approximately match the counting rates in 
the two detectors; thereby, making the dead-time cor- 
rections to the derived anisotropy negligible. The in- 


4 Obtained from Nuclear-Chicago Corporation, 333 E. Howard 
Street, Des Plaines, Illinois, and rechecked in our laboratory. 

* W.F. Miller, J. Reynolds, and W. J. Snow, Argonne National 
Laboratory Report, ANL-5902 (unpublished). 
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TABLE IV. Measured asymmetries. A comparison of the in- 
strumental asymmetry as measured with a Na* source and the 
rms asymmetry for each gamma ray averaged over all resonances 
studied. 





Gamma radiation CW (90°) /W (0°) ] rms 


1.00 Mev 0.851+0.014 
2.16 Mev 0.806+0.013 
0.845+0.020 


cident beam energy was calibrated at 1.747 Mev with 
the C8(p,y)N™ reaction and with the previously ob- 
served resonances in the gamma radiation from the 
K* target. 

The instrumental anisotropy for gamma radiation 
emitted at the position of the beam spot was measured 
by inserting a NaBr target in the target chamber and 
bombarding it with deuterons, thereby producing Na** 
with a 15-hr half-life. Following the bombardment the 
photopeak yields of the 2.75 and 1.37 Mev gamma rays 
from this isotope were compared at 0° and 90°, and the 
measured K*! gamma-ray anisotropies were corrected 
by the observed ratio. 

The observed anisotropy in the gamma radiation from 
the K* target is shown in Figs. 5(b) and 6(b). The 
anisotropy is defined as [W(0°)—1 (90°) ]/W (90°) 
where W(@) is the integrated photopeak yield at the 
angle @ to the incident beam. A smooth background was 
subtracted from the photopeaks. The errors indicated 
are statistical, plus an estimate of the uncertainty in the 
background subtraction. 

A x? test!® of the data indicates that it is consistent 
with isotropy for both of the observed gamma rays over 
the energy range studied. The spread expected on the 
basis of the assigned errors, compared with that ob- 
served in the measured anisotropies of the 2.16-Mev 
radiation, yields x*/(N—1)=0.7. The probability (P) 
of x?/(N—1) exceeding this value is 90% if the radiation 
were isotropic at all energies. This indicates that the 
assigned errors are somewhat over-generous and that to 
the precision of the experiment, the radiation is isotropic. 
Similarly, for the 1.00-Mev radiation x?/(N—1)=0.8 
and P=80%. 

Within the expected errors, the least square mean 
anisotropies for each gamma ray are equal to each other 
and to the instrumental anisotropy measured with the 
Na** source. This is shown in Table IV. The errors 
indicated do not include systematic errors due to (1) 
possible misplacement of the Na* source and variations 
in absorption in target backings (+0.03), (2) differences 
in dead times between the two analyzers (+0.04), and 
(3) differences in efficiencies and absorptions for the 
different gamma energies involved (+0.02). 


16 A. H. Wapstra, G. J. Nijgh, and R. van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, Amster 
dam, 1959), p. 10. 
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RESULTS AND CONCLUSIONS 
Cross Sections 


Although most of the resonances are only partially 
resolved, an attempt was made to fit the excitation 
curves with peaks of half-width equal to the target 
thickness and, thereby, to estimate the 90-deg peak 
yield at each resonance. No background subtraction 
was made, and it was found possible to satisfactorily fit 
the curves over most of the range without (ad hoc) 
assuming resonances that were not indicated by the 
data. 

Under the assumption that the natural resonance 
widths are less than the target width, the peak gamma 
yield at the various resonances can be related to the 
integral of the cross section over the resonance. This 
assumption is probably valid for a large majority of the 
resonances, since they can be fit with a peak shape of the 
same half-width, i.e., the target thickness. 

The further approximation of isotropic gamma emis- 
sion was made to obtain the total cross section from the 
measurements at 90°. This is not a bad approximation 
in the geometry used here, since the crystals subtend a 
large solid angle and is, in fact, exact for the 1.00-Mev 
gamma ray and for the 2.16-Mev gamma ray over a 
large portion of the excitation function to the precision 
of the measured isotropy. 

Table V shows the results of this decomposition of the 
excitation function. Column 1 lists the resonance energy 
corrected for the energy loss due to the thickness of the 
target. The values quoted are considered accurate to 
+10 kev absolute and +5 kev relative. Columns 2 and 4 
list the integrated absolute cross sections obtained from 
the peak gamma-ray yield at resonance for the 1.00-Mev 
gamma (c;) and the 2.16-Mev gamma (2), respectively. 
They were calculated from the expression 


| «(Ede =VSW/AFK, 


where Y is the measured maximum photopeak yield at 
resonance per incident proton; S is the stopping power 
of potassium iodide in Mev cm?/g; W is the molecular 
weight of potassium iodide; A is Avogadro’s number; 
F is the fraction of K“ in the sample, and K is the abso- 
lute photo-efficiency of the detector at the relevant 
energy. Only those resonances with definite observed 
maxima are listed without question marks. Because of 
the large uncertainties in the unfolding of the partially 
resolved resonances, and the expected occurrence of 
smaller undetected resonances, the cross-section esti- 
mates are only considered valid to.50%. From the 
tabulated values of {odE, one can obtain the value of 
the product 'yor, where I'7 is the width of the com- 
pound state, and o, is the cross section at the resonance 
maximum, from the relationship 


| (eae (x/2)(T repr). 
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TABLE V. Properties of states in Ca** near 13-Mev excitation. 


Er SodEX10% wy SodEX10% wye 
(Mev) (Mev cm?) (kev) (Mev cm?) (kev) 
2.321 0.008 0.2(?)® 0.01 1 
2.360 0.02 0.3(?) 0.02 1 
2.391 0.009 0.2(?)* 0.01 1 
2.457 ioe 0.5 0.03 tee 
2.494 0.01 0.58 0.03 2.5 
2.507 : 


0.06 b 
2.557 tee 0.7" 
2.608 0.02 0.6 
2.619 0.01 0.4 
2.631 


0.02 b 
2.639 0.02 b 
2.652 0.02 0.9 
2.667 


0.02 0.7 
2.680 0.02 0.3(?) 
2.699 0.02 0.7 
2.709 0.02 b 
2.720 0.03 5 tee 
2.724 see 0.9 0.06 
2.731 0.04 b 
2.746 0.03 0.3(?) 
2.762 0.03 1.08 
2.783 0.03 0.3(?)* 
2.797 0.03 0.6(?)* 
2.843 


0.05 
2.887 0.02 
2.911 0.05 
2.922 0.04 
2.931 0.03 
2.946 0.04 
2.962 0.04 
2.989 0.06 
2.996 
3.018 
3.063 


P/V) 
001 Al 
a 
a 
0.04 


0.04 
0.03 


ooo 


dm Oe WW WW WD W 


0.06 
0.05 
0.02 
0.05 


0.02 
0.07 
0.02 
0.04 
a 0.09 
1.7 0.09 
i 0.07 
¢ 0.04 
0.04 
0.04 
0.04 


ne > 
- 


- 


muni 
weve 
= 


0.11 
0.08 
0.07 
0.05 


0.11 
0.06 
0.08 
0.04 
0.21 
0.12 
0.09 
0.07 
0.11 
0.07 
0.11 
0.06 
0.08 
0.08 
0.07 
0.10 
0.12 


0.06 
0.07 
0.09 
0.08 
0.11 


« Shape indicates possible unresolved pair. The cross section was esti- 
mated for the larger component if only one value is listed. 

> No indications of resonance observed in this yield curve. 

¢ This region obscured in 2.16-Mev yield curve by interfering 1.95-Mev 
radiation from K“(p,m) and K®(p,«) reactions. 

(?) Not a definite differentiated maximum in this yield curve, although 
curve fitting indicates likely resonance at this energy of approximately 
the magnitude listed. 


The integrated cross section can also be related to the 
partial widths involved in the reaction 


. 2 et 
| o(mar- (27+1) 
: 16 lp 


where J is the wavelength of the incident proton in the 
center-of-mass system, J is the total angular momentum 
of the compound state, I’, is the partial width for forma- 
tion of the compound state through the entrance 
channel, I, is the partial width for decay of the com- 
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pound state through the exit channel, and the numerical 
factor includes the statistical factor for the target 
nucleus and incident proton. Therefore, from the tabu- 
lated values of fodE, one can obtain the commonly 
defined parameter wy for the various resonances, 


wy=[(2J+1)/8] (1,0 2/Tr). 


These values are listed in columns 3 and 5 of Table \ 
For those resonances observed in both yield curves, the 
ratio of the measured peak cross sections leads to the 
partial width ratio for the relative decay probabilities 
through the two different exit channels, i.e., emission 
of a proton to the 1.00-Mev state in K“(T,), and emis- 
sion of an alpha particle to the 2.16-Mev state in 
Ar8(T.). This ratio is listed in column 6. 

Often in experiments of this type, one of the two par- 
tial widths entering the above equations can be shown 
to be the dominant component of the total width by a 
calculation of the penetrabilities. In this case, one can 
calculate 2/+1 times the smaller partial width from the 
measured values of /odE for the individual resonances, 
and the average or integral value of the cross section 
over a large energy region provides information about 
the strength function. In the energy region of these 
experiments, however, we are above neutron threshold, 
and on the basis of the relative penetrabilities involved, 
the partial neutron width is expected to be an important 
contributor to the total width. Thus, the individual 
partial widths and the strength functions cannot be 
obtained. 


Anisotropies 


To calculate the expected anisotropies, we first make 
the approximation of single isolated compound states 
and later consider the effects of the breakdown of this 
assumption. The calculations were made for the case of 
a triple correlation with the intermediate radiation un- 
observed, using the tables of Sharp ef al.!7 Only the 
lowest allowable orbital angular momenta were con- 
sidered. Those compound states were chosen which 
would lead to penetrabilities within an order of magni- 
tude of the most favored situation. The channel spin 
ratios were calculated assuming pure jj coupling, using 
the Racah coefficients of Simon, et al.'* The theoretical 
anisotropies were modified to account for the finite solid 
angle subtended by the detector by the method of 
Rose.'® The £2 admixtures to the M1 transitions were 
neglected. The calculated anisotropies and definitions 
of the notation employed are shown in Table VI. Those 
situations where the neglected higher orbitals give a 
contribution within an order of magnitude of the most 
favored case are indicated. In these cases, interference 

17 W. T. Sharp, J. M. Kennedy, B. J. Sears, and M. G. Hoyle, 
Atomic Energy of Canada Limited Report, CRT-556, 1954 
(unpublished). 

148A. Simon, J. 
Oak Ridge National 

unpublished). 

19M. E. Rose, Phys. Rev. 91, 611 (1953). 


H. Vander Sluis, and L. C. Biedenharn, 
Laboratory Report, ORNL-1679, 1954 
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Taste VI. Calculated anisotropies. 
Reaction I: 


Ri2,L; 


Ril 2 
K*" (3+) —— Ca**(ji1) ——> K®* (jars) 
Reaction II: 


2) 


+ K4(}+). 


Ri,Li Rio, Li2 Ro, Ls 

K“ (3+) —— Ca**(ji21) ——— Ar*8*(2+-) — Ar8(0+-). 

Ri=type of radiation (Ri=proton, Ri2=proton or alpha, 

R:=gamma). L;=total angular momentum of radiation. (ji) 

=spin and parity of intermediate state. A=[W (0°) —W (90°) ]/ 

W (90°). W(6)=relative intensity of gamma radiation at the 
angle @ to the incident beam. 








Reaction I: (1.00-Mev radiation) 
(jim) Ty Liz 


0+, 1+, 2+ 
eS 


— 
»4 


(jem) 
$+ 





i+ a+ 
2+ 
0- 
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1 
2 
3 








Reaction IT: (2.16-Mev radiation) 
(jm) Ii A 





1+ as 0 
2+ eee 0 
1— 0 

3 —0.26 


2- tee 0 
ns +-0.59 


® Neglected higher orbitals most likely to contribute. 


terms with the higher orbital are most likely to modify 
the distributions. 

The 2.16-Mev gamma radiation originates in a state 
of known spin (2+) in Ar** so that the only parameters 
in the calculation are the spin and parity of the com- 
pound state (/:71) and the total angular momentum of 
the incident proton (/,). The calculated anisotropies 
for the various assumed values of these parameters are 
plotted in Fig. 6(b) along with the experimental results. 
It is seen that under the assumptions noted, it is unlikely 
that there are any 3— or 1— (/,=}) states with large 
cross sections in the regions of excitation of Ca® that 
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were studied. The observed states can be 1+, 24, 
1— (Li:=4), or 2— within the penetrability limits 
indicated. 

The 1.00-Mev gamma radiation originates in a state 
of unknown spin in K“. From the previously known 
information about the low-lying states of this nucleus, 
we can estimate the most likely range of values for the 
spin and a parity of the 1.00-Mev state as follows. The 
ground state has been measured to be 3+, and is prob- 
ably of the (d3,2)[_(fz/2)* ]» configuration. The 1.29-Mev 
state has been measured as $}— from the decay of Ar“, 
and is probably of the [(d3,2)~* Jel (fz)2)*]z/2 configura- 
tion. This configuration is expected to correspond to the 
lowest lying negative parity state. The 1.00-Mev state, 
therefore, is probably positive, and is most likely one 
of those states expected from the (d3)2)“[(fz/2)"]e 
configuration.”° 

The fact that neither the 8 decay from a [(d3,2)~ ]» 
X ((f7/2)* 7/2 configuration in Ar“, nor the (dm) reaction 
from a [_(d3;2)~* Jol (f7/2)* Jo configuration in Ar* goes to 
the 1.00-Mev state, while both are observed going to the 
higher 1.29-Mev state, supports this hypothesis, since 
in both cases a core rearrangement would be necessary 
to go to the former, but not to the latter. If this is indeed 
the configuration of the 1,00-Mev state, the possible 
spins are 3, 3, 3, and 3. The anisotropies for each of 
these spins were calculated under the assumptions pre- 
viously indicated. In Fig. 5(b), they are plotted along 
with the experimental results. 

It is seen that a likely explanation for the observed 
isotropy is that the spin of the 1.00-Mev state is }+, 
although, because of the large experimental uncer- 
tainties, this is by no means certain. If, for example, one 
assumes that many of the same states are excited in each 
reaction, as seems reasonable from the correspondence 
in energies, then in the energy region up to about 3.25 
Mey, one can say from the 2.16-Mev results that 3— 
and 1— (L,=$) states are not found anyway; and the 
assumption of spin } for j, becomes as likely as }. 
However, the isotropy in the case of j;=} is due to a 
general rule and remains even under the breakdown of 
the poor approximation of isolated compound states. 
The “accidental” isotropies calculated for the other 
hypothetical spins are dependent on this and the as- 
sumption that no higher orbital angular momenta enter 
(a poor assumption for those states indicated in 
Table VI). Thus, any breakdown of these assumptions 
strengthens the likelihood of the assignment 3+. 

Also, in the region above 3.25 Mev we have eight 
more resonances for the 1.00-Mev radiation where there 
are no restrictions on the spins from the 2.16-Mev 


measurements, and, therefore, no reason not to expect 
anisotropies in the 1.00-Mev radiation unless j,=}. 


Therefore, it is felt that the observed isotropy of the 


Since the 2+ first-excited state in Ca* is probably (fart 
one expects this configuration to be low lying in K". 
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1.00-Mev radiation does indicate that the most likely 
assignment for this level is +. 

This assignment is in agreement with the predictions 
of Pandya.* Based on a jj-coupling shell model and the 
positions of low-lying states in adjoining nuclei, he 
calculates the excitation energy of a }+ level of the 
(d3;2)—'(fz/2)? configuration to be 1.00 Mev in K". 


Average Level Spacing 


If one assumes that the levels in the compound 
nucleus are positioned randomly, it can be shown that 
the distribution function for the spacings is given by 
P(x)=e~*, where x= S/D=spacing/mean spacing, and 
P(x) is the probability distribution for a spacing having 
a value between x and x+dx. Recently, Wigner has 
proposed that for levels of the same spin and parity the 
spacings distribution should be given to a good approxi- 
mation by P(x)=(2ax)— exp(—}mx*), which corre- 
sponds to a reduced number of small spacings. This 
“level repulsion” has been observed experimentally.”! 

As the number of families of compound states of the 
same spin and parity increases, the distribution in 
spacings varies from the Wigner distribution to the 
exponential. Under the approximation that they each 
have the same average spacing, the distribution of level 
spacings for five or more families of compound states is 
represented to a good approximation by the exponential 
distribution. A calculation of the barrier-penetration 
coefficients for the reactions considered here (assuming 
spin 5+ for the 1.00-Mev state) shows that the trans- 
mission coefficients are within an order of magnitude 
for the excitation of compound states of spin 1+, 2+, 
1—, 2—, and 3— in the 2.16-Mev excitation function, 
and for compound states of spin 0+, 1+, 2+,0—,1-—, 
and 2— for the 1.00-Mev excitation function. Therefore, 
the approximation of an exponential distribution of level 
spacings about their average value was considered 
justifiable. 

In general, one expects a distribution in resonance 
sizes as well as a distribution in spacings. This size 
distribution can be related to the distributions in re- 
duced partial widths involved in the reaction. For a 
given family of compound states of the same spin and 
parity, these partial-width distributions have been 
found to be roughly exponential in character.” 

We are missing resonances in our experimental ob- 
servations because of their small sizes and close spacings 
to other resonances. We will approximate these effects 
by assuming cutoffs at some minimum spacing (Sin) 
and size (Y min) in the distributions. 

First consider the spacing distribution as it would be 

21 See N. Rosenzweig and C. E. Porter [Phys. Rev. 120, 1698 
(1960) ] and the references cited therein for an analysis of the 
distribution of level spacings in nuclei. 


22. A distribution of the form a+ exp(— 4.x) has been shown to 
fit best the observed distributions of neutron reduced widths, 
where x equals a particular value of the reduced width divided 
by the average value for levels of that spin and parity. See also 
references 6 and 7. 
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Fic. 7. Integral spacings distribution of levels in Ca®. The 
number of level spacings larger than S’ from the 1.00-Mev and 
2.16-Mev excitation curves. Upper limits on the average level 
spacing (D’) ,corresponding to the lines drawn through the points, 
are obtained from the slope and intercept of each line. For the 
1.00-Mev curve: D’ (slope) <9 kev, D’ (intercept) <7 kev. For 
the 2.16-Mev curve: D’ (slope) < 14 kev, D’ (intercept) ¢ 12 kev. 


observed with infinitely good resolution and sensitivity 
N(S)=(Nr/D)e—*", 


where V(S) is the number of spacings between S and 
S+dS, Nr is the total number of spacings in the energy 
region AE, and Nr=AE/D. If this were a good approxi- 
mation to the observed spacing distribution, one could 
plot the logarithm of the observed distribution and 
obtain the average spacing D from the slope of the best 
linear approximation to the data or from its total 
integrated area Nr. 

The effects of finite resolution and sensitivity will 
distort the observed distribution from the one given 
above. It will be shown, however, that the procedure 
outlined will result in an upper limit to the average 
level spacing. 

First, consider the effects of finite sensitivity only. 
We remove from the above distribution all those reso- 
nances whose size is below some cutoff, V min. If the size 
and spacing distributions are independent,” the remain- 
ing resonances are still randomly spaced and, therefore, 
exponentially distributed. There are fewer spacings, 
however, and the average spacing is therefore larger. 
The exponential distribution will, therefore, be lowered 
in normalization and have an increased decay length. 
Let Nr’ be the total number of resonances in the new 
distribution NV (5S’). 


N(S')=Nr'e-8'”'/D’, 


where D’ is the average level spacing of Nr’ resonances 
larger than Vin. (Vr'< Nr and D<D’.) 

Now consider the effects of finite resolution. To a 
first approximation they can be represented as a cutoff 
in the S’ distribution at some S,in’. To this approxi- 
mation an extrapolation of the observed S’ distribution 


% J. A. Harvey and J. D. Hughes [Phys. Rev. 109, 471 (1958) ] 
have shown that for the reduced neutron widths and spacings in 
U™* the two distributions are independent. This is assumed to 
hold for the situation considered here. 
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back to the origin should give Ny’, which is certainly a 
lower limit on the total number of levels Vr. An upper 
limit on the average level spacing could therefore be 
obtained from the relation D’=AE/N 7’, and the same 
D’ should be obtained from the slope of the logarithm 
of the N(S’) distribution in the observed regions 
S’>Sata' 

Let us further consider the effects of finite resolution. 
To a second approximation, when two resonances are 
unresolved their sizes become partially additive. Thus, 
some smaller resonances, which were below the cutoff, 
become observable. These effects can be represented by 
a lowering of Y min to some effective Y min’. The previous 
considerations should still be valid, however. A further 
effect of those spacings, unobserved because they are 
smaller than S min’, is to increase the size of the adjoining 
spacings (assuming that the spacings are measured from 
the centers of the composite peaks). Thus, the value of 
D’ obtained from the slope of the logarithm of the ob- 
served distribution is going to be larger than expected 
from considering the effects of Yimin’ only. The estimate 
of Nr’ obtained from the extrapolation is still a lower 
limit on the total number of resonances, but will result 
in a somewhat smaller D’ than obtained from the slope, 
since one is in effect “putting back” some of the reso- 
nances missed due to their small spacing, and estimating, 
to a first approximation, the effects of Y min’ alone. Thus, 
the value of D’ obtained from the quotient AE/N7’ 
should give the best limit. 

These considerations are illustrated in Fig. 7, where, 
to minimize statistical fluctuations, we have plotted the 
integral distribution; namely, the number of observed 
spacings greater than some S’ as a function of S’, M(S’). 


vs e 8’'/D’ 
M(S’)=Nr. | ome 
» 2 


The slope of the logarithm of the integral distribution 
should be the same, and N7’ is now obtained from the 
extrapolated ordinate at D’=0. Otherwise, all the pre- 
vious considerations still hold. 

The result of this procedure is upper limits of 7 kev 
on the average level spacing observed in the 1.00-Mev 
excitation curve and 12 kev for the 2.16-Mev excitation 
curve. 

Now, let us compare our observed limits for the 
average level spacing with the predictions of the semi- 
empirical formulas based primarily on slow-neutron 
data.*:® Evaluation of Newton’s formula yields about 
12 kev as the average level spacing for J=0 levels in 
Ca® at this excitation. We assume that those compound 
states, whose penetrabilities are down by an order of 
magnitude from the most favored, are not appreciably 
excited. Then in the 2.16-Mev gamma excitation func- 
tion we should expect 1+, 2+, 1—, 2—, and 3— states 
to be formed and the average level spacing, using 
Cameron’s corrected J dependence (1959) becomes 


aS’ = Nre- Ss’ D’ 





EXCITATION FUNCTIONS 


D=0.8 kev. [We have here included 3— and 1— 
(Li=4) states even though they appear to be absent in 
that portion of the excitation function for which ani- 
sotropy measurements were made. Leaving out 3— and 
1— states completely yields a D=1.4 kev.] For the 
1.00-Mev excitation function, including those compound 
states whose penetrabilities are within an order of 
magnitude (O—, 1—, 2—, 0+, 1+, 2+), we obtain 
similarly a predicted average level spacing of D=0.9 kev. 

It is seen that the predictions of the model are an 
order of magnitude smaller than our observed upper 
limits. However, one does not expect to see all the reso- 
nances of the families of compound states listed above, 
but only those at the high end of the size distribution. 
The experiments are only imcompatible with the theory 
if the small average spacing required by the theory 
would necessarily mean the washing out of the structure 
of the excitation function. This is difficult to say without 
a detailed knowledge of the distribution of resonance 
sizes among the compound states considered. If the 
distribution is steep enough, it is possible that even the 
large number of resonances required by the theory would 
not appreciably wash out the structure. The resonance 
size distribution is not simply related to the Porter- 
Thomas distribution expected for individual reaction 
widths, since several reaction widths enter the expres- 
sion for the cross section, and several families of com- 
pound states of different spins and parities are expected 
to be excited. It is, however, most likely that the dis- 
tribution rises sharply for small sizes, and a significant 
number of resonances are unobserved. Therefore, the 
most that can be said is that these findings are not 
obviously inconsistent with the predictions of the semi- 
empirical theory. 

If, however, the average level spacing were indeed 
this small, one might question the results of the analysis 
of the anisotropy measurements. If the interference 
terms in the angular distributions, due to these many 
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small resonances, are enough to wash out the structure 
in the angular distributions, even though the intensity 
of these resonances is not large enough to wash out the 
structure in the excitation curve, then one could explain 
the observed isotropy by saying that we were in the 
“statistical region” for angular distribution measure- 
ments, but not for excitation function measurements. 
This is certainly a possibility ; however, we consider it 
less likely than the alternative conclusions of the pre- 
vious section. 


SUMMARY 


The results of these experiments can be summarized 
as follows: (1) The energy measurement and identifica- 
tion of some of the gamma radiation following the proton 
bombardment of potassium as proceeding from the 
K“"(p,p’y) and K*'(p,ay) reactions. (2) The determina- 
tion of the energies and absolute cross sections of ap- 
proximately 50 resonances corresponding to excited 
states in Ca® near 13-Mev excitation, and the tabulation 
of some of the resonance parameters. (3) Anisotropy 
measurements leading to restrictions on the spins of the 
compound states excited in Ca® and to the likelihood 
of the 1.00-Mev state being 3+. (4) An upper limit on 
the average level spacing, in Ca*, which is an order of 
magnitude larger than predicted by the semiempirical 
theory, possibly accountable for by the missing of a 
large number of very small resonances. 
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Multiple pion production by pions in hydrogen has been studied in theinteraction »~+ p— p+2~+7° +2 


at 810, 970, and 1100 Mev. Total cross sections were measured as 0.26+0.14 mb at 810 Mev, 0.32+0.21 mb 
at 970 Mev, and 0.54+0.32 mb at 1100 Mev. The kinematics of this pion production reaction at these 
energies appear to be reasonably well described by phase space dependence, but provide some support for 
an “isobar cascade” scheme in which the T=} “second resonance” is excited and decays to the 7=J =} 
isobar, which decays in turn to a final] state consisting of a nucleon, a recoil pion, and two decay pions. 


I. INTRODUCTION 


ECENT interpretations of the results of pion 
photoproduction experiments'"* and measure- 
ments of the pion scattering total cross section*” sug- 
gest that in y— p and x*— interactions the proton may 
be excited to resonant isobaric states such as are 
summarized in the hypothesized energy level scheme of 
Fig. 1. 

There appear to be well-established isotopic spin-} 
excitation levels at 600- and 890-Mev pion laboratory 
energies, with d; and f; Ly assignments based on recoil 
polarization measurements." The possibility that there 
are T= isobaric levels at about 900 and 1330 Mev, has 
been pointed out by the Cornell Group*®’ and dis- 
cussed by Carruthers® and Peierls.® 

The precise nature of the physical process responsible 
for the appearance of these resonant states is a matter 
of considerable discussion."*" Presumably these effects 
are a consequence of either resonant pion-proton inter- 
actions, resonant pion-pion interactions, or some com- 
bination of these. Lindenbaum and Sternheimer™ have 
suggested an extended isobar model of pion production 
by pions in which either the 7=J=}3 isobaric state 


* Supported in part by the National Science Foundation. 

+ Experiment carried out in cooperation with the Alvarez bubble 
chamber group of the Lawrence Radiation Laboratory. 
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3M. Moravesik, Phys. Rev. Letters 2, 171 (1959). 

*P. C. Stein, Phys. Rev. Letters 2, 473 (1959). 

*L. F. Landovitz and L. Marshall, Phys. Rev. Letters 3, 190 
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(I*), or one of the higher 7=} levels (/*)! is excited by 
the incident pion, the final state consisting of a recoil 
pion and a pion-nucleon pair originating in the decay of 
the isobar: 


at+N— (1*)st+m2; (1*) 
at+N— (I*)s+23; U*);— N+. 


4 N+ Ti, 


If the higher 7=} levels can be excited by pions, an 
alternative mode of decay of (/*),; should be the isobar 
cascade process: 


rt+N-— (1*),+23- > [ (1*)y+75 | 


+ar3— (N+26)+ast+73. (3) 


If the reaction (3) actually takes place, it should be 
expected to play a significant role in multiple pion 
production by pions in hydrogen. The reaction r+ p — 
p+a-+2*+2-, in which there are no neutral particles 
in the final state, provides an interesting experimental 
situation for an investigation to discover whether the 
isobar cascade decay scheme adequately explains the 
reaction kinematics. 

The reaction was studied at 810, 970, and 1100-Mev 
incident pion laboratory kinetic energies. At the lowest 
energy, the total energy in the center-of-mass system is 
1640 Mev, which is below the peak for excitation of the 


BSQMEY __ _ _5/2+ 


GROUND STATE _\/2+ 


T#V2 T*3/2 

Fic. 1. Resonant pion-proton isobaric states, with excitation 
energies referred to the laboratory system of the incoming pion. 
The comparatively well-established 7=J=} level and the two 
T =} levels are shown as solid lines, with the hypothesized higher 
excited T=} shown as dashed lines. 
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lowest 7=} level, assuming an excitation energy of 
600 Mev in the laboratory system for that state. At 
970 and 1100 Mev there is sufficient energy to reach the 
lower T=} level, but excitation of the 890-Mev isobaric 
state is unlikely. Consequently, one might hope to con- 
trast the reactions observed at 810 Mev with those 
carried out at the higher energies to observe the effect 
on double pion production of the lower T=} isobaric 
state. 


II. PROCEDURE 


Bubble chamber film from the Lawrence Radiation 
Laboratory 10-in. hydrogen bubble chamber was made 
available by the Alvarez group. Four-prong events 
characteristic of the r +p— p+ma +2*+7° reaction, 
which are quite striking in appearance, were noted with 
high efficiency by scanners examining film in the study 
of strange particle associated production, described in 
detail elsewhere.’ Contact prints were made of film 
frames on which four-prong events were recorded, and 
fiducial-mark measurements on prints and originals 
were compared under microscope to insure that no 
distortion was introduced in the process. 

Measurements of track curvature and projected 
track direction in each stereo view were made on a 
projection table using a scale and templates on which 
were ruled curves of known radius. The stereoscopic 
reconstruction and subsequent calculations were carried 
out on an IBM-650 computer. 

The precision of the track curvature measurements 
was a function of the degree of curvature and the length 
of the tracks measured. The direction cosines were 
computed from measurements of coordinate points in 
each stereo view, reconstructed in space, and depended 
in accuracy on the relative orientation of the points 
with respect to the axis of the two stereo lenses. 

Some error was introduced into the measurements by 
turbulent distortion of the tracks in the liquid, an 
appreciable factor in some regions of the chamber.'® 

In order to gain some idea of the combined errors of 
momentum and angle measurement, including dis- 
tortion, the total momentum imbalance vector in each 
plane of projection was computed from momentum 
conservation for each event: 


a= Pia— DL pi cosd;, (3) 
8=>  p; sind; cos¢i, (4) 
y= > pi sin8; sing:, (5) 


where Pi, is the assumed nominal incoming momentum 
and p;, 6, and ¢; are the measured momenta and space 
angles of each of four outgoing tracks in each event. 


‘8 F, Crawford, M. Cresti, M. L. Good, K. Gottstein, E. Lyman, 
F. Solmitz, L. Stevenson, and H. Ticho, Phys. Rev. 108, 1102 
(1957); 1958 Amnual International Conference on High-Energy 
Physics at CERN (CERN Scientific Information Service, Geneva, 
1958), p. 323. 

16M. Cresti, University of California Lawrence Radiation 
Laboratory internal report (unpublished), Berkeley, California. 


PRODUCTION BY 


Pood 











thes. oy 


-06 0. 3 i) oS” Oa” OS 





Fic. 2. Distributions of momentum imbalance vectors in each 
of 3 mutally perpendicular directions calculated for events at 
810 Mev. 


The distributions of the momentum imbalance vectors 
a, 8, and y for the identified events at 810 Mev is shown 
in Fig. 2. From the mean values &, 8, and 7 one can 
compute a percent total momentum imbalance 


o— 100(a°+ 6+ 72)! Pin (6) 


At 810 Mev, where &=0.106 Bev/c, B=0.055 Bev/c, 
and 7=0.155 Bev/c, the value of +r was 21%, and 
represents a measure of the combined average momen- 
tum error for the four outgoing tracks in each event. 
The momentum imbalance distributions at 970 and 
1100 Mev were comparable. 

‘he only four-prong events for which one would 
expect the visible tracks to conserve momentum were 
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Fic. 3. Momentum distributions in the center of mass for posi- 
tive and negative pions from the reaction x~+-p — p+a~>+7*+27 
at 1100 Mev compared. The x* distribution is normalized to the 
number of negative pions. 
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Fic. 4. Scattering angle distributions in the center of mass 
for positive and negative pions at 1100 Mev compared. 


the events of type m+p— p+at+a-+7-. Event 
selection was made from the calculated values of the 
momentum imbalance a, 8, and y, using Chauvenet’s 
criterion’ to reject those events whose momentum 
imbalance values deviated from the mean values by 
amounts such that their probability of occurrence would 
be <1/2n, where n was the total number of events. The 
principal background was from events in which neutral 
pions were produced, with one of the decay photons 
converting internally (Dalitz decay) to provide two 
additional prongs at the interaction point. These events 
were readily identified from the ionization density and 
curvature of the electron-positron pair, as well as from 
momentum imbalance considerations. The events so 
identified were selected as part of a separate study of 
neutral pion production by pions.'* A total of 55 events 
were identified as p+a~+2*+2~ at 810 Mev, 70 at 

















Fic. 5. Center-of-mass momentum distributions for all pions 
(left) and for protons (right) at 810 Mev. Solid curves are dis- 
tributions computed from four-body phase space calculations. 


17 A. G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley & Sons, Inc., New York, 1943), p. 170. 
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970 Mev, and 92 at 1100 Mev, for a total of 217 events 
in all. 

In view of the difficulty of properly weighting the 
momentum imbalance contributions of each track, 
particularly in those events in which turbulent distor- 
tion was appreciable, no attempt was made to fit in- 
dividual events to the incoming particle energy and the 
requirements of energy-momentum conservation; the 
results which follow are presented in terms of directly 
measured quantities in each instance. 


Ill, RESULTS 


The parameters computed for the selected p+7 
+x+-+2~ events at each of the three incoming pion 
energies were the center-of-mass momentum of each of 
the outgoing particles, p*, the center-of-mass scattering 
angle, 6*, the angle Y* between outgoing pairs of par- 
ticles in the center-of-mass system, and the Q values 
for pairs of outgoing particles. The value Q=[ (E*)* 
— (p*)* ]}!— (M,+M,), the difference in mass-energy of 
the hypothesized intermediate two-body state or isobar 
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Fic. 6. Center-of-mass momentum distributions for all pions 
(left) and for protons (right) at 970 Mev. Solid curves are dis- 
tributions computed from four-body phase space calculations. 


and the rest energies of the final-state particles, was 
calculated for possible x—- as well as r— p intermediate 
states. 

Momentum distributions were the same, within 
statistics, for outgoing positive and negative pions at each 
of the three incoming pion energies, as shown for the 
reaction at 1100 Mev in Fig. 3. In the same way there 
appeared to be no appreciable difference in the scatter- 
ing angle 6* of positive and negative pions, as shown for 
the 1100-Mev reaction in Fig. 4, nor was there any 
appreciable difference in the distributions of the cor- 
relation angle Y* for particle pairs involving positive 
and negative pions. As a consequence positive and 
negative pions were considered together in the distri- 
butions of p*, cosé*, and cos¥* presented below. 

The momentum distributions for all pions and for the 
protons from the double-pion production reaction are 
shown in Figs. 5-7 for incoming laboratory-system pion 
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energies of 810, 970, and 1100 Mev. The pion momenta 
appear to peak at about 200 Mev/c at each of the three 
energies considered, while the peak proton momentum 
increases from a value of 230 Mev/c for the 810-Mev 
events to a value of 320 Mev/c for the 1100-Mev events. 
Momentum distributions computed from the covariant 
phase space program of Hoang and Young” are plotted 
for comparison. 

The scattering angle distributions for all pions and 
for protons at each incoming energy are shown in Fig. 8. 
The nucleons are scattered predominantly into the 
backward hemisphere, very strongly so at the two 
higher energies. The pion distribution at all three ener- 
gies is very nearly isotropic. 

Distributions of the angle between emitted particle 
pairs are shown for both pion-pion and pion-proton 
pairs in Figs. 9-11; distributions computed from phase 
space factors'® alone are presented for comparison. The 
opening angle between pion-proton pairs tends to be 
large at all energies. The angle between pion-pion pairs 
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Fic. 7. Center-of-mass momentum distributions for all pions 
(left) and for protons (right) at 1100 Mev. Solid curves are dis- 
tributions computed from four-body phase space calculations. 


shifts gradually toward larger angles with increasing 
incoming pion energy. 

Distributions of Q values for (4~,p) and (x*,p) pairs 
at each of the three energies are shown in Fig. 12. Both 
(x-,p) and (x*,p) distributions show a similar appear- 
ance at 810 Mev, peaking at low Q values. At the two 
higher energies the (x~,p) and (x*+,p) Q distributions 
look somewhat different, the (x*+,p) Q values being 
considerably more concentrated at the lower energies 
than the (#~,p), although the peaks remain at approxi- 
mately the same Q-value energy. The Q-value distri- 
butions for pion-pion pairs shown in Fig. 13 would seem 
to indicate that there is little difference between (x*,7—) 
Q values and (x~,r-) Q values at any of the three 
incident energies. 

A calculation of the total cross section for them~+ p— 

18 T, H. Hoang and J. Young, University of California Lawrence 


Radiation Laboratory Report UCRL-9050, 1960 (unpublished) 
Berkeley, California. 
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Fic. 8. Center-of-mass scattering angle distributions for all 
pion and for protons for events at 810 (left), 970 (center), and 
1100 Mev (right). The proton distribution is normalized to the 
number of pions. 


p+ +++ reaction was made for each of the three 
energies studied. The total pion path length y through 
a fiducial volume in the central portion of the chamber 
was determined from the expression 


v= (L)(M)(N1) (Ci) (C2), (7) 


where L is the total visible track length measured in 
each frame in which an event was identified and which 
contained no more than 40 tracks, M the demagnifi- 
cation factor to chamber dimensions, V; the total 
number of frames in the sample studied, C; a correction 
factor for the excess in the number of tracks contained 
in the frames in which identified events occurred 
(measured to be 14%), and C2 the correction for the 
number of frames with less than one or more than 40 
tracks. The cross sections were then determined from 
the relation: 


o= N2/(3.49X 10”)y cm, (8) 


where N¢ is the total number of events found within the 
fiducial volume of frames which contained no more than 














Fic. 9. Distribution of angles between particles for all pion- 
proton pairs (left) and pion-pion pairs (right) in the center of mass 
for events at 810 Mev. Curves are computed from four-body 
phase space calculations. 
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Fic. 10. Distribution of angles between particles for all pion- 
proton pairs (left) and pion-pion pairs (right) in the center-of-mass 
for events at 970 Mev. Solid curves are computed from four-body 
phase space calculations. 


40 tracks, and the numerical factor is the product of the 
density of liquid hydrogen under the conditions of this 
experiment and the ratio of Avogadro’s number to the 
atomic weight of hydrogen. 

The scanning efficiency for finding these four-prong 
events was assumed to be ~100%. The total cross- 
section values were then found to be 0.26+0.14 mb at 
810 Mev, 0.32+0.21 mb at 970 Mev, and 0.54+0.32 
mb at 1100 Mev. The errors given are the statistical 
errors which include the propagated errors determined 
for each term in Eq. (7). 


IV. DISCUSSION 


The most notable feature of the reaction studied is 
the relative lack of difference in behavior of positive and 
negative pions, as revealed by measurements of momen- 
tum, scattering angle, correlation angle, and Q value. 
This contrasts strongly with the situation in the single- 
pion production reactions : 

x +p— pta +n (9) 
(10) 


—ant+rit+r, 


studied by various authors,’ 
reaction, 


and the photoproduction 


yt+p-— ptaritr, (11) 
studied by the Cornell group.”* This behavior, together 
with the rather good agreement of the distributions of 
Figs. 5—7 and 9-11 computed from phase space, suggests 
that multiple pion production, in contrast with single 


*W. D. Walker, F. Hushfar, and W. D. Shephard, Phys. Rev. 
104, 527 (1956); J. G. Dardis and V. P. Kenney, Bull. Am. Phys. 
Soc. 4, 266 (1959); I. Derado and N. Schmitz, Phys. Rev. 118, 
309 (1960); V. Alles-Borelli, S. Bergia, E. Perea Ferreira, and P. 
Waloschek, Nuovo cimento 14, 211 (1959); E. Pickup, F. Ayer, 
and E. O. Salant, Phys. Rev. Letters 5, 161 (1960). 

21 B. M. Chasan, G. Cocconi, V. T. Cocconi, R. M. Schectman, 
and D. H. White, Phys. Rev. 119, 811 (1960). 
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pion production, may be described rather well in terms 
of a simple statistical model. 

At the same time the isobar cascade model for multi- 
ple pion production predicts momentum distributions 
for the final-state particles which are also in good agree- 
ment with the measured values. In Fig. 14 the predic- 
tions of the isobar model” and the phase space calcu- 
lation are contrasted for both the proton and the posi- 
tive pion at 1100 Mev, and it seems clear that both 
theoretical curves are consistent with the experimental 
data, within statistics. On the isobar model all three 
pion momenta are expected to peak in the region of 
= 200 Mev/c at each of the energies considered, and the 
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Fic. 11. Distributions of angles between particles for all pion- 
proton pairs (left) and pion-pion pairs (right) in the center-of-mass 
for events at 1100 Mev. Solid curves are computed from four-body 
phase space calculations. 


failure of the positive and negative pions to show 
appreciable kinematic differences could be explained 
accordingly. 

In order to investigate whether the hypothesized 
isobar cascade process [ Eq. (3) ], does indeed take place, 
one must attempt to distinguish the recoil pion a3 from 
the isobar decay pions 75 and x5. From isotopic spin con- 
siderations, one would expect the (J*); isobar decay to 
favor production of a (x*,p) pair. Sternheimer™ esti- 
mates that the ws decay pion will be positive and the 
remaining pions 7; and x5 negative in approximately 
90% of all cases. Differences in the relative (x*+,p) Q 
values and in the nucleon angular distributions at 810 
Mev compared to 970 and 1100 Mev may suggest that 
some such process is important, inasmuch as reactions 
at the lowest energy take place below the peak energy 
for producing the heavier (/*), isobar and an additional 
pion, whereas the reactions at 970 and 1100 Mev are 
well above the energy corresponding to the resonance 
peak. At 810 Mev, where the isobar cascade mode of 
reaction is unlikely, the Q distributions for (#*,p) and 
for (x~,p) pairs have much the same form (Fig. 12). The 
ratio of events with 0>200 Mev: Q<200 Mev is 


22 R. M. Sternheimer (private communication). 
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0.17+0.06 for the (x*,p) pairs and 0.15+-0.04 for the 
(x-,p) pairs. At 970 Mev the same ratio is 0.06+0.03 
for the (x*,p) pairs, consistent within statistics with the 
810-Mev ratio, while for the (#~,p) pairs the ratio is 
0.41+0.08, considerably higher. At 1100 Mev the 
(rt,p) ratio is 0.12+14, again consistent with the 
810-Mev ratio, while the (#~,p) pair ratio is 0.36+0.06. 
The statistics are largely limited by the small number of 
events above 200 Mev/c in each case. 

One might associate the apparent constancy of 
(x+,p) Q values, and spreading of (#~,p) Q values with 
increasing energy, with the predictions of the isobar 
cascade model, in which the (x*,p) pair is identified with 
the (/*); decay Q value of 145 Mev. By similar reason- 
ing, if the backward peaking of the proton observed at 
810 Mev in Fig. 7 is associated with an intermediate 
step in which a comparatively massive (J*); is fre- 
quently formed together with two pions, one might then 
expect that at higher energies, where the final proton 
might arise from a two-step process involving successive 
decay of two massive isobars, the backward peaking of 
the proton would be more pronounced. In Fig. 7 the 
ratio of protons scattered backward: forward increases 
significantly from a value 1.50.4 at 810 Mev to values 
6.0+2.4 at 970 Mev and 3.30.8 at 1100 Mev. 

It should be pointed out, nonetheless, that the (*t,p) 
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Fic. 12. Distributions of (#~,p) and (w*t,p) Q values for events 
at 810, 970, and 1100 Mev. The (2*,p) distribution is normalized 
to the number of (x~,p) pairs. 


Q values seem actually to peak below the nominal 
(/*), value for events at 970 and 1100 Mev, and that 
the peak (x~,p) Q value does not shift appreciably with 
energy. The statistics throughout are very limited, and 
the error propagated in the Q calculation is appreciable. 
The increase in the backward peaking of the protons at 
energies above 810 Mev could have a variety of kine- 
matic explanations. Indeed, the data seem more sug- 
gestive that some sort of difference in interaction 
kinematics exists at 810 Mev compared to higher 
energies, than indicative of the origin of this effect. 

An alternative approach for multiple pion production 


PRODUCTION 


BY PIONS 1573 
by pions is the possibility that pion production may take 
place in the rescattering of pions from a primary pion- 
pion interaction, or that pion-pion and pion-nucleon 
resonant interactions may both take place, with pion 
production proceeding through both branches,* as 
shown in Fig. 15. The observed strong backward peak- 
ing of the recoil nucleon would be consistent with such 
a picture. 

If the incoming w~ interacts with a negative pion, the 
pion-pion state will have isotopic spin T7=2, and out- 
going pions one, two, and three in Fig. 15 will be x-, 7, 
and m*, respectively. If the incoming pion interacts with 
a positive pion, the intermediate pion-pion interaction 
will be an isotopic spin mixture of 7=0, 1, 2 states, and 
outgoing pions one, two, and three will be x, wt, and 
mr, respectively. Strong peaking in the Q distribution of 
the (1,72) pair might indicate that a reaction of this 
type was taking piace; the problem, of course, is to 
distinguish this pair from the (21,23) and (22,73) pairs. 
Only in the isotopic spin 7 = 2 interaction, where m and 
m are both negative, is the identification unambiguous. 

From the (z,r) pair histograms of Fig. 13 it would 
appear that both (x~,r~) and (x-,x*) pairs have very 
similar Q distributions, the widths of which become 
proportionately wider with increasing energy. It is 
probably not possible to rule out the significance of a 
pion-pion contribution to the multiple pion production 
reaction on this account, however, and the strong 
T= J= 3 reaction discussed above should be evident in 
either case. 

In summary, it would appear that most of the kine- 
matic characteristics of the reaction, 7 +p— ptr 
+++, at the energies studied are reasonably well 
described by a simple phase space dependence, within 
the limits of accuracy of the measurements. Some sup- 
port for an isobar cascade model in which a heavy 
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Fic. 13. Distributions of (#-,r~) and (a*,x~) Q values for 
events at 810 (left), 970 (center), and 1100 Mev (right). The 
(x-,x~) distribution is normalized to the number of (x*,7~) pairs. 


°F. Salzman and G. Salzman, Phys. Rev. 120, 599 (1960); 
S. D. Drell and F. Zachariasen, Phys. Rev. Letters 5, 66 (1960); 
A. Erwin (private communication). 
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Fic. 14. Comparison of cascade isobar model and phase space 
momentum distributions with experimental values for protons 
(top) and positive pions (bottom) at 1100 Mev. 


(1*), decays by pion emission to a (/*), isobar, and then 
to a final-state nucleon, is suggested by differences in 
the nucleon angle distribution and (x*,p) Q values at 
810 Mev compared to the higher energies, at which the 
energy availability would be more favorable to this 
process. These effects are not, however, very striking, 
and their explanation in terms of an isobar decay 
cascade is not unambiguous. Pion production mecha- 
nisms initiated by a pion-pion interaction in particular 
cannot be ruled out. 

Inasmuch as experimental uncertainties do not per- 
mit an unambiguous determination of the reaction 
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Fic. 15. Diagram for pion 
production through simul- 
taneous pion-pion and pion- 
proton resonant interaction. 
Pions one and two are pro- 
duced in the (,7) interac- 
tion and pion three is the 
decay pion from the (z,p) 
isobar J. 





mechanism, it would be of interest to repeat these 
measurements with improved statistics at an energy 
sufficiently high that the predictions of phase space 
dependence and the isobar model differ more appreci- 
ably than in the present experiment. It should be noted, 
however, that at very much higher energies the higher 
mass isobaric states may be expected to make a contri- 
bution and the analysis may consequently be more 
complicated. 
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Energy-angle characteristics of neutral mesons produced in interactions of 24-Gev protons with carbon 
nuclei have been studied by detecting the y rays from «® decay in a small emulsion stack. The energy of the 
y rays was obtained from the opening angles of electron-positron pairs, using a special measuring criterion 
which was justified by making multiple scattering measurements on a fraction of the pairs. The average 
energy of neutral x mesons in the c.m. system has been found to be 470+35 Mev. The most probable value 
of their transverse momentum is 230 Mev/c and the average value is 3984-25 Mev/c. it is concluded that 
at 24 Gev the fraction of the available energy in the c.m. system spent in pion production is 0.43+0.07. 


OST of the y rays arising from a meson-producing 
interaction are from the decay of 2° mesons. 
Therefore, a study of the energy and angular distribu- 
tion of y rays from high-energy interactions can be used 
to investigate the most predominantly occurring sec- 
ondary particles, the x mesons. Such a study was made 
for interactions produced in graphite by 24-Gev protons 
from the proton synchrotron at CERN. The experi- 
mental setup consisted of a stack of 12 stripped Ilford 
GS emulsions, each of size 2 in.X3 in.X600 yu, placed 
immediately behind a graphite block of thickness 1 in. 
The beam was parallel to the emulsion surface. The 
exposure intensity was 2 10‘ particles/cm’. 

The emulsions were scanned under a total magnifi- 
cation of 15X25, in a direction parallel to the beam, 
starting 1 mm from the leading edge of the emulsion for 
a distance of 1 cm only; this is to avoid pairs resulting 
from interactions in emulsion. All pairs originating in 
the emulsion and having a projected angle of <45° with 
respect to the beam direction were noted. The space 
angle of each pair with respect to the beam direction 
was accurately determined. Since, in this method of 
scan, the tracks belonging to each pair are encountered 
in several fields of view, the efficiency of the scan is 
believed to be quite good. (However, for purposes of this 
paper, the exact value of this efficiency is irrelevant.) A 
total of 282 pairs have been found and analyzed. It may 
be remarked that a good scanner could locate 5 to 8 
pairs per day. 

The most convenient method of estimating the energy 
of a y ray, producing a pair in emulsion, is by measuring 
the opening angle of the pair. The opening angle is 
usually determined by measuring the separation be- 
tween the two electron tracks at a known distance from 
the origin of the pair. This leads to an overestimate of 
the true opening angle, and hence an underestimate of 
the energy, because part of the separation between the 
two electron tracks arises from multiple scattering. 
This problem of the contribution of multiple scattering 
to the opening angle of the pair has been investigated 
by Lohrmann.' It can be shown that the underestimate 
in the energy will become more serious as the energy of 


' E. Lohrmann, Nuovo cimento 2, 1029 (1955). 


the y ray increases. Also, the error in the estimate of the 
energy is the smaller the less the distance from the 
origin of the pair at which the separation is measured. 
In this experiment the opening angle was determined 
by measuring the distance from the origin to a point 
where the projected separation between the tracks was 
0.6 uw and determining the exact separation at the point; 
0.6 u is the minimum conveniently measurable separa- 
tion under 100X objective. The most probable energy 
of the pair was obtained by using Borsellino’s formula,” 


E= (4mc?/6)®, 


where @ is the opening angle of the pair, mc? is the rest 
energy of the electron, and ® is a parameter depending 
on the disparity in energy between the two electrons 
and is not much different from unity for not too large 
values of disparity. As a check on the energy measure- 
ment, multiple scattering measurements were performed 
on 25 pairs selected at random. For most pairs the 
“multiple scattering energy” was taken to be the sum of 
the energies of the two electrons. Where the energies of 
the electrons were comparable the ‘‘multiple scattering 
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Fic. 1. Plot showing “opening angle energy of the electron 
pair” vs “multiple scattering energy.” 


2 A. Borsellino, Phys. Rev. 76, 1023 (1953). 
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Fic. 2. Integral energy spectrum of y rays in the laboratory system. 
energy” was determined from the relative scattering 
between the electrons. In Fig. 1, “multiple scattering 
energy” of each of these 25 pairs has been plotted 
against “opening angle energy” as determined from 
Borsellino’s formula. It is seen that, with the criteria 
used in this experiment, the opening angle method gives 
a fairly reliable estimate of the energy for y rays en- 
countered in this experiment (up to ~10 Gev). 

Figure 2 gives the integral energy spectrum for all 
the y rays detected. For the energetic y rays the spec- 
trum can be represented by a power law with an ex- 
ponent of ~1.15. This implies that the differential 
energy spectrum of x mesons in the c.m. system can be 
represented as dE./ E*'5**, where 6~0.25. This spectrum, 
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Fic. 3. Transverse momentum spectrum of y rays and the trans- 
formed pr spectrum of r° mesons in the laboratory system. 
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which is valid up to r-meson energies of the order of 
10 Gev in the laboratory system, is slightly steeper than 
that given by Heisenberg’s theory. 

The collision of a proton with a small nucleus like 
carbon may be expected to be essentially like a nucleon- 
nucleon collision. The Lorentz factor y, for the c.m. 
system is 3.66. The energies of all the y rays occurring 
within an angle @,;=tan~'(1/y.)~15° have been trans- 
formed to the c.m. system. The average energy in the 
c.m. system is 235 Mev. This means that the average 
total energy of mesons in the c.m. system is 470+35 
Mev. This is found to be almost the same as that ob- 
tained in collisions at very different energies. As already 
pointed out by Lal ei al.,> the average + meson energy 
in the c.m. system is a parameter characteristic of 
meson-producing interactions which is very insensitive 
to the energy available for the production of r mesons. 
If one assumes that 75% of the charged particles pro- 
duced in the collisions of 24-Gev protons are charged 
m mesons’ and that the average charged-shower-particle 
production at 24 Gev is 4.1+0.6 per collision,® one finds 
that at 24 Gev the fraction of the available energy in 
the c.m. system spent in pion production is 0.43+0.07. 

The transverse momentum distribution of y rays is 
plotted in Fig. 3. The average transverse momentum of 
a ray is found to be 199 Mev/c. This gives an average 
transverse momentum for a 7m’ meson of 398425 
Mev/c. This value is almost the same as that obtained 
by various workers at several different energies. In the 
same figure we have given the transverse momentum 
distribution for 2° mesons as obtained by trans- 
forming the distribution for y rays. The most probable 
transverse momentum is 230 Mev/c. The dotted curve 
in Fig. 3 shows the w-meson transverse momentum 
spectrum given by Melecin and Rosental® on the basis 
of Landau’s model for a break-up temperature T y= uc’, k. 
The x°-meson pr spectrum obtained by transforming 
the y-ray pr spectrum observed in this experiment 
gives a good fit to this curve. 
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Possible experiments with high-energy colliding beams of 
electrons and positrons are discussed. The role of the proposed 
two-pion resonance and of the three-pion resonance or bound 
state is investigated in connection with electron-positron annihi 
lation into pions. The existence of a three-pion bound state would 
give rise to a very large cross section for annihilation into r°+-y. 
A discussion of the possible resonances is given based on consider 
ation of the relevant widths as compared to the experimental 
energy resolution. Annihilation into baryon-antibaryon pairs is 
investigated and polarization effects arising from the nonreal 
character of the form factors on the absorptive cut are examined. 
The density matrix for annihilation into pairs of vector mesons 


INTRODUCTION 


PROPOSAL for electron-electron colliding beams 

was made some time ago at Stanford by Barber, 
Gittelman, O’Neill, Panofsky, and Richter, and an 
experiment on electron-electron scattering based on 
such a proposal is being carried out.! Projects for 
electron-positron colliding beams are under 
development at Stanford! and at Frascati.? The project 
at Frascati is intended to obtain high-energy (>1 Bev) 
electron-positron colliding beams.’ We have already 
discussed possible experiments with e+-e~ colliding 
beams.‘ In this note we shall present a more detailed 
discussion of possible electron-positron experiments and 
of the theoretical questions connected with them. 

Like electron-electron experiments, electron-positron 
experiments can test the validity of quantum electro- 
dynamics at small distances.“* They present, however, 
some very typical features that sufficiently justify the 
effort to produce electron-positron colliding beams. 
Most of the annihilation processes of e+-e~ take place 
through the conversion of the pair into a virtual photon 
of mass equal to the total center-of-mass energy. The 
photon then converts into the final products. These 
through a state of well-defined 


also 


reactions proceed 


!W. Barber, B. Gittelman, G. K. O’Neill, W. K. H. Panofsky, 
and W. C. Richter (to be published); G. K. O'Neill, Proceedings 
if the International Conference on High-Energy Accelerators and 
Instrumentation, CERN, 1959 (CERN, Geneva, 1959), p. 125; 
W. K. H. Panofsky, Proceedings of the 1960 Annual International 
Conference on High-Energy Physics at Rochester (Interscience 
Publishers, Inc., New York, 1960), p. 769; G. K. O’Neill and 
E. J. Woods, Phys. Rev. 115, 659 (1959 

2F. Amman, C. Bernardini, R. Gatto, G. Ghigo, and B. 
Touschek (unpublished). A smaller storage ring for electrons and 
positrons for maximum energy of 250 Mev is already at an 
advanced state of construction; see C. Bernardini, G. F. Corazza, 
G. Ghigo, and B. Touschek, Nuovo cimento 18, 1293 (1960). 

3 Electron-positron colliding beams are also being considered 
at CalTech, Cornell, and Paris. 

*N. Cabibbo and R. Gatto, Phys. Rev. Letters 4, 313 (1960) ; 
Nuovo cimento 20, 184 (1961). 

*« See R. Gatto, Proceedings of the Aix-en-Provence Conference 

1961) (to be published) for a discussion of the possible tests of 
electrodynamics with electron-positron beams 


is calculated. A discussion of the limits from unitarity to the 
annihilation cross sections is given for processes going through 
the one-photon channel. The cross section for annihilation into 
pairs of spin-one mesons is rather large. The typical angular 
correlations at the vector-meson decay are discussed. 

A neutral weakly interacting vector meson would give rise to 
a strong resonant peak if it is coupled with lepton pairs. Effects 
of the local weak interactions are also examined. The explicit 
relation between the e? corrections to the photon propagator due 
to strong interactions and the cross section for annihilation into 
strongly interacting particles is given. 


quantum numbers, and as consequence the possible 
initial and final states are essentially limited. The 
interaction of the final particles with the virtual photon 
is directly measured in the experiment. The virtual 
photon four-momentum is timelike in these experi- 
ments, in contrast, for instance, to electron scattering 
on nucleons where the four-momentum of the trans- 
ferred virtual photon is spacelike. Form factors of 
strongly interacting particles can thus be measured for 
timelike values of the momentum, in a region where 
they have, in general, an imaginary part. Electron- 
positron annihilations in flight offer the possibility of 
carrying out a Panofsky program, of a systematic 
exploration of the spectrum of elementary particles by 
observing their production by the intermediate virtual 
gammas. Unstable particles with the same quantum 
numbers as the intermediate photon can be produced 
singly as resonant states that soon after decay. At the 
appropriate energy there would appear resonance peaks 
in the production cross section for the final decay 
products. 


1, GENERAL CONSIDERATIONS 


1.1. We consider a reaction of the kind 


et+e-— a+0+:--+¢, (1) 
where a, }, ---, c are strongly interacting particles. At 
the lowest electromagnetic order we assume that the 
reaction goes through the one-photon channel repre- 
sented by Fig. 1. In the figure, g, and g_ are the positron 
and electron four-momenta, respectively, k=q,+q_ is 
the time-like four-momentum of the virtual photon, 
and a, 6, ---, c are the four-momenta of the produced 
particles. The element of the S matrix is given by 


2re 
a,b: --c|'S| ete-)= (dy,u)(a,b- + +c 


Re 


; out | 7,(0) | O) 


X6(q4+g-—a—b—---c), 
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Fic. 1. Graph rep- 
resenting the one- 
photon channel. The 
symbols are defined 
in the text. 


9+ ¢.. 


where v and u are Dirac spinors describing the positron 
and the electron, respectively, and j,(x) is the electro- 
magnetic current operator. The relevant quantity is 
the matrix element of j,(0) between the vacuum and 
the final state of the produced particles. It will be 
convenient to define the four-vector 


J ,= (29)"/*(a,b,- - +c; out! 7,(0)|0), (3) 


where we have introduced for normalization purposes 
a factor (2)'"?, where m is the number of the produced 
particles. From 

07,(x)/dx,=0, 


which holds for the charge current j,(x), it follows that 
k,J,=0. (4) 


1.2. It will be convenient to refer all the quantities 
to the center-of-mass system for the reaction. In a 
colliding beam experiment the center-of-mass system 
is actually the laboratory system itself. 

We shall in the following neglect the electron mass. 
We call E the energy of each incident particle in the 
center-of-mass system. It follows that 


R= (q,+9-=—4F. (S) 
Moreover, Eq. (4) in the center-of-mass system becomes 
2iEJ.=0. (6) 


Therefore, J, has no time-like component in this 
system. We shall call J its space-like component. 

The total cross section for unpolarized initial and 
final particles is given by 


(2)5-3%q 
= — { aa. --d¢ 6(Eat+Eyt+: +: +E.—2E) 
16EF* 


X#(at+b+---+e)Tnn 2. Ras, (7) 
e,b-.- 


where a= e?/(4r)= (1/137); a and E, are the momen- 
tum and energy of particle a, etc.; the tensor Tn,» is 


GATTO 


given by 
T mn= }(imin—Smn), (8) 


where i is the unit vector pointing along the direction 
of, say, the incoming positron; the tensor R,,, is defined 
as 


Re a J md ." ; 


and the summation }°,.»...- is over the final spin states. 
Differential cross sections and cross sections for polar- 
ized final particles can be obtained from (7) by omitting 
the relevant integrations and spin summations. 

1.3. For the production of two particles a, 6 of equal 
mass M, Eq. (7) gives 


a 8 r. 
do= —- AT in > Rinn)d(cosé), 
32 "as 


(10) 


where 


g=[1—(M/E)?}! (11) 


is the velocity of the final particles. If the masses of a 
and 0 are different, (10) has to be replaced by 


a Pp 1 EE, 
do= (-) - (Tmn >, Rmn)d(cos@), (12) 
32\E7F FE ab 

where # is the final center-of-mass momentum and E, 
and E, are the energies of a and 6. We have called @ 
the center-of-mass angle. 

1.4. The inclusion of radiative corrections to the next 
electromagnetic order brings about (through its inter- 
ference with the lowest-order term) the two-photon 
channel for which most of the general considerations 
valid for the one-photon channel (such as, for instance, 
angular momentum, parity, and charge conjugation 
rules) do not apply, at least in the same form. However, 
for experiments which do not distinguish between a 
final state and its charge conjugate (such as a total 
cross-section measurement, or any measurement that 
treats symmetrically the produced charged particles) 
such an interference term with the two-photon channel 
vanishes. Radiative corrections for such experiments are 


Fic. 2. Graph for the 
n-pion production re- 
action. 
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obtained by multiplying the expressions for the cross 
sections by an energy-dependent factor p(£), and of 
course, by interpreting the matrix element J, as includ- 
ing the second-order radiative corrections.’ The factor 
p(£) is given by 1+4,...+6,+45,, where 6,... is the per- 
centage correction due to the photon self-energy graph, 
6, is the correction due to the vertex graph for the 
incoming electron and positron, and 6, is the brems- 
strahlung correction. The expressions for 6,.¢., 6,, and 5, 
can be found, for instance, in reference 5. These cor- 
rections take into account emission of soft photons. Be- 
fore comparing with experiment one must, however, 
also add a correction for emission of hard photons under 
particular kinematical conditions that make them un- 
detectable with the experimental apparatus employed 
(for an example see reference 6). 


2. ANNIHILATION INTO PIONS AND K MESONS 


2.1. Pion production in et-e~ collisions has already 
been discussed.‘ We shall here reproduce the main 
results and add some remarks. We consider the reaction 


e++e- — n pions, (13) 


occurring through a graph shown in Fig. 2. The relevant 
vertex is a y-(m pions) vertex for a virtual y of mass 
k?= —4E*. Such vertices are important for the theory 
of the nucleon structure.’ For even, they contribute 
to the isotopic vector part of the nucleon structure; 
for n odd, to the isotopic scalar part. 

We consider reaction (13) in its center-of-mass frame. 
The final n-pion state produced by the virtual y, 
according to the graph of Fig. 2, must have parity —1, 
charge conjugation quantum number —1, total angular 
momentum 1, and total isotopic spin 1 for m even, 0 for 
n odd. In particular it follows that reaction (13) cannot 
occur at the lowest electromagnetic order if all final 
pions are neutral. The space-like part of J, in the 


5G. Putzolu, Nuovo cimento 20, 542 (1961). 

® The same results as those of reference 4 have also been given 
by Yung Su Tsai, Phys. Rev. 120, 269 (1960), and Proceedings 
of the 1960 Annual International Conference on High-Energy 
Physics at Rochester (Interscience Publishers, Inc., New York, 
1960), p. 771. 

7G. F. Chew, Proceedings of the 1960 Annual International 
Conference on High-Energy Physics at Rochester (Interscience 
Publishers, Inc., New York, 1960), p. 775. 

* Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 
110, 265 (1958), Federbush, Goldberger, and Treiman, zbid. 112, 
643 (1958). 


physical region for 
e+Ff¥—~»+e+*®»Dr 


= -(2m,)* K*=0 
center-of-mass system, J, must be formed out of the 
final pion momenta and must have the character of a 
polar vector for m even and of an axial vector for m odd. 
For two final pions J will thus be proportional to the 
final relative momentum; for three final pions J will 
be proportional to the only available axial vector, 
namely, the normal to the production plane. Inserting 
(9) and (8) into (7), one finds uniquely the form of the 
dependence of the cross section on the angle between J 
and the initial electron-positron relative momentum: 
Tinn DU 
a,b 


—¢ 


Rmn=3\|J|? sin’, (14) 


where @ is the angle between J and i, the unit vector 
along the initial positron momentum. Therefore, for 
two pions the angular distribution is ~sin*#; for three 
pions the angle between the normal to the production 
plane and the initial line of collision is also distributed 
~sin*é. 
2.2. The simplest pion production process is 
et+e-—> attr. (15) 
The matrix element of the current J, is written as 
J,=e(4w,w_) IF (R*) (p,P —p,), (16) 


where w, and w_ are the pion energies, and p™ and p™ 
are the pion momenta. The form factor F(k*) is taken 
at k?= —4E*. The cross section is given by 


da 


(17) 


x il 
-o?—8* | F (k*) |? sin6. 
16 


d(cos@) ¥ 


The dependence f*sin’@ is a direct consequence of 
angular momentum conservation that requires that the 
two final pions be produced in a p state and of our 
approximation of neglecting the electron mass. The 
total cross section is given by 


1 
Frorat = —- (0.53 K 10-” cm?)b(x) | F(—4E) |?, 


m-* 


(18) 


where m (expressed in Bev) is the pion mass (or in 
general the mass of the produced boson) and 


b(x) = (1/22) (1—1/22)8, (19) 


with «= E/m. 
To predict the absolute values of the cross section at 
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the different energies, one should know the values of 

F(R)’ for k®<—4m,?. These values of k* lie in the 
absorption cut on the &? plane. In the graph of Fig. 3 
we indicate the real axis of k? with a specification of 
the different regions. 

The form factor at #®=0 takes the value 1. The 
physical region for space-like k? can in principle be 
explored by pion-electron scattering. In such experi- 
ments & has the character of a momentum transfer. 
The physical region for negative k* can be explored 
with pair production in electron-positron collisions. 
The absorptive region starts at k*=—(2m,)?. The 
lowest-mass intermediate state contributing in the 
y—2n vertex is the 27 state itself. The next state 
consists of four pions and its contribution to the 
absorptive part starts at k?=—(4m,)*. An interpre- 
tation of e++-e~ — r++-27 in the vicinity of its threshold 
can reasonably be given in terms of the two-pion 
intermediate states only, and therefore directly in terms 
of pion-pion scattering. This situation is indeed a very 
fortunate one and does not occur in other cases of pair 
production in e+-e~ collisions. A pion-pion resonance 
with T7=1, J=1 has been proposed by Frazer and 
Fulco® as a simple way of explaining the isotopic vector 
part of the nucleon structure. The form factor proposed 
by Frazer and Fulco can be approximated near the 
resonance by a resonant shape of the form 


F(R) |?= [e+ (k.2 7 [e+ (k°—k,?)*], 


B=2.65m,? and kr 10.4m,?. At an energy 
E=230 Mev (total center-of-mass energy 2E=460 
Mev), near the maximum of the form factor, one finds 
a total cross section of 8.35X10- cm? for e+t+e-—> 
m++2-. Bowcock, Cottingham, and Lurié” suggest a 
resonance with the same quantum numbers but with 
rather different parameters. They propose a resonant 
shape 


where 


i.+y 


F,()= —, 
t-—l—iy(t/4—1)! 
with ¢,=22.4m,? and y=0.4m,—". 

At an energy E~330 Mev (total center-of-mass 
energy ~660 Mev) near the maximum of the form 
factor the total cross section for e++e—— art++2~- 
reaches a value of 6.6X10-* cm’. 

These cross sections are much higher than the cross 
section calculated for F =1 (a factor ~17 in the 
Frazer-Fulco case and ~33 according to Bowcock, 
Cottingham, and Lurié). 

Interpretations of the proposed T= 1, J=1 resonance 
in terms of an unstable meson with J=1, T=1, and 
negative parity, which decays rapidly into r++ 2~ have 
been proposed." The neutral meson of such a triplet 

W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960). 

” T. Bowcock, W. N. Cottingham, and D. Lurié, Phys. Rev. 
Letters 5, 386 (1960). 

‘J. J. Sakurai, Ann. Phys. 11, 1 (1960); A. Salam, Revs. 


Modern Phys. 33, 426 (1961); A. Salam and J. G. Ward, Nuovo 
cimento 19, 167 (1961); M. Gell-Mann (to be published). 
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has charge conjugation number C=—1. Electron- 
positron collisions offer a good way for detecting 
systematically neutral mesonic resonant states with 
J=1, C=—1, and negative parity. The T=1 resonant 
state discussed here belongs to such a class of states. 

The netural production process 

ote — 2°-+-2°, 

does not occur at the lowest electromagnetic order (it 
requires the exchange of at least two photons). 

2.3. The three-pion production process 

ate — at +a +2", (18) 

can occur by the lowest-order graph (Fig. 2). If we 
call / the relative x+w- angular momentum and L the 
angular momentum of 7° relative to the r*x~ center of 
mass, we find that only the states /=L=1, /=L=3, 
l=L=5, etc., can be produced at the lowest electro- 
magnetic order. This follows directly from parity, 
charge conjugation, and angular momentum conser- 
vation. 

The matrix element J, of the current operator for 
three pions can be written*® 
J, = —i(8w40_w)1H* (E,w,,w_)e"??"p, po p,™. (19) 

The form factor H* depends on three independent 
scalars that we have chosen as E, w,=energy of mt, 
and w_=energy of z~, all in the center-of-mass frame. 
The final momenta of r+, 7, and w° are p™, p~, and 
p. The differential cross section can then be written 


"9 a 1 


= H |? sir’6(p™ X p™)*. (20) 


Here 6, as already explained, is the angle between the 
initial line of collision and the normal to the production 
plane. The absolute value of the cross section depends 
entirely on the form factor |H|?. Knowledge of this 
form factor is very important for the theory of the 
isotopic scalar part of the nucleon structure.* 

At present there is not much information available 
on |H,\*. There have been proposals for the existence 
of a three-pion resonance or bound state with T=0, 
J=1." If one assumes the T=1, J=1 two-pion reso- 
nance, a three-pion state with T=0, J=1 may be 
formed in which all pairs of pions interact in the 
resonant state. The possibility of such a saturated 
structure might lead to the existence of a bound three- 
pion state with T=0, J=1. It has in fact been pro- 
posed to identify such a bound state with a possible 
resonant behavior observed by Abashian, Booth, and 
Crowe." In this case its mass would be as low as 2.2 
pion masses. A preliminary fit to the scalar part of the 

i2G. F. Chew, Phys. Rev. Letters 4, 142 (1960) 


3A. Abashian, N. E. Booth, and K. M. Crowe, Phys 
Letters 5, 258 (1960). 
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nucleon structure, according to the latest data,“ has 
been attempted by Bergia et al. assuming the existence 
of such a three-pion bound state.!® The existence of 
such a bound state may strongly influence the behavior 
of |H|* near the production threshold. Or, if a three- 
pion resonance exists in the physical region, it would be 
directly exhibited in the cross section for (18). A three- 
pion bound state with 7=0, J=1 would decay mostly 
into m+ and 2r+~¥. It would lead to spectacular 
peaks in e+-+e- > w°+-7, and e++e- > 24+. This will 
be examined in more detail in the next sections. It is 
difficult to calculate its rate of decay. Its dominant 
modes of decay would involve the emission of a photon 
and the resulting lifetime may be relatively long as 
compared to typical nuclear times. A lifetime of the 
order of 10~*! sec would correspond to width of the order 
of a fraction of a Mev. The form factor H in (19) could 
then be approximated near threshold as 


HT = (constant) X[1/(k?+ M?) ], 


where M is the mass of the bound state, whose contri- 
bution is assumed to dominate the behavior of H near 
the threshold. 

Gauge theories of elementary particles" also lead to 
the prediction of a J=1, T=0 meson with negative 
parity and negative charge conjugation number. We 
have already mentioned that et-e~ collisions provide a 
systematical way of searching for resonant states with 
J=1, C=—1, and negative parity. 

2.1. Production of four pions, five pions, etc., will 
become important at high k?, as strongly suggested by 
the high pion multiplicity in nucleon-antinucleon 
annihilation. The direction of the current matrix 
element J cannot be specified in terms of the final pion 
momenta from parity considerations alone, as it could 
for production of two or three pions. Gauge invariance 
alone does therefore not lead to any simple geometrical 
consequence. The presence of two-pion and three-pion 
resonances will strongly affect the final state and could 
suggest models for a simplified treatment. Methods 
used in the analysis of the nucleon-antinucleon annihi- 
lation into pions" can be applied to the present problem, 
with the substantial simplification of the complete 
knowledge of the initial quantum numbers. In partic- 
ular, assuming the dominance of the T=1, J=1 pion- 
pion resonance, there is the possibility of a ‘“‘saturated”’ 
T=0, J=1 three-pion state of negative parity and 
charge conjugation number, with all pairs coupled by 
the resonant interaction.” No such “saturated” states 
can be formed with more than three pions. In fact, 
already with four pions, two pions must have the same 


4D. N. Olson, H. F. Schopper, and R. R. Wilson, Phys. Rev. 
Letters 6, 286 (1961); R. Hofstadter, C. De Vries, and R. Herman, 
ibid. 6, 290 (1961); R. Hofstadter and R. Herman, ibid. 6, 293 
(1961). 

18S, Bergia, A. Stanghellini, S. Fubini, and C. Villi, Phys. Rev. 
Letters 6, 367 (1961). 

16 A, Pais, Ann.§Phys.{9, 548 (1960). 
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Fic. 4. Vertex for 
production of 7°+y. 
The symbols are de- 
fined in the text. 


charge and therefore their relative angular momentum 
must be even. 
2.5. Production of KK pairs can occur according to 


et-te— K++ K-, 
ett+e-— K°+R°, 
e-te-— K+K-+_, etc. 


Expression (17) applies for production of a K—K 
pair with F(R?) interpreted as the relevant A+, or K°®, 
form factor. The charged K form factor is the sum of 
an isotopic vector form factor and an isotopic scalar 
form factor; the neutral K form factor is the difference 
of the isotopic vector and isotopic scalar form factors. 
Two-pion intermediate states and K—K states of iso- 
topic spin one are among the contributors to the vector 
part, while three-pion states and zero isotopic spin 
K—K states are among the contributors to the scalar 
part. Presumably, K—K scattering will play a relevant 
role for production near threshold and the experiment 
will give information on its properties. Similarly 
e-t+e-— K+-K+- could give information on K—r 
and K—r interactions. 

In the K°—K°® processes there is a very simple 
consequence of charge conjugation invariance that 
should be pointed out. The final K°K® pair must be 
produced in a state of C=—1. Therefore, the final 
amplitude is of the form 

K°K°— K°K?. 
In terms of the physical particles 
K\°= (1/v2)(K°+K°), K.°=(1/v2)(K°—K), 
the final amplitude can be written as 
K °K°— K.°K,°. 

It is now evident that only K,°—K,° pairs can be 
produced (but not A,°—K,° or K,°—K,° pairs). This 
means that one particle must decay as a K,° and the 
other as a K,.". It also follows that for a given configu- 
ration at production K,°—K,° pairs are produced with 
the same probability as K.°—K,° pairs. Note that the 
final amplitude maintains its form at any time in 
absence of interactions. The time development in fact 
is just given by 


K, rh Ke Oitim)t  K0—» K Qe-O2etima) t 


if K,° and K,° propagate through vacuum. Analogous 
conclusions apply if additional 7s are produced 
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physical region for 
et + @ —» T+ nf 


| 
x. Myr 


phys. region for 


1T—> ¥+e* + e 


phys. region for ¥ —» 1° 


in a Coulomb field 


K*= 0 


Fic. 5. The real &? axis for the x° form factor. 


together with the K°K® pair. If, however, r*tw~ pairs 
are also produced the K°K® pair can be produced in a 
C=+1 combination and the correlation would be 
different. 


3. ANNIHILATION INTO x+y 
3.1, The process 


ete w+ (21) 


is very interesting from a theoretical point of view as 
it is directly related to the properties of the vertex 
shown in Fig. 4. Here k and g are the photon momenta 
and p is the x® momentum. In the electron-positron 
annihilation process (21), the photon momentum & is 
off the mass shall, corresponding to a virtual photon 
mass of (—k*)i=2E. For k*=0, the vertex describes 
m decay into two photons and can be computed in 
terms of the 7° lifetime. There exist various experi- 
mental possibilities for exploring the above vertex for 
the different ranges of values of &’, as illustrated in 
Fig. 5. In the figure we have exhibited the real &? axis 
and indicated the various physical regions. We have 
also indicated the absorptive region, whose threshold 
starts at two pion masses. 

The decay of a free x°® into two photons occurs at 
k?=0. The region at the right of #?=0 can in principle 
be explored through the so called Primakoff effect.” 
In the Primakoff effect an incident real photon produces 
a ® through the interaction with the Coulomb field of 
a nucleus. The vertex of Fig. 4 can be held responsible 
for such a process with g taken as the incident photon 
momentum and & as the virtual photon momentum. 
The Dalitz process x°— y+e+t+e— may be used to 
investigate the (x°yy) vertex for small negative values 
of k?.38 

The physical region for (21) starts at k?=—m,?’. 
The absorptive region starts only at k?= —4m,?’, with 
the possibility of two-pion intermediate states. The 


17H. Primakoff, Phys. Rev. 81, 899 (1951); C. Chiuderi and 
G. Morpurgo, Nuovo cimento 19, 497 (1961); V. Glaser and 
R. A. Ferrell, Phys. Rev. 121, 886 (1961); S. Berman (to be 
published). 

18S, M. Berman and D. A. Geffen, Nuovo cimento 18, 1192 
(1960) ; How Sen Wong, Phys. Rev. 121, 289 (1961). 


T=1, J=1 two-pion resonance would produce a strong 
resonant-like behavior of the vertex in the physical 
region for (21). The next absorptive threshold due to 
three-pion continuum starts at k?= —9m,’. If there is 
a bound T=0, J=1, 3m state at some k?>—9m,?, 
which decays only through electromagnetic interaction, 
its presence would lead to a pole contribution to the 
vertex at the relevant value of k2=—M?, where M is 
the mass of the bound state. Of course, the pole would 
occur strictly at a complex value of &’, due to the finite 
lifetime of the bound state. The associated width is, 
however, presumably only a fraction of a Mev, and 
the description by a pole may be safely applied except 
for the immediate vicinity of the resonance peak. The 
contribution from the peak to the cross section may 
turn out to be effectively very big, possibly of the order 
of 10-°°—10-" cm*. This can be seen from simple 
considerations based on a Breit-Wigner description of 
the resonance. The T=0, /=1 three-pion bound state 
would presumably decay into 7°+v7, or 2r+7, with a 
lifetime ~ 10-™ sec. The corresponding width T is then 
between 0.06 Mev and 0.6 Mev. The experimental 
energy resolution is given by 2AEZ, where AE is the 
energy resolution for each colliding beam (positrons 
or electrons). If the energy spread of the incident beams 
is larger than a few Mev, as it will presumably be, the 
measured quantity will be the integral of the cross 
section in a region comprising the peak. We therefore 
estimate the average cross section as 


2E=M+AE 1 E=}M+}4E 
f od(2E)= f 
2E=M—AE AE E=4}M-\jAE 


We use a Breit-Wigner formula for the cross section 
near the resonance. For production through a J/=1 
resonant state of mass M, total disintegration rate [ 
and partial rates I’; and I’, for decay, respectively, into 
the initial e++e~ channel and final r°+y (or 27+) 
channel, we have 


c= eT TV ,/[(2E—MyP+r° 4 |. 


odE. (22) 


(23) 
The contribution to é from the peak is then given by 


&= 39°XB,B,(T/2AE), (24) 
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where B; and By are the branching ratios [,/[’ and 
I',/T, respectively. In performing the integration we 
have assumed I<2AE but the result can be applied 
for an estimate if T'S2AE. Let us assume MS3m, 
and a branching ratio into e++-e~, B;, of the order of 
10~*. One obtains ¢=1.310~*5(['/2AE) cm?, or, with 
I~ 10” sec, ¢=0.8X10-°9(2AE in Mev) cm. 

3.2. In the following we shall discuss in detail the 
process e++-e~ — +7 assuming the dominance of the 
resonant 2m state and of the 3m bound state. From 
what we have seen in the previous paragraphs, if the 
3x T=0, J=1 bound state exists, its contribution is 
likely to be very important. 

Presumably also a T=0, /=1 three-pion resonance 
(as opposed to a bound state) would have a very 
important effect in e++-e~ — r°+y. A limitation of the 
theory to the T=1, J=1 27 resonance'® would be rather 
artificial also in view of the remark by Chew" that a 
T=1, J=1 2m resonance could generate a T=0, J=1 32 
resonance or bound state. The experimental result by 
Samios” on internal conversion of gamma rays in 7° 
decay indicates a negative value for the derivative of 
the x form factor at the origin. This result would be 
difficult to understand if only the 27 resonant state is 
kept in the calculations. A possible explanation could 
be to include contributions from. the intermediate 
nucleon-antinucleon pairs. A theory of 2° decay based 
on keeping only contributions from nucleon-antinucleon 
pairs has been published by Goldberger and Treiman.”! 
The negative coefficient of the Samios experiment could 
be possibly understood through the coherent contri- 
bution of the 27 resonant state and of the nucleon- 
antinucleon states. Such a point of view has been 
proposed by Berman and Geffen in their discussion of 
internally converted pairs.'* The point of view that we 
follow here by including two- and three-pion states is 
closer to that of Wong'* in his discussion of 7° decay. 

The general form for the r°yy vertex as determined 
from invariance requirements is 

1G(—k2— G2 — p*)€uerpl w(Q)F rp(k), (25) 
where k and g are the four-momenta associated to the 
photon lines, F,,(qg) and F,,(k) are Fourier components 
the electromagnetic tensor, p is the 7° four-momentum, 
Eydo iS the isotropic antisymmetric tensor, and G is a 
form factor. In our case one photon and the 7° are on 
the mass shell. We shall denote by G(—k*) the value 
of the form factor for —p=m,? and g?=0. The 7° 
lifetime, r, depends on G(0) according to the relation 


1/r= (m,°/64r) | G(0) |?. (26) 


From (7), (8), and (9) we can derive an expression for 
the cross section for et-+e~— w°+-7. The matrix ele- 
ment of the current is given in the center-of-mass 


19 G. Furlan, Nuovo cimento 19, 840 (1961). 
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system for the reaction by 
J=—[E/(o| p|)! |G(—’*)eXp, 

where w is the 7° energy, p its momentum, and e the 
polarization vector of the emitted y ray. The tensor 
Ryn» is then given by 

(E2/w! p|)|G(—R*) |? (papm— pP'bmn), 
and the differential cross section is given by 

do = (a/64)8*! G(—k?) ?(1+cos*@)d(cos@). 

It will be convenient to express the cross section in 


terms of the 7° lifetime through (26): 


iG(—R) |? 
B°(1-++-cos’6) |- 
G(0) 


ra 1 


d(cos§). (27) 


do= 
Mm, T 


The total cross section is given by 
8r a 1 G(—k?)|* 


| 
i 
G(0) | 


o 
3 m,° Tr 


where «=2E/m,, and the numerical factor, inversely 
proportional to the 7° lifetime, has been calculated for 
a lifetime of 2.210-"* sec. 

The form factor G(k?) is assumed to satisfy a dis- 
persion relation of the form 


1 f” ImG(é)d! 
G(—k*)= f 

s (+h—ite 

(we are using m,=1). The imaginary part has contri- 
butions from the absorptive region as indicated in 
Fig. 5. If a three-pion bound state is present an addi- 
tional pole contribution should be added to (29). We 
first evaluate the contribution to the dispersion integral 
from the T=1, J=1 two-pion intermediate state, 
assuming a resonant pion-pion amplitude as proposed 
by Frazer and Fulco® and by Bowcock, Cottingham, 
and Lurié.” The contribution from the resonant T= 1, 
J=1 two-pion intermediate state can be expressed, 


(29) 


following Wong,'* as 


(i-4)! 


F,*(t)M (td, (30) 


r f 
418e2 J, (t+h— ie) 


where F(t) is the pion electromagnetic form-factor and 
M,(t) is the amplitude for pion photoproduction on 
pions (y+m—2+7) in p wave. This amplitude has 
been studied by Wong” who has shown that under the 


assumption of a resonant T7=1, J=1 w-m interaction, 


M,(t)=A(1+a)D,(1)/ (t+ a)D,(0), 


22H. Wong, Phys. Rev. Letters 5, 70 (1960). 
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where D,(¢) is the denominator function, as defined by 
Chew,” a is a positive constant, and A is an unknown 
parameter. In this scheme also F, (¢) is related to D(t) by 


One sees that F,*(¢)M,(¢) is essentially proportional 
to the square of the absolute value of the pion form 
factor. The two-pion contribution G.(—?) is therefore 
proportional to the integral 


1 e® (t—4)!! F, (0) |2dt 
f -, (31) 
« U(t+a)(i+kR—ie) 


T 


We shall evaluate the above integral by assuming for 
F,(t)|? the form proposed by Bowcock, Cottingham, 
and Lurié” 


F,(t)= (tet y)/[h—t—iy(t/4—1)4], (32) 


where /, and y are the parameters that characterize the 
resonance. The form factor F,(¢) satisfies the non- 
substracted dispersion relation 


1 ¢* ImF,(idi 
F(-#)=- [ —— 
4 


. (33) 
T i+k’—ie 


Normally a subtracted dispersion relation is used; 
however, with the form (32) for F,(¢) also a nonsub- 
tracted relation like (33) is convergent. The absorptive 
term in (33) as derived from (32) can be written in the 
form 


ImF,(t)= mie (t—4)3| F,(t)|"0(t—4). = (34) 
4(t.+7) 

The comparison with (33) and (34) will permit a direct 
evaluation of the integral (31). The factor |F,(¢)|? in 
the integral (31) represents a very sharp resonance. It 
will therefore be possible to neglect the energy variation 
of the slowly varying terms in the denominator of (31) 
and obtain 


G2(—k?) — 


T 





1 f (t—4)!| F, (0) | dt 
" 


t+h’—ie 
By comparing with (33) and (34) we then find directly 
G2(—k?) = ¢2/[b+h—iy(—}R—1) 1 (35) 


where ¢2 is a constant. 
We shall now approximate G(—&?) for not very large 
values of |k?| as 


Co 


G(—k)= 


: —— (36) 
to+h—iy(—1#—-1)! 44+2—i 

The first term in the right-hand side of (36) represents 
the contribution from the 27 resonant state. The second 
term represents the “pole” contribution from the 
proposed 3 bound state. The mass M of the bound 


% G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 


CABIBBO AND R. 


GATTO 


state is given by /;! and I is its total decay rate, corre- 
sponding to a lifetime presumably of the order of 10-” 
sec. The imaginary part —:I' is very small, producing a 
very narrow peak in G(—?*) in the neighborhood of 
k?=—1;. The constant c; is the residuum of the pole 
corresponding to the 3m bound state. We shall not try 
any theoretical determination of c. and c; but rather 
try to evaluate them on the basis of experimental 
information. G(0) is related to the 7° lifetime through 
(26). This gives approximately 


Ce tot+-cz ts 2—= (644 m,”)r A (37) 


A second piece of information is given by the Samios 
experiment on internally converted electron pairs from 
m decay.” The experiment gives some information on 
the derivative of G(—k*) at k?=0. With the definition 


1 0G(—k’) 
_ _-(—_-) =am,”, 
G(0) Ok? 0 


Samios finds a= —0.24+0.16. From (36) and (38) one 
finds directly (m,=1) 


C3 ls \ *1—ate 

C2 (*) 1—al; 
We now use for /, the value suggested by Bowcock, 
Cottingham, and Lurié, 42=22.4, and for ¢; the value 
suggested from the identification of the bound state 
with the resonance observed by Abashian, Booth, and 
Crowe," namely #;=5. From (39) and from the experi- 
mental value of a there follows a value for c;/c. between 
—0.22 and —0.13. Expressed in terms of 7 and a, the 
7m form factor becomes 


(38) 


(39) 


649 1 
|G(—k) |?=— —_-l_ = a >) i 
m;> — (t2—ts)*| +R —iy(—4R—1)! 


to?(1—als) 


ts?(1—al)|> 
- }. (40) 
+k —il | 


The form factor (40) is composed by two resonant terms. 
The first term due to the resonant T=1, J=1 2-4 
interactions reaches its maximum around k?= —/, and 
has a width given by y(—}t.—1)%.-%. With the 
Bowcock, Cottingham, and Lurié values for the pion- 
pion form factor, y0.4m,—, and the resonance width 
is then about 0.8m,. The second term, due to the 
proposed 3r bound state, reaches its maximum at 
2——{,—=—(mass of the bound state). Its width, 
presumably determined by the decay rate of the bound 
state into 2°+-7, is expected to be only a fraction of a 
Mev. According to (40) with the values 4.=22.4 and 
t3=5, the contribution from the 3m resonant term is 
negligible for values of k? about — 22.4, in comparison 
with the 27 resonant term that reaches its maximum 
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in that region. The enhancement factor we find at 
e= — lo is 

| G(t2)/G (0) |°=250. (41) 
The reason for the enormous enhancement can be 
traced back in the required compensation of the two 
resonant contributions near k®=0 to produce a small 
negative derivative. The enhancement factor (41) 
multiplies the perturbation-theory (i.e., constant form 
factor) cross section of 2.75 10-* cm?X (1—t:!)*=2.4 
x10-* cm’. The resulting cross section may thus 
become observable in the region of the 27 resonance 
maximum. 

The resonance peak due to the 3m resonance is very 
narrow and only an average cross section, integrating 
the contributions from the peak, will be measurable. 
On the basis of the expression (40) for the form factor 
we can again estimate the value of the average cross 
section &, as defined by (22). Near the 3m resonance 
the cross section can be approximated as 


4 


lg—atots\? 


o=2.75X10-* cm*(1—1;-1)! 
f— te 


The resulting average ¢ is 


ts—atlols . 
3 sx10-"( - ) - cm’, 


with AE expressed in Mev. With the proposed values 
for the parameters, ¢ can become ~10~-*8/(2AE) cm’, 
a value about a factor of 10 higher than what we 
obtained before on the basis of assumptions on the 
decay rates. The considerations that we have developed 
strictly apply to the explicit case of a 34 bound state. 
In the case of a 3m resonance there might occur an 
important change in the conclusion if the decay rate 
of the resonant state into three pions is strong enough. 
As no selection rules would be expected to prevent such 
a decay mode, its rate is expected to be rather big and 
might become much bigger than the rate for decay into 
n+ as soon as the energy release is large enough to 
overcome the effects of the smaller statistical weight 
and of the centrifugal barrier. In this case the resonance 
width would be much larger and a better dispersion 
theoretical approach would be required to obtain 
reliable estimates. Apart from the difficulties met in 
obtaining a precise estimate one can see that a very 
big cross section for e++e~ — 2°+-y could be obtained 
if there is an intermediate bound state with spin one 
and charge conjugation number —1, which mainly 
decays into r°+y. We obtained the first indication for 
such a big cross section on the basis of a Breit-Wigner 
formula for the resonance with suitable choices of the 
relevant partial widths. The second indication is based 
on a theory for the x° form factor on the assumption 
that only the 27 resonant amplitude and the three-pion 
bound state contribute, with a relative weight deter- 
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mined in such a way as to give the value for the deriva- 
tive at k°=0 required by the distribution of internal 
converted electrons, in m° decay. Of course both 
approaches are rather tentative and subject to criti- 
cisms. For an energy resolution AE~5 Mev one expects 
a cross section, on the resonance peak, of the order of 
10-*°— 10-** cm’, tremendously big if compared to the 
perturbation-theory (i.e., constant form factor) values, 
always smaller than 2.75X10~** cm? for a 7° lifetime 
of 2.2X10~'® sec. Verification of the existence or 
nonexistence of such big cross section should be a 
feasible though probably very delicate task. 

3.3. In general the reaction (21) would be observed 
as an annihilation into three gammas of the initial 
electron-positron pair. A close examination of the 
competing electromagnetic process, 


et+e- — 3y, (42) 


will therefore be necessary. The process (42) occurs at 
the same order in the fine structure constant as the 
w+ process. 

A relevant contribution to 7° production in e++-e- 
collisions will also come from a process first discussed 
by Low, 


e++e- > et +--+". (43) 


Low calculates the leading term of the cross section 
using a Weizsicker-Williams method.™ Such a leading 
term corresponds to a forward scattering pole in (43) 
and its value depends only on the value of the 7° form 
factor at k?=0. For E=150 Mev, Low finds a total 
cross section for (43) of about 10-* cm? with a 7° 
lifetime 10-8 sec. With the value for the lifetime that 
we have used above, 2.210~!® sec, the cross section 
would be of the order 10-*° cm’. A recent re-evaluation 
by Chilton®* has lead to essentially similar results. The 
cross section, as calculated from the pole term, increases 
linearly with energy already at E>m, and, for r=10—* 
sec, can be approximated as o=2.2X10-**(E/m,). At 
the same electromagnetic order of (43) a double brems- 
strahlung process can occur, and the two emitted 
photons may simulate the photons from 7° decay ; Low 
suggests discrimination between the two processes by 
the different spread of the photon angular distribu- 
tions.** However, a detailed calculation of the double 
bremsstrahlung process should be carried out for an 
accurate discrimination. 


4. GENERAL DISCUSSION OF THE 
POSSIBLE RESONANCES 


4.1. In the previous sections we have discussed the 
possibility of resonances due to the contribution of 
pion-pion real or virtual bound states. In particular, 
we have examined the role of the proposed T=1, J=1 
pion-pion resonance and of the proposed T=0, J=1 

2% F, E. Low, Phys. Rev. 120, 582 (1960). 

26 F, Chilton (to be published). 
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3m bound state in reactions such as e+-++-e~ — 22, or 3a, 
or r°+-y. Both the #-m resonant state and the 3r bound 
state or resonant state that we have considered have 
angular momentum /J=1, and charge conjugation 
number, C=—1. Electron-positron collisions offer in- 
deed a very suitable means for exploring the properties 
of intermediate neutral states with J=1, C=—1, 
P=-—1, zero nucleonic number, and zero strangeness. 
Such states can transform into a single virtual gamma 
and this is in fact what selects them among all. the 
other states accessible only through the exchange of 
more virtual gammas. However other quantities, such 
as the experimental energy resolution AE, and the 
partial decay rates from the intermediate state, are 
relevant to the discussion, and a more detailed exami- 
nation is necessary. In the following we shall illustrate 
our statement by employing a simplified description of 
the resonant reaction based on a Breit-Wigner formula. 
We consider a resonant channel of the type 


e++e— — B, — (final state), (44) 


where By represents an intermediate state of zero 
strangeness and nucleonic number, spin J, and mass M. 
In the vicinity of the resonance we assume that a 
Breit-Wigner description holds. The resonance cross 
section for (44) at a total energy 2E around M will 
then be approximated by 


2J+1 rl, 
or(E)=xv— 


name, (45) 
4 (2E—M)*+T/4 


where I; is the rate for By — e++e~ and I, the rate 
for B; — (final state). The total rate is given by I. 
In any actual measurement the measured quantity is 
the integrated product of o(£) with the experimental 
resolution curve. For our purposes it will be enough to 
approximate the resolution curve with a rectangle of 
width 2AE£. It will be necessary to distinguish among 
three cases: case (a): The resonance is very narrow, 
with a width much smaller than the experimental 
energy resolution, <2AE; case (b): The resonance is 
wide, with a width much larger than the experimental 
energy resolution, [>>24E; and case (c): The reso- 
nance has a width comparable to the experimental 
energy resolution, ['~2A4E. The contribution to et 
+e~ — (final state), from the resonance, in an experi- 
ment carried at an energy 2E=M with an energy 
spread given by 2AE will be given by 


1 }(M+ABE) 
Frk=— f o(E)dE. 
4 


AE YJ yy_-agy 
This quantity is given in case (a) by 


r= 2eh?(w/4)(2J+1)B,B,T/ (2B), (46) 


with B;=I,/T and B,;=T,,/T. In case (b) it is simply 
given by 


a (2M) =2X?(2I+1)B, By. (47) 
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For the intermediate case (c) both (46) or (47) can be 
applied for order-of-magnitude estimates, since they 
only differ by a factor r/2 if T=2AE£. 

4.2. For purposes of comparison, one can consider a 
typical cross section, such as that for e++-e~— — wt+yp-, 
which for E>>m, is given by }7a*A?. It will also be 
sufficient to limit the discussion to the most important 
final channels, for which B, is of the order unity. The 
important quantity is then [',/AE in case (a); T;/T in 
case (b); and any of these two quantities in case (c). 
We can then examine what important factors will 
appear in I’;, the rate for the transition By — e++e-. 
We make use of gauge invariance and of the charge 
conjugation selection rules. For J=0, C=1, IT, is 
proportional to a‘m, and for /=0, C=—1, it will be 
proportional to a®*m2. The rates vanish for m,=0 
because the final electron and positron should be 
emitted in configurations with parallel spiralities thus 
violating angular momentum conservation. For J/=1, 
C=1, I is proportional to a‘, but for J=1, C=—1 it 
is proportional to a. For /=2, C=1, I; is proportional 
to a‘, for J=2, C=—1 it is proportional to a*; and, 
similarly, higher powers of a@ appear when J is 
increased. 

It is now important to state that the energy resolution 
AE will presumably not be smaller than ~1 Mev. An 
energy spread of this order corresponds to rates I’ of 
the order of 10" sec’. Therefore, in case (a) only 
intermediate states with J=1, C=—1 will produce 
comparatively large effects. In fact, rather large effects 
will be expected if ';/AE>>o?. Next in importance are 
states with J=1, C=+1, and J=2, C=1 with an 
additional factor a. In case (b) the relevant quantity 
is [,/f, and T is supposed to be much bigger than 2AE. 
Therefore the same conclusions apply as for case (a), 
and, of course, they hold also in case (c). If By can 
decay through strong interactions, T is expected to be 
of the order of 10-10” sec~ and thus much bigger 
than 2AE. The T=1, J=1 pion-pion resonance belongs 
to this class of resonances, case (b). For the 34 bound 
state, which decays slowly into r°+y or 2r+y7, I is 
presumably of the order 10° sec~', rather smaller than 
2AE, case (a) or case (c). For a narrow energy resolu- 
tion, the factor [';/AE is expected to be big enough to 
give large resonance peaks. In general, the occurrence 
of case (a) or (c) requires some inhibition of a fast 
decay via strong interactions and would in fact corre- 
spond to a rather exceptional situation (such as a 
bound state of very low mass). 


5. ANNIHILATION INTO BARYON PAIRS 
5.1. We shall discuss in this section electron-positron 


annihilation in flight into a fermion-antifermion pair 
according to 


ete — f+f. 


(48) 


Pairs of strong interacting fermions can be produced 
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according to 


e+e PD, wn, e+e +5, (49) 


et++te-— A+A, ette-— E+8, 


all of the type (48). The final pair is produced in the 
states *S,; and *D, as follows directly from angular 
momentum and parity considerations (charge conju- 
gation does not add anything new to this case). The 
cross section near the threshold is thus expected to grow 
up proportional to the velocity of the final particles in 
the centers-of-mass system, and the threshold angular 
dependence is expected to be isotropic. The matrix 
element (3) of the electromagnetic current operator 
between the vacuum and the state containing the 
fermion-antifermion pair can be written in the form 


J =e (p)LP i(k )yy— (u/2m)F 2(k*)oykyle(p), (50) 


where p, and #, are the four-momenta of the produced 
fermion and antifermion, respectively; a#(p) and v(p) 
are their Dirac spinors; and F,(k*), F2(k?) are the 
analytic continuations of the electric and magnetic 
form factors of the fermion for the values of k? relevant 
in (48), namely 4?< —4m?, where m is the mass of the 
produced fermion. In (50), uw is the static anomalous 
magnetic moment of the produced fermion. The form 
(50) for J, follows from Lorentz and gauge invariance. 
The form factors are normalized in such a way that 
F\(0)=1 and F,(0)=1 if the fermion is charged; and 
that #,(0)=0 and F,(0)=1 if it is neutral. The current 
matrix element J, can be decomposed, as usual, as the 
sum of an isotopic vector part and of an isotopic scalar 
part (for A and 2° there is only the scalar part). This 
decomposition brings about a considerable simplifi- 
cation for the three processes leading to 2-2] production 
which are described in terms of four independent form 
factors. On the basis of the presently assumed mass 
spectrum, we expect for the isotopic vector form factors 
the absorptive cut in the k? plane to start at k®= —4m,? 
and for the isotopic scalar form factors to start at 
k?= —9m,?, except for the possible presence of a 3r 
bound state, producing a pole contribution at a lower 
k*|. The above consideration does not hold for the 
> which can transform into an intermediate A by pion 
emission, giving rise to a lowering for the absorptive 


cut®® ( for instance, for the charged %’s the ‘isotopic 


vector amplitude has a threshold at 


my? — (my?+m,”) \? 
nf CYD 
2m,mA 


5.2. The form factors are in general complex along 
the absorptive cut. In particular, they are complex for 
the physical values of k® in reaction (48), k?<—4m’. 
Thus in e++-e~ — {+f there can be a polarization of f 


26R,. Karplus, C. M. Sommerfield, and E. H. Wichmann, 


Phys. Rev. 111, 1187 (1958). 
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normal to the production plane, already at the lowest 
electromagnetic order. The polarization will be propor- 
tional to the sine of the phase difference between the 
electric and the magnetic form factors. The situation 
here is different from that of the scattering process 
e+ f—e+/f, occurring at positive k?, where the form 
factors are real. In the scattering process there can be 
no polarization of f normal to the scattering plane, 
except for higher order electromagnetic corrections. 
This follows from usual time-reversal arguments. 

In calculating }>R»,» according to (7) and (9) we 
sum over the polarization states of f, but we introduce 
a spin projection operator before summing on the 
polarization states of f. The spin projection operator is 
3(1+iysyus,) where s, is the covariant polarization 
vector for f. We know that the polarization of f will be 
transverse and normal to the production plane; there- 
fore s, will be of the form (%,0) where @ is a unit vector 
normal to the production plane. 

The cross section can be expressed in the form 


do T 
—— —"on'a |F()+uF oe) ?(1+cos"6) 
d(cosé) & 

| m E |? 
+|—Fi()+—nF(k)| sin], (51) 
E m | 
where A=. E“, 

The form factors are taken at k*= —4E*. Near the 
threshold Em the cross section (51) is proportional 
to B, the velocity of the final fermion, and is isotropic, 
in accordance with production in the 4S, state. 

As we have already remarked, the fact that the form 
factors have an imaginary part for k* in the physical 
region for reaction (48) implies the possibility of a 
polarization of f normal to the plane of production and 
proportional to the sine of the phase difference between 
the electric and the magnetic form factors. The polar- 
ization of f along the normal to the production plane 
is given by p(@), defined from 


T E 
—a? 76 y * 
8 m 


X Im[_ F(R?) F2*(R") | sin(26). (52) 
The normal to the plane here has been defined as the 
unit vector pointing in the direction of pXq,, where p 
is the momentum of the final fermion and q, that of 
the incoming positron. We note that, by direct appli- 
cation of the TCP theorem, the polarization of the 
produced antifermion, f, is equal but opposite in sign 
to that of the produced /f. 
With F,;=1 and F,=0 the total cross section, as 
obtained from (51), is 
o=m~\2.1K10-" cm?)u(1i—u)'(1+4), (53) 


with m in Bev and u=(m/E)*. Of course, there is no 
reason whatsoever why the position F;= 1, F2=0 should 
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have any reliability in the physical region for the 
production process, which is far away from the limit 
R=0. 

5.3. It is at present difficult to decide whether the 
form factor in (56) should strongly decrease or increase 
the value of the cross sections over the perturbation 
theory value given by (53). At present there is no 
information available on the form factors of the 
hyperons. Electron scattering on nucleons has provided 
reliable information on the nucleon form factors for 
positive values of &*. It will not be easy, however, to 
extract information from the form factor at positive &?, 
as determined from electron scattering experiments, 
about the values for large negative k? relevant to the 
production experiments. The recent indication of a 
core term in the nucleon structure“ could eventually 
be related to the presence of singularities for large 
negative values of k?, but the location and the nature 
of such singularities cannot be determined at present. 
To show a kind of science-fiction argument that one 
can use to relate the information from the scattering 
experiments to possible guesses on the pair production 
reactions, we shall make some (completely arbitrary) 
hypotheses on the origin of the core term in the nucleon 
structure and see what consequences it leads to for 
pair production. Suppose, for instance, that the core 
terms in the form factors given by Hofstadter and 
Herman" come from a big absorptive term concentrated 
around, say, k= — (3m)*. This choice is quite arbitrary 
and, as far as the experiments tell us, there is no reason 
why the core term should not originate from singu- 
larities at much lower values of k’, say, k°={—m’, and 
furthermore, it is very likely that it merely results 
from contributions of singularities extending all over 
the absorptive region. Let us also, for definiteness, 
assign some small width IT to the states originating the 
singularities. For k?-{— (3m)*, the nucleon form factors 
should then be approximated, using the Hofstadter" 
results, as F,,=1.2/D, F2,= —3.4/D, Fin=3.2/D, and 
F,,=0, where the common denominator is given by 
D=20—2E+i(I'/2), and we have expressed all energies 
in units of the pion mass. Inserting into (54) we find 
for the cross sections near the singularity o=(x/3)a?X°8 
X3.6X(m,/T)? for p-p production and o=(x/3)a°A°8 
X50X(m,/T)? for n-% production. If, for instance, 
I'—m,, these values are about 3.6 and 50 times bigger 
than the perturbation theory value for e*+-e— — f*++ f- 
(the p-p cross section is smaller because of an accidental 
cancellation). The above considerations have ad- 
mittedly little value, except that they may serve to 
illustrate the hope that the cross sections, at least in 
same energy intervals, might come out rather bigger 
than what expected an the basis of (53). 

5.4. Besides the reactions (49) one should also list 


et++e- > 2°+-A, A+ 2°, (54) 


which involve a fermion-antifermion pair, but not 
charge conjugate of each other. The expression for the 
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cross section of (54) depends on the relative -A parity 
and, actually, if an experiment like (48) could be 
carried out, it would provide a good mean for measuring 
the relative =-A parity. That the cross section for (54) 
has a strong dependence on the relative 2-A parity can 
also be seen directly by examining the threshold 
behavior. If the relative =-A parity is positive, the 
final ZA (or SA) will be produced in *S,, and *D,, as 
follows from parity and angular momentum conser- 
vation. If the relative 2-A parity is negative, the 
accessible final states are instead 'P; and *P;. Therefore, 
the cross section near the threshold increases linearly 
with the final momentum /? in the center-of-mass 
system for even parity, and it is also isotropic. For 
odd parity it increases as p* and will contain in general 
a cos’@ term. 

The general form of the matrix element J derived 
from the requirements of Lorentz and gauge invariance 
is different from the case considered in the preceding 
section of a self-conjugate fermion-antifermion pair. 
For even relative parity we can write 


J,= tial fi (k*)y,4+ fo (Ro yyy fat Re ky zy 


subject to the condition k,J,=0 which gives 


(55) 


9 


i(R? 
fi(R)= = (m:s—ma). 


For odd relative parity 
J = tisl fi(R y+ fol )owkyt fs! k? ky byst >) 


and k,J,=0 gives 
fx (R*) 
f3(k?) = —i- 
k 


(ms+ma). 


The form factors f:(k*), fo(k®), f3(k*) are the analytic 
continuations of the form factors describing, for positive 
k*, a virtual transition > — A+. The correspondence 
is correct, provided k, is defined in the >—A+y 
transition as ky=>,—A,, where =, and A, are the 2 
and A four-momenta. One notices that /;(k?) will not 
enter in the description of the production process (54), 
as can be seen by specializing (55) or (57) in the 
center-of-mass system where k, has only the time-like 
component, but J, is zero because of ky/4=0. 

The cross section is given by 

da 


T 
——- = 7 XB Io cos’6L | fi (k?) 2 +. p2 fo(k) 2 ] 
d(cos@) 8 


ExyEs+mymy 


+L Ae) eae fe) 


myEx+mzE, 
oe Re[ fill!) fo*(H)I, (59) 


where the plus sign refers to even relative 2-A parity 
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and the minus sign to odd relative parity, and 8= p/E. 
For production near the threshold, the cross sections 
become 
do T MAMs 
—__——=-o'h?8-——| f,-2Ef|* (60) 
d(cos@) 4 FP 


for even relative parity, and 


do T 
—=—a"hB*{ A+B cos’6} 
d(cos@) 8 


(61) 


for odd relative parity, with 


1/m, my 
A = ( fi 2_ B fe 2) (—+~) 
2\ms ma 


ms ma wee 
+2n(= - =) rete 


MA Ms 
B= | fi? +h | fo|*. 
The decay process, 
>? cmap A°+ 7; 


is expected to be essentially determined by | f2(0) 
(proportional to the so-called transition magnetic mo- 
ment between © and A), for each case of relative parity. 
In fact, for a real y, terms proportional to k, in both 
(55) and (57) do not contribute because of the trans- 
versality condition k,e,=0. Similarly, f:(k*) should 
presumably vanish at k2=0 as suggested from (56) or 
(58). The same should apply to the quasi-real gammas 
in 2°—>» A°+e++e-. The physical values of & in the 
production process e+-+-e~ — D°+A° lie very far from 
k®=0 so that a direct connection with 2° decay seems 
unjustified. 


6. ANNIHILATION INTO POSSIBLE 
VECTOR MESONS 


6.1. Vector mesons have been discussed recently" 
because of their formal connection with local conser- 
vation laws.27 We have already discussed in some 
detail the possibility of detecting neutral unstable 
vector mesons with charge conjugation number —1 
through their resonant effect in reactions 


et+e—— B® — (final state), (62) 


where B® is the unstable meson. In this section we shall 
discuss reactions of the type 


et+e-—> B+B, (63) 


where B is a (charged or neutral) spin-one meson. 
Reactions of the kind (62) will be very suitable to 
detect vector mesons B® with C= —1 and zero strange- 
However, a vector meson K’ with nonzero 
strangeness would not appear as intermediate state in 
(62), but it could be produced according to (63) or to 


ness. 


27 C. N. Yang and R. Mills, Phys. Rev. 96, 191 (1954). 
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Fic. 6. Electromag- 
netic vertex for produc- 
tion of vector boson 
pair. The symbols are 
defined in the text. 


reactions of the kind 


et++e-— K’'+K, (64) 
conserving the total strangeness. The suggested strongly 
interacting vector mesons are all expected to be 
eminently unstable. Reactions like (63) would therefore 
be observed as many-body reactions, and the possibility 
of separating the over-all process into two stages, of 
which the first is the production process of the vector 
mesons, relies essentially on the hypothesis of a suffici- 
ently long lifetime for the intermediate vector meson. 
When this hypothesis is not satisfied the separation of 
the process into two stages is less justified and can 
only lead to approximate results. 

6.2. We shall here examine in detail reaction (63), 
including also a discussion of the angular correlation at 
the decay of B, also in view of applications that we 
will consider in the next section to the verification of 
the intermediate meson theory of weak interactions. 
We shall first give the general form for the electro- 
magnetic vertex of a vector boson on the basis of 
Lorentz-invariance, gauge invariance, and charge con- 
jugation invariance. The vertex is described by three 
form factors. In the static limit they correspond to the 
charge, the magnetic moment, and the electric quadru- 
pole moment. 

In the electromagnetic vertex shown in Fig. 6, we 
call pi", e:* and po*, es the four-momenta and polar- 
ization four-vectors of the (physical) particles B and 
B. They satisfy p°=p2=—mp*, «°?=e"%=1, and 
(pier) = (pees) =0. The matrix element J* of the electro- 
magnetic current must be constructed out of pi", po", 
e;“, and €.". We take as independent vectors: k*= p;" 
+ po", p*=pit— po", er", and €:". We note that p?= —F? 
—4m,;*, (kp)=0, (exp)=—(ek), (e2p)=— (ek). The 
only independent scalars are therefore: k?(e:k), (e2k), 
and (€;€:). The matrix element J, must transform like 
a vector and must depend linearly on each e. We thus 
write 


i kL (ex€2)a(k)+ (ek) (eok)b(R?) 
+ pL (eres)e(k*) + (ek) (exk)d(R?) J 
+ €:"(esk)e(k?)+ €2"(erk) f(R*). 


(65) 


From the condition (kJ)=0 we obtain a(k?)=0 and 
— k*b(k?) = e(k?)+ f(k*). We then make use of invariance 
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under charge conjugation. The electromagnetic current 
operator j* transforms into — j* under charge conju- 
gation. Such a condition requires that the matrix 
element J* transforms into —J* when k*— k*, p 
—p* and ¢,“+« «,*. It follows that e(k?)= — f(k). The 
general form of J* is thus 


J*= p*L (er€2)c(k2)+ { xk) (eok)d (Rk?) | 
+ [ei (€ok) — €2"(erk) Je(R?). 


It will be convenient to introduce form factors G,(k?), 
G2(k?), and G;(k?) such that eG,(k?), wG.(k?), and 
€G;(k?) describe in suitable linear combinations (for 
small spacelike &*) the charge distribution, the magnetic 
moment distribution, and the electric quadrupole mo- 
ment distribution. The new form factors are linearly 
related to c(k*), d(k?), and e(k?). We will thus write 


-—>» 


(66) 


— e 
J*= (2r)(BB; out j*(0) 0)=— it Gr) (exes) 


Ww 1We 
+[G, (#2) +uGo(k?) + Gs(R) JL (ek) ex4— (cok) ex”) 


+G;(k?)mp[ (ker) (Rex) — 32? (er€2) |p*}, (67) 
where w; and w: are the center-of-mass energies of B 
and B. The static anomalous magnetic moment is 
u+e; the static anomalous electric quadrupole mo- 
ment is 2e. 

6.3. In a Lagrangian theory of vector mesons one 
would assume a Lagrangian 

£= —4hB,,'B,,—mpU,'U,, (68) 

where U, is the vector field, B,,=0,U,—0,U,, with 
0,= (0/dx),—ieA,, and mg the mass of the meson. 
The supplementary condition, 


8,U = (ie/2)F p»Bun, (69) 


follows from the field equations (if mg~#0). The 
minimal electromagnetic current is thus 
jo= —ieLU,"B,,—U,B,," }. (70) 
To such a current one can add nonminimal terms 
ju’ = —iep(d/dx,)(U,'U,—U,'U,), (71) 
ju’ =ie(e/mp*)(0/0x,)(Byr'Byv—B,y'B,y), (72) 
The total current is then of the form (67) with G,(k*) 
= G2(k?)=G;(k*) =1. 


6.4. The cross section formula (7) reduces to 


a 1 
o=— - 
(27) 16E* 


fener: 5(w1+we—2E) 
X8 (pit pe) T mn DL Rewtis 


1,2 


(73) 


where Tn is given by (8) and Ra» by (9) and (67). 
Differential cross sections and cross sections for polar- 
ized final particles can be obtained from (73) by 
omitting the relevant integrations and spin summations. 
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We note that Tne >> Rm,» is a Lorentz invariant 
quantity. We want a complete description of one of the 
produced bosons, say of B, after averaging over the 
polarizations of the other. We first sum over the 
polarizations of B, using 


d2 €2"€2"= by, + poupo, m»”, 
and we write 


pe Run= R°e;"e;°. (74) 


Equation (74) defines the tensor R,,. The density 
matrix will be described in terms of the tensor 


Roe A oelrallne, 
where 
Aw = Sut Piupi,/ mes 


is a projection operator such that é,‘=A,,e,“) always 
satisfies (p™ é)=0. 

The differential cross section is given from (73), 
(74) and (75), by 


do a l . 
——=— —S$Tr[R], 
d(cos@) 32F 
where 

B= (1—m,°/E*)} 

is the velocity of the produced bosons. The differential 
cross section can be evaluated directly from (77), (76), 
(75), and (74), or using the expression for R that we 
give in the next section. Its expression is given by 


9 


do T E 
=" an'e'|2(—) |e) 
d(cos@) 16 mp 


+uG,(k*) +€G;(k?) 2( 1 +. cos’@) 


E\? 
+-sin' 2)63(4) +2 ) G3(F) 
Mp 


> 


l E\? 2 
+|G,(#)+2(—) nee) | 
| 


MR 


The 6° dependence in (78) for production near threshold 
is typical of P-state production. In our approximation 
of neglecting higher-order electromagnetic terms, the 
final mesons must be produced in a state of total 
angular momentum /J=1, parity P=—1, and charge 
conjugation number C= —1. From angular momentum 
and parity conservation it follows that the final mesons 
can only be in 'P,, *P;, °P:, and *F;. However, triplet 
states of odd orbital parity cannot be produced because 
they have C= +1, so we are left with 'P, °Pi, and ®F, 
as the only permitted final states. 
With G,=1, G.=G;=0, the total cross section is 


a= my ?(2.1K10-* cm?)?(1—u)3(4+), 


(78) 


(79) 
where mg is expressed in Bev and u=(m/E)*. There- 
fore, e+—e~ collisions may turn out to be very efficient 
for detecting possible unstable vector mesons. 
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6.5. The above cross section obtained with G,=1, 
G2=G;=0 formally violates unitarity at high energies. 
For high energies (79) goes to a constant whereas it 
can be shown, on the basis of unitarity arguments, 
that the total reaction cross section must decrease 
proportionally to A’. 

Unitarity arguments are not very informative usually 
at relativistic energies. Electron-positron collisions 
present, however, an exceptional circumstance, that 
they go through one specified channel, the one-photon 
channel, as long as one neglects higher order electro- 
magnetic terms. We shall present here a derivation of 
the upper limit to the reaction cross section required 
from unitarity for electron-positron collisions at the 
lowest electromagnetic order. For the derivation we 
shall employ the Jacob-Wick notation. Let us consider 
a process 


a+b — (final state). (80) 


We shall denote by F a set of final states specified by 
the nature of the final products. The initial state is 
defined, for a given center-of-mass momentum of the 
colliding particles a and 6, by their helicities \ and Xo. 
We shall write 


\1)= Na,As)- (81) 


The total cross section from such a state summing 
over the set F is then given, in the notations of Jacob 
and Wick, by 


a (adv; F)= (2x)?A(Aado| T(E)'Pr(E£)T(E) |Xadv), (82) 


where T(£) is the T matrix at energy E of each of the 
colliding particles and Pr(£) is the projection operator 
into the states of total energy 2 of the set F. Both 
T(E) and P(E) are rotation invariant and therefore 
they commute with the total angular momentum J. 
The cross section o can thus be written as a sum of oy 
belonging to the different J’s, 


oy(Aa Av; F) = 2h? (2I+1) 


XJ ado! Tat (E)Ps(E)T (BE) | Jradrv), (83) 


where (J,Aq,As| is the J component of (i|. Now for a 
reaction (as opposed to scattering) we can substitute S 
for T, and using S,;t(E)S;(£)=1, we obtain an upper 
limit for (77): 


o4(Aa Av; F) Se? (2J+1). (84) 
We can apply this result to our reactions, 
et+e-— (vy) — (final state). (85) 
The initial e+—e~ states must have J=1, C=—1, and 
P=—1. Two linear combinations of states (81) exist 
that have such quantum numbers, namely, 
(1/v2)(|1,1)+|—1, —1)), 
(1/v2)(|1, —1)+|—1, +1)), 
both for J=1. Helicity +1 for a particle means that 
the spin is pointing in the direction of the momentum. 
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However, only the second of such states participates 
to (85) in the limit when the electron mass can be 
neglected. In fact, the initial electron and positron 
appear in the combination dy,#, which can be written 
d(Gyyat+ay,a)u where a=}(1+7s) and @=4(1—ys) 
are the projection operators for negative and positive 
helicity. By averaging (84) over the initial polarizations 
we then find the upper limit 


aad? 


for the cross section of a reaction (85), neglecting the 
electron mass. The cross section (79), derived from (78) 
with the position G;=1, G.=G;=0, is the same as 
would be given by the lowest order perturbation 
contribution to e++e— — B*++ B-, ignoring any struc- 
ture of B. The expression (79) violates unitarity at 
high energies. The violation, however, occurs at very 
high energies, of the order of 10°m ,. At these high 
energies it is certainly inaccurate to neglect higher-order 
electromagnetic terms, and also structure effects due 
to other interactions of B, if they exist, would anyway 
be important. 
6.6. The matrix 
p=R/Tr[R], (86) 
gives complete information on the produced B, and has 
the transformation properties of a tensor. Its calcu- 
lation is long but straightforward, using (9), (67), (74), 
(75), and (76). We give here the result: 


2 e° k#R” 
Re =— | Bib, + Be 
g 


re 


p*p” 
+Be— 


9 
MR 


q*q’” 

-+Bs- 

mp mp? 
keg’ -+hegh 

+Bs——_—-+B 
mp? 


k+p’+ kp 
aa ; 7 
mR” 


ou 


mM 


are pg’—p'qr = k*g’— kg" 
+1 Bg8x2 cose] ————+°-——— 


mp” mp? 


k*pr— kh’ pe 
helo’ | (87) 


mR? 
where g=q4—gq_, x= E/mzp, and the B’s are given by 
B= 48? sin*6[_ | Git 227G;|?+-42°6?| Gi+-uGo+ Gs!|*, 
By x76? (1-+-6? cos’?@) |Gi+uGo+ €G3 . 
+? sin?6{ Gi+22°uG> 2 
+4 Rel (Git+x2uGo+22eG3) (eG3—uGe)* ], 
B,= — GituGe+ eG: 2 
B= x77? (1+ cos’6) Gy+uGo+ «G3 2 
+42? Re[ (Gi+uGo+ G3) (uG.— G3)*] 
+6? sin’@(|G,|2+4a2e ReG,G;*+4a4p2|Ge|?), 
By= — 26°x? cos@ Rel (Git+-uG2+ G3) (uG2— «G3)* ], 
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B= A ( 1+ cos*@) | GituG2+ eG; ? 
+ sin?@| G)+222uG, |? 
+ 2x23? cos’@ Re[(Gi+uGe+ eG) (uG2— G;)* ], 
B;=8 cos? Gi+uG2+ eG;}? 
— 28x* cos@ Rel (Gi+-uGo+ G3) (uGo— eG3)*], 
Bs= 26? ImG,(uGo+ G;)*. (88) 


The form factors are all taken at k= —4E’. 

6.7. The density matrix p contains a complete 
description of the produced B. If one knows the 
amplitude for a mode of decay of B, the angular 
correlations of the decay products with respect to the 
incident and final momenta in the production process 
can be calculated. Consider, for instance, a two-body 
decay of B. The decay amplitude will be of the form 


(89) 


€:"Q4, 


where @* is a vector (or pseudovector, or a sum of 
both). The angular distribution of the secondaries in 
the rest system of the decaying B is then given by 


> (-4*p*"@’)dQ, (90) 


spin 


where dQ is the solid angle in the B rest frame and 
_A*= (@'*— @*). The summation is extended over 
the final spin states. The quantity -4"p*’@”’ is a scalar 
invariant and can be evaluated in the production 
center-of-mass system (system of the laboratory in a 
colliding beam experiment) using the expressions (87) 
and (89) that are valid in that system. The distribution 
in the laboratory system of the colliding beam experi- 
ment is thus given directly by 
dQ 
p> (. 4#p#* @”) —aY, 


Spin dQ 


(91) 


where dQ’ is the decay solid angle in the laboratory 
system and dQ/d2’ only depends on the decay angle 
with respect to the line of flight of B and on the velocity 
of B. 

As an application we consider the decays B— 4+ 
and B— y+v, B— e+v. The amplitude @* for 


3— rt+n, 


has the general form @*= a(s?)p,“+-6(s*)s* where s* is 
the difference of the two final four-momenta; p:*, the 
momentum of B, is their sum; and a(s*) and 6(s*) are 
form factors. However, the first term in the above 
expression for @* does not contribute in the decay of a 
physical B, because of p;"e)*=0. So we take the 
amplitude in the form 

Q#= b(s?)s*. (92) 
The decay correlation is thus given by 
(93) 


p**s*s*dQ. 
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We have calculated the angular correlation for B 
mesons produced close to threshold and assuming 
u=O0, e=0, that is, neglecting any anomalous magnetic 
dipole or electric quadrupole moment. The angular 
correlation is given by 


2— (i-f)?— (i-d)?+-2(i-d) (d-f) (f-1), 


where i, f, and d are unit vectors in the direction, 
respectively, of the incoming momentum in the collision 
process, of the outgoing momentum in the collision 
process, and of the relative final momentum in the 
decay. 

The amplitude @* for B—-u+v and B- e+», 
assuming that the leptons are produced locally in the 
1+7s projection, is given by in general by 


Cly.(it+ys)» Je( s*), 


where / denotes either yu or e, and v denotes the neutrino, 
and c(s*) is a form factor depending on the relative 
final four-momentum in the decay. The angular 


correlation can be obtained from (90) and is given by 
pe” pi" pr’ — s#s’ +5" (mz?— m2) 

+ 4ee70"(sep.—sepyr)] 
Again we specialize to B production near the threshold 


and neglect » and ¢. The angular correlation is then 
given by 


(94) 


(95) 


(96) 


3+ (i-d)?—2(i-f) (f-d) (d-i), 


in terms of the same vectors defined before. We have 
neglected the mass of the final lepton m, in comparison 
to the mass of B. General formulas can be easily 
derived from (93), (95) and their analogs, and the 
general expression for R” reported in (87) and (88), 
to cover all interesting cases. 


(97) 


7. EXPERIMENTS ON WEAK INTERACTIONS 


7.1. Semiweakly interacting bosons have been sug- 
gested as intermediary agents of weak interactions.* 
A simplest scheme of weak interactions is based on 
charged weak currents only and can be reproduced by 
postulating only charged vector: mesons. It is known 
that the absence of u — e+¥ leads to a difficulty in a 
theory with intermediate vector bosons, and the usual 
suggestion to overcome such a difficulty is that there 
are two different neutrinos v, and y,. Charged currents 
alone do not allow a simple incorporation of the AT=4 
rule in the theory of weak interactions. However, a 
coupling of neutral intermediate vector mesons to both 
the neutral strangeness nonconserving current and the 
neutral lepton current leads to contradictions with 
experimental data. Therefore it is probable that even 
if intermediate neutral vector mesons exist they do 
not couple to the neutral lepton currents and, in partic- 
ular, to the initial electron-positron state of the reactions 
that we are discussing. A check of this supposition 


28R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); T. D. Lee and C. N. Yang, ibid. 119, 1410 (1960). 
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could be carried out experimentally on the basis of the 
following remarks. If a B® exists which couples to 
e+—e~, u+—yp, etc., it would give rise to resonances in 
reactions of the kind 


e+e — Bette, 
et+e—— B® ptty, 


etc. It is remarkable that such resonances could lead 
to large observable effects in spite of the fact that two 
semiweak couplings are involved in reactions like (99) 
and (100). The mass of B® must be >Mx in order to 
avoid a semiweak decay of K. We assume a width T 
appropriate to the semiweak decay couplings of B® of 
the order of 5X10" sec—'. We also assume for B® a 
mass of the order of the K mass, and we suppose that 
the branching ratio for its decay into e++e~ (and 
similarly into w++y-) is about one fifth. The width 
‘5 X10" sec~ corresponds to a very sharp resonance 
extending over a few hundreds of ev and what will 
be actually measured is ér defined as in (22). For ép 
we find a value of 2.610-(27X?) which is about three 
times bigger than the cross section for e++-e~ > w*+-u- 
at any energy E>m,. 

7.2. Intermediate charged vector mesons can be 
produced according to the reaction 


(99) 
(100) 


ett+te— Bt+B (63) 


that we have discussed in the previous section. Of 
course, it seems perfectly consistent in this case of 
semiweakly interacting mesons to deal separately with 
their production processes and with their decay. 
Experimentally, reaction (63) would still appear as a 
many-body reaction, like for instance 


et+e~— (ut+yv)+(e-+3). (101) 


An electromagnetic process like e++e~ — wt+yp-+et 
+e-, which could also originate a final y+ and ¢-, is of 
higher order and would have a much smaller proba- 
bility than (63) followed by the successive decay of 
B+ and B- into the final particles. The decay products 
of B+ and B~- would exhibit specific angular correlations 
as we have already discussed in the previous sections. 

In the absence of structure effects for B, the expression 
for the cross section obtained from (78) would violate 
unitarity at high energy. Inclusicn of a point magnetic 
moment or of a point electric quadrupole moment 
does not change this situation. For instance, if a point 
magnetic moment up is introduced, the cross section 
derived from (78) increases quadratically with £, 
making the unitarity violation worse. 

Of course, the considerations that make possible the 
existence of the intermediate boson B, having no strong 
interactions, would also apply to a possible fermion 
with mass bigger than the K mass, which had no strong 
interactions. Such a fermion would hardly have been 
detected, if it existed, and e++e~ collisions may allow 
one to definitely exclude its existence. The cross section 
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for production of a fermion-antifermion pair is given 
by (53) in the absence of structure effects. 

One can also ask about the contribution of the known 
local weak interactions to electron-positron processes. 
If, for instance, a weak lepton interaction of the type 
(uty) (ete) exists, there could be a weak amplitude 
of the form 


(2a)*y/8G[ i (u-)y 4 (1+ys)0(ut) | 
X[a(et)y 3 (1+ys)u(e7) ], 


adding coherently to the electromagnetic amplitude 
for et-+te-—> wt+yu-. The contribution from (102) is, 
however, very small though increasing very rapidly 
with energy. The cross-section for e++e~— wt+yp7 
obtained by adding the contribution from (102) to the 
lowest order electromagnetic amplitude is 


(102) 


da 


T 
- a? A7[_ (1-+cos*6) (1 +e+e’) 
d(cosé) 8 


+2(e+e) cos@], (103) 
where e=6.2X10-4(E/My)?, with My=nucleon mass. 
The numerical coefficient in the expression for e has 
been calculated by taking for G the value of the 6-decay 
coupling constant. The appearance of the cos@ term is 
entirely due in (103) to the weak interaction (102). 
However, a cos@ term in the differential cross section 
for et+e-—> wt++p- would also occur from the high 
order electromagnetic graphs (for instance, from a 
diagram with two gammas exchanged). The parity- 
nonconserving effects of (102) would constitute a more 
unique test of its presence. For instance, to the differ- 
ential cross section (103) would be associated a longi- 
tudinal polarization 

(1+-cos@)? 

int he ' 
(1+cos’6) + (e+) (1+cos"6) 


of the final w+. For energies E~30 Gev, € becomes of 
the order unity and the polarization should be quite 
large. For colliding beam energies of the order of 1-2 
Bev, effects of local weak interactions should be 
negligible. On the other hand, if intermediate mesons 
exist they would show off in various ways and electron- 
positron collisions would in fact constitute a good 
experimental means for their detection. 


8. EXPRESSION FOR THE VACUUM POLARIZATION 
DUE TO STRONG INTERACTING PARTICLES 


The quantity 
(27r)8 


a ¥ 0} 7,(0)| 22! 7,(0) | 0) 
SR p*) =k 


(105) 


is known to be of fundamental importance in quantum 
electrodynamics.” In (105), 7, is the current operator 
and the sum is extended over all the physical states 


2% G. Kallén, Helv. Phys. Acta 25, 417 (1952). 
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with total four-momentum ‘=k. The Fourier trans- 
form of the photon propagator 


Dy (x—x')=i(0| P(A, (x’)A,(x)) | 0), 


where P is the chronological product and A, is the 
electromagnetic field, can be expressed in terms of 
TI (Rk?) as” 


bu» Pi phy 


| a 





T1(0)— fi(k*) —ixll(R) 
k’—te , 


In (106) [1(k*) is defined as 
(107) 


We show in this section that the experimentally 
measured cross sections for processes e++e— — y — F, 
where F denotes a group of final states, is directly 
related to the contribution to (105) from the group of 
states F in the summation over the intermediate states 
z. This result will permit, for instance, calculation of 
the modifications of the photon propagator due to 
virtual strong interacting particles, directly from the 
measured cross sections. 

A problem of this sort has been considered by Brown 
and Calogero,” who calculated the modifications to the 
photon propagator expected from intermediate two-pion 
states with resonant interaction. Here we shall deter- 
mine the general relation between the modification to 
the photon propagator and the measured total cross 
sections for the annihilation processes. 

We note that the matrix elements (0| 7,(0)/ 2) 
occurring in (105) are proportional to the corresponding 
J, defined in (3). Therefore the total cross section for 
annihilations leading to the final states F in the center- 
of-mass system can be written, according to (7), as 


(29)5a 


op(E)= — ——T ann Dr (0! jim(O)| 2){z| 7,(0)!z). (108) 
16E pr =k 


Now we use gauge invariance to relate the sum in 
(108) to the analogous sum in (105). We have 
(2x)? > r(O| 7,(0) | z){z| 7,(0) | 0) 
Dp: wk 
= TI p(k’) (k,k,—k5,,). (109) 


In (109) we have indicated by Il r(k*) the contri- 
bution to II(k) from the group of intermediate states 
F. Substituting into (108) we obtain 

or(E)= (r’a/ E*) I r(—4F), (110) 


* L. M. Brown and F. Calogero, Phys. Rev. 120, 653 (1960). 
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which gives the desidered connection. Note that 


integrals of the type 


* TI(—a) 
f ones da, 
a 


must be convergent, as noted by Killén,” otherwise 
observable expressions would not be finite. It follows 
that for any group of states F, or(£) must be such that 


* or(E) 
— 
E 


converges. Such a condition is weaker than the one we 
derived in Sec. 6 from the unitarity requirement for 
the cross sections or(£). The integral 


A ” TI(—a) 
no=P f ———da 


(111) 


a 


is connected to charge renormalization. If one wants it 
finite, {“Eor(E)dE must be finite for any group of 
states F. If the cross sections decrease as X2, (111) is 
logarithmically divergent. Note that all the above state- 
ments about convergence only refer to the one-photon 
channel and they are not vigorous at all orders. 


9. CONCLUSIONS 


In high-energy electron-positron colliding beam 
experiments we see a possible field of spectacular 
developments for high-energy physics. Electron-posi- 
tron experiments offer a unique possibility for a con- 
sistent and direct exploration of the electromagnetic 
properties of elementary particles. At the lowest 
electromagnetic order the annihilation proceeds through 
a virtual intermediate photon of timelike four-momen- 
tum which then disintegrates into the final products. 
The form factors of strongly interacting particles 
produced in the reaction are thus explored for negative 
values of the invariant four-momentum squared, k?, 
inside the absorption cut in k® plane. The coupling to 
the one-photon intermediate state selects out of the 
incoming states a particular state with total angular 
momentum one, negative parity, and opposite helicity 
for the colliding relativistic particles. Pairs of spin-zero 
bosons, of positive relative parity, are produced in P 


' state. Fermion-antifermion pairs are produced in *S, 


and *D, (or in 'P; and *P, if the relative parity is 
negative). Pairs of spin-one bosons, of positive relative 
parity, are produced in 'P;, °P,, and °F,. In Sec. 1 we 
have reported some general considerations relative to 
the most probable annihilations, occurring through one 
single photon. Radiative corrections do not substanti- 
ally alter the single-photon picture as long as the 
experimental arrangements are symmetrical with re- 
spect to the produced charges. Annihilation into pions, 
m+, and K mesons should be the most important 
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annihilation processes producing strongly interacting 
particles for not very high energies. Pion form factors 
can be directly explored along the absorptive cut on the 
k® plane and, as already discussed many times,‘:*:? their 
values are directly related to the nature of forces 
among pions. A T=1, J=1 pion-pion resonance would 
be directly exhibited in the two-pion annihilation mode, 
and a T=0, /=1 three-pion bound state (or resonance) 
could dominate the amplitude for annihilation into 
three pions. Depending on the magnitude of the K°, 
electromagnetic form factors for values of k* inside the 
physical region, pairs of neutral K mesons, in the 
combination K,°-+K,.°, could be produced. The electro- 
magnetic form factor of the neutral pion can be ex- 
plored, through the mode of annihilation into r°+7, 
for values of k? larger than one pion mass; two-pion 
and three-pion resonances (or bound states) may 
produce very large effects on the annihilation amplitude. 
A three-pion bound state would mostly decay into 
n+, or 2r+-7, and give rise to a very sharp resonance, 
with a width presumably of a fraction of a Mev, in the 
m-+y annihilation reaction. The annihilation cross 
section, averaged around the resonance, may possibly 
reach values of the order of 10- cm?. In a theory of 
the ° electromagnetic form factor, one can tentatively 
assume the dominance of a two-pion resonance and a 
three-pion bound state, and introduce the suggested 
values for the 7° lifetime and for the derivative of the 
form factor at the origin. Also these estimates lead to a 


very big annihilation cross section at the energy of the 
assumed bound state. From the assumed values of the 
derivative of the form factor near the origin one would 
also estimate a very big enhancement of the cross 
section at an energy corresponding to that of the 


assumed two-pion resonance. A discussion of the 
possible resonances is given in Sec. 4, based on general 
considerations of the relevant partial and total widths 
as compared to the experimental energy resolution. It 
is concluded that electron-positron collisions offer a 
very suitable mean for detecting intermediate neutral 
resonant states of total angular momentum one, nega- 
tive charge conjugation quantum number and parity, 
and zero nucleonic number and strangeness. Other 
intermediate states are not expected to lead to observ- 
able effects. Annihilation into baryon-antibaryon pairs 
would allow exploration of the baryon form factors for 
the relevant negative values of k*?. Near the threshold 
the cross section is isotropic and rises proportionally to 
the final velocity. The form factors are complex in the 
physical region for the process and, as a consequence, 
the produced fermions are expected to have a polar- 
ization normal to the plane of production and propor- 
tional to the sine of the phase difference between the 
electric and the magnetic form factor (in contrast, for 
instance, to electron-nucleon scattering in which the 
final nucleon is unpolarized, excluding radiative cor- 
rection terms). There is at present no information 
available on the form factors for the large negative 
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values of k* of the experiment. If one assumes, quite 
arbitrarily, that the recently found core terms in the 
nucleon structure originate from contributions in the 
absorptive region above the nucleon-antinucleon thresh- 
old, one can then roughly expect cross sections for 
annihilation into nucleon plus antinucleon well above 
the perturbation theory estimates. The 2—A electro- 
magnetic vertex is measured in annihilation into +A 
and the processes show a strong dependence on the 
relative 2—A parity. Vector mesons have been sug- 
gested recently and shown formally to be connected to 
local conservation laws.2” Pair production of spin-one 
mesons is discussed in Sec. 6, on the assumption that 
their lifetime is sufficiently long to allow a separation 
of the over-all process into a first stage of production 
of the vector mesons and a second stage in which they 
decay. Three form factors are needed to specify the 
electromagnetic interaction of a vector boson, corre- 
sponding to its charge, magnetic moment, and electric 
quadrupole moment. The perturbation theory cross 
section for annihilation into a pair of spin-one bosons 
increases to a value of the order (mg in Bev)~?(2.1 
X10-* cm?) at energies much larger than the boson 
mass mg. The perturbation theory increase is certainly 
not valid at very high energies because it would lead to 
a direct violation of unitarity. For electron-positron 
annihilation through the one-photon channel, one can 
strictly state the unitarity limitation in the form of an 
upper limit to the reaction cross section, that must 
decrease not slower than A?. In Sec. 6 we also discuss 
the angular correlations that would be observed at the 
decay of vector bosons from electron-positron annihila- 
tions into their final products. 

Vector bosons have also been suggested as inter- 
mediary agents of weak interactions.”* Their production 
in pairs in electron-positron annihilation would be a 
convenient test for their existence. Neutral intermediary 
vector bosons can only be coupled to neutral lepton 
pairs provided they do not couple to the weak strange- 
ness-nonconserving currents. If they existed and were 
coupled to leptons they would produce an evident 
resonance-like behavior in annihilation reactions. Par- 
ticular effects, such as those arising from parity non- 
conservation, would most directly inform on _ the 
presence of weak interactions in a high-energy annihi- 
lation process. However, for a local weak interactions, 
such effects become large only at colliding beam 
energies greater than 10 Gev. 

Quantum electrodynamics vacuum polarization is 
known to be affected by strong interactions. The effect 
is insignificant at the lower energies but its analysis is 
important for an examination of an eventual high- 
energy breakdown of the theory. In the last section of 
this paper we give the explicit relation between the 
strong interaction corrections to vacuum polarization 
(or, equivalently, modification of the photon propa- 
gator) and the cross section for electron-positron 
annihilation into strongly interacting particles. 
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Measurements have been made of the inelastic differential cross sections for electrodisintegration of 
deuterium for ¢ in the range from 0 to 12 Mev, where ¢ is the energy in the n-p center-of-mass system in 
the final state. Primary electron energies were in the range from 204 to 500 Mev. The process was studied 
for momentum transfers from 1.8 to 2.8 f-'. The m-p interaction in the unbound state gives rise to a peak 
in the differential cross sections for ¢ near zero for transitions to the 1S and 3S states of the m-p system. The 
high momentum transfers available make the results sensitive to the short range structure of the unbound 
n-p wave functions. The results fail to agree with the predictions of Jankus even at the lowest momentum 
transfers, when a central attractive force is assumed for the n-p force. At the highest momentum transfers 
the predicted cross sections are approximately 50% greater than the measured ones. The experimental 
results agree with theory if a repulsive core of the radius required to fit the elastic scattering data is used 
both in the bound and unbound n-p states. The extent to which relativistic corrections alter this conclusion 


is not known at present. 


I. INTRODUCTION 


NELASTIC scattering of high-energy electrons from 

deuterium has been studied experimentally by 
Yearian and Hofstadter,' by Sobottka and others,? and, 
theoretically, by Blankenbecler,*? Durand,‘ Goldberg,’ 
and Jankus.* The measurements! did not examine with 
high momentum resolution the details of the scattered 
electron spectrum in the region of the elastic peak. A 
neutron-proton interaction in the final state makes its 
greatest contribution to the cross section in this region. 
Sobottka? examined that part of the spectrum character- 
istic of scattering from the quasi-free nucleons having 
very low internal momentum. The results were analyzed 
to yield the electron-neutron scattering cross sections 
as a function of the momentum transfer and thus to 
determine the magnetic structure form factor of the 
neutron. The n-f interaction in the final states intro- 
duces corrections of the order of 10% to the impulse- 
approximation calculations, and hence his measure- 
ments cannot be used to determine this interaction. 

A knowledge of the n-p interaction is important in 
understanding the two-nucleon interaction and bears 
on the difficult problem of the interactions that deter- 
mine the properties of nuclear matter and of finite 
nuclei. Although high-energy nucleon-nucleon scatter- 
ing has established the existence of a repulsive core and 
other features of the nucleon-nucleon potential for high 
relative energies of the particles, there are few experi- 


* This work was supported in part by the joint program of the 
Office of Naval Research, the U. S. Atomic Energy Commission, 
and Air Force Office of Scientific Research. 

t Now at Massachusetts Institute of Technology, Cambridge, 
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ments which shed light on the details of the short-range 
structure of the potential for low relative energies.’ 

In the absence of final-state interactions, the electro- 
disintegration cross section would go monotonically to 
zero at disintegration threshold: zero energy in the 
final n-p system. A strong final-state interaction® can 
result in a large enhancement of this cross section near 
threshold, and measurements of the process at high 
momentum transfer can be used to study the n-p wave 
function and hence the n-p interaction for internucleon 
spacings of the order of one fermi or less. 

In the present experiment we have made measure- 
ments of the electrodisintegration process for a number 
of primary electron energies in the range from 204 to 
500 Mev. The four-momentum transfers were in the 
range from 1.8 to 2.8 f-', and the cross sections were 
measured from e=0 to about «= 12 Mev, where e is the 
energy in the recoiling n-p system. For this range of «€ 
and the momentum transfers of the present experiment, 
the cross sections depend strongly not only on the initial 
deuteron wave function but also on the wave function 
representing the unbound n-p system. The latter wave 
function is sensitive to the m- interaction at very short 
distances in the final state. We have compared our 
measurements with the theory of Jankus,® modified as 


described below. 


Il. ANALYSIS AND DISCUSSION OF DATA 
The elastic electron scattering process, e+d— e+d 
contributes some background to measurements of the 
inelastic process e+d—e+p+n. Both processes are 
intrinsically interesting, and absolute cross sections for 
both were determined in the same series of measure- 


7 See especially the remarks of K. Brueckner in Proceedings of 
the International Conference on Nuclear Structure, Kingston, 1960 
(University of Toronto Press, Toronto, 1960), pp. 67-75. G. Breit, 


Phys. Rev. 120, 287 (1960); and J. K. Perring and R. J. N 
Phillips, Nuclear Phys. 23, 153 (1961). The last two papers contain 
a number of references to theory and experiments concerning the 
nucleon-nucleon interaction, and the existence of a repulsive-core 
potential. 
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ments by comparison with electron scattering from 
hydrogen. The elastic scattering results have been 
reported in reference 8, hereafter referred to as I. The 
equipment, the programming of the hydrogen compari- 
son runs, the determination of the background, and the 
application of radiative and bremsstrahlung corrections 
are discussed in detail there. 

Jankus’ predictions of the scattered electron spec- 
trum® were evaluated with an IBM-610 digital com- 
puter. The n-p interaction in the S states was assumed 
to be a purely attractive Eckart potential. In this 
program we used an approximation suggested by Jankus 
to aid in the evaluation of the integrals A g:;.), using his 
notation. These predictions were modified to take 
account of the finite nucleon structure’ by multiplying 
them by |F,(q)|?, where F,(q) is the proton’s structure 
form factor, and gq is the four-momentum transfer in the 
scattering. In the range of momentum transfers covered 
in the present experiment, the Dirac and anomalous 
magnetic form factor of the proton have been deter- 
mined to be equal within the errors of measurement." 
In the present analysis we have assumed the equality. 

The momentum resolution function of the equipment 
was determined from a study of the observed elastic 
peaks of hydrogen and deuterium for such relevant 


value of the parameters Zo and 6, where Ep is the 


primary electron energy and 6 is the laboratory angle of 
scattered electrons. The theoretically predicted electron 


spectra were folded into these resolution functions to 
allow comparison with experiment. We have included 
only the 1S and 8S n-p states in our analysis of the final- 
state interactions. The states for />0 do not contribute 
to the cross sections at e=0 and do not make substantial 
contributions for the range of « observed here (cf. the 
discussions in Sec. III). We evaluated separately the 
predicted cross sections for transitions to the 4S, the 
3S, and all states for />0, and these too were folded into 
the observed resolution functions to allow measurements 
of the relative contributions to the total cross section of 
transitions to these different states. Experimentally de- 
termined scattered-electron momentum distributions 
and the theoretical predictions are shown in Figs. 1-7. 
The dashed curves are visual fits to the experimental 
data, and the separate contributions from electrodisinte- 
gration and elastic scattering are shown as dotted curves. 
The shapes but not the absolute values of the Jankus 
predictions were used in making these separations. The 
shapes of the predicted spectra are not altered signifi- 
cantly on introducing repulsive-core wave functions 
(see Figs. 8 and 9) and no appreciable error in compar- 
ing theory and experiment is introduced by this 
procedure. The errors of the experimental points are 


8 J. Friedman, H. Kendall, and P. A. M. Gram, Phys. Rev. 120, 
992 (1960), (referred to above as I). This paper contains references 
to earlier experiments on electron scattering from deuterium. 

®D. R. Yennie, M. Lévy, and D. G. Ravenhall, Revs. Modern 
Phys. 29, 144 (1957). 

0 F, Bumiller (private communication). See also reference 2. 
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Fic. 1. Scattered electron spectrum for Eo=500 Mev, 6=43°, 
and g=1.80 f-. In this and the following figures through Fig. 7, 
the dashed lines are fits to the observed data using the shape of the 
Jankus predictions as modified by the finite structure of the proton 
and the experimental momentum resolution function. The dotted 
curves show the elastic peak shape and, within a normalization, 
the experimental resolution functions. The solid curves are the 
Jankus predictions modified as described in the text for the effects 
of the finite structure of the proton and the momentum resolution 
function. These predictions make use of the approximation sug- 
gested by Jankus. The consequences of this approximation are 
discussed in the text: They lower the cross sections by about 7%. 
The separate predictions for transitions to the 3S, the 1S, and the 
l>0 states of the m-p system are shown. The errors shown are 
discussed in the text and, in greater detail, in reference 8. 


standard deviations arising from counting statistics. 
The solid curves are theoretical predictions. For the 
500-Mev data (Figs. 1-6) the predictions contain about 
equal contributions from transitions to the 4S and 3§ 
final states, corresponding to spin-flip and non-spin-flip 
transitions, respectively. Figure 7 shows the back-angle 
scattering to be predominantly spin-flip in nature. If 
the 145° data were more precise, our separation 
procedure would be adequate to measure form factors 
for transitions to the 4§ and *S states individually. 
The installation of a Burroughs-220 computer at 
Stanford enabled us to compute the values of the Jankus 
predictions without the approximation discussed above 
and to investigate, in addition, the effect of introducing 
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Fic, 2. Scattered electron spectrum for Eo>=500 Mev, 6=48.5°, 
and g=2.0 f-. See the caption for Fig. 1. 
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Fic. 3. Scattered electron spectrum for Ey>=500 Mev, @=55°, 
and g=2.24 f-'. See the caption for Fig. 1. 


a repulsive-core wave function in either the deuteron’s 
bound state or in both the bound and unbound states. 
The approximation made in the earlier calculations was 
found to lower the predicted cross sections by about 
7%. A typical series of predictions is shown in Figs. 8 
and 9 where the introduction of a repulsive-core wave 
function in both initial and final states is seen to reduce 
the cross section by about 1.6 times the amount pre- 
dicted using the core in the initial state only. In the 
calculation of the final-state interaction, wave functions 
corresponding to an Eckart potential® have been used 
in both the bound and unbound states of zero angular 
momentum. A repulsive core of radius r9>=0.42 f was 
introduced either into the bound-state wave function 
alone or into both the bound and unbound wave func- 
tions by substituting for r (the n-p separation) the 
quantity r—ro, and then adjusting the parameters of the 
potentials to match the low energy n-p scattering data. 
This value of the repulsive-core radius is in qualitative 


Gls GML ed ae Bick cen ee on 


438.9Mev/c 
2.22 Mev/c 
ELASTIC 


PEAK 


4 





d7¢/dQ dp (ARBITRARY UNITS) 


t 
cn 


1®@ 20 22 





8 10 12 14 #16 
SCATTERED ELECTRON MOMENTUM(ARBITRARY SCALE) 


. 4. Scattered electron spectrum for Ej>=500 Mev, 6=61°, 
and g=2.40 f-". See the caption for Fig. 1. 
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agreement with that found necessary in the elastic 
scattering measurements (see I). No attempt was made 
to evaluate the effect of the core on the transitions to the 
unbound states of angular momentum greater than zero, 
for an estimate of Jankus® indicates this effect to be 
small and our data do not contain significant informa- 
tion on these transitions. Figures 10 and 11 compare the 
various versions of the theory with the experimental 
results for a value of ¢ of approximately 2 Mev. Figure 
10 includes the data at relatively small angles and the 
yields include approximately equal contributions from 
spin-flip and non-spin-flip deuteron disintegration. 
Figure 11 includes the data taken at @= 145° where the 
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Fic. 5. Scattered electron spectra for /)=500 Mev, 6=67.5°, 
and g=2.60 f-". In addition to the curves discussed in the caption 
for Fig. 1 [cf. (b) and (c)], (a) shows the Jankus prediction un 
modified by the experimental resolution function. The momentum 
scale is the same for the three spectra. 


yields are predominantly from spin-flip disintegration. 
The errors shown include contributions from counting 
statistics and from errors introduced in the data 
processing. A more complete discussion of the error 
analysis is made in I. 

The relativistic expression of the energy gap G be- 
tween the elastic peak and disintegration threshold is 

D+D?/2Mce 


G- 


~ 14(2Eo/M2) sin2(0/2)’ 
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where D and M are the deuteron’s binding energy and 
rest mass. Jankus’ nonrelativistic treatment of the 
deuteron-proton kinematics overestimates G by approxi- 
mately the amount (p/2.43)‘, in Mev, where p is the 
three-momentum transfer in the scattering in units of 
reciprocal fermis. In the absence of a well-defined 
procedure to correct for the nonrelativistic kinematics, 
we have taken G to be equal to D. An estimate of the 
error attendant on this treatment was included in the 
errors shown in Figs. 10 and 11. 


III. CONCLUSION 


It can be seen from Figs. 1-7 and Figs. 10 and 11 that 
for high g the Jankus theory fails to predict the inelastic 
cross section correctly for ¢ near zero. The predicted 
cross section at g=2.8 f' is about 50% above the 
measured value. The effect of the final-state inter- 
action becomes less important as ¢€ increases, and the 
agreement of experiment with the Jankus predictions 
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Fic. 6. Scattered electron spectrum for E)>=500 Mev, @=75° 
and g=2.8 f-". See the caption for Fig. 1. 


improves, as shown by the work of Yearian and 
Hofstadter! and by Sobottka.? 

For the values of ¢ studied in the present experiment, 
transitions to the *S and 'S states of the n-p system com- 
prise the major contributions to the cross sections. The 
inelastic cross section for the M1 spin-flip transitions to 
the 1S state is sharply peaked at e=0, whereas the cross 
section for the non-spin-flip transition goes to zero at 
e«=0 and reaches maximum when e is a few Mev. The 
details of the peak were not determined in the present 
experiment, as in all cases the peak was narrower than 
the experimental resolution function. Jankus’ theoret- 
ical predictions, unmodified by the experimental resolu- 
tion functions, are shown in Figs. 5, 8, and 9. 

In the theoretical predictions used here to compare 
with the experimental results, a number of approxima- 
tions in calculation of the final-state interaction were 
made which are expected to introduce some uncer- 
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Fic. 7. Scattered electron spectrum for Ey>=260 Mev, @=145°, 
and g=2.25 f-. Notice the small contribution from transitions to 


the *S n- state to the inelastic differential cross section. See the 
caption for Fig. 1. 


tainties in the predicted values. Jankus has made 
numerical estimates of the errors consequent on several 
of these approximations: 


(1) No exchange currents were considered. For the 
irrotational part of the current density, Jankus showed 
that a Serber-type velocity-dependent potential leads 
to correction terms important only for large e, for the 
interaction becomes part of the electric dipole term and 
leads to final *P states. These transitions are strongly 
reduced near e=0 as a consequence of the angular 
momentum barrier. The exchange-current contribution 
from the solenoidal current density has been evaluated 
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Fic. 8. This figure shows the theoretical predictions for the 
scattered electron spectrum near disintegration threshold for 
electron-deuteron scattering for Ey= 260 Mev and 6=145°. The 
calculations were made with the exact Jankus expression [ Eqs. (9) 
and (10) of reference 6] and show the effect of introducing a 
repulsive core of radius 0.42 f either into just the deuteron bound 
state [curve (a)] or into both the bound and unbound states 
[curve (b)]. Curve (c) shows the contribution to the cross section 
for final states of angular momentum greater than zero, using a 
central attractive force in the initial state, but including no final- 
state interaction. 
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Fic. 9. This figure shows the theoretical predictions for the 
scattered electron spectrum near disintegration threshold for 
electron-deuteron scattering for ky) =500 Mev and @=75°. Curve 
(a) shows the predictions using the exact Jankus result and assum- 
ing central attractive forces in both the bound and unbound states. 
Curve (b) is the same as (a) except that an approximation sug 
gested by Jankus was used to evaluate the cross sections. Curve (c) 
shows the predictions of the exact Jankus expression assuming a 
repulsive core of radius 0.42 f in the deuteron’s bound state but an 
attractive potential operative in the unbound 'S and 8S states. 
Curve (d) is the same as (c) except that the core was included in 
both the bound and unbound states. Curve (e) shows the contribu- 
tions from states of angular momentum greater than zero. In (e) 
a central attractive force was used in the deuteron’s ground state 
and no interaction in the final state. 


by Berger" and Jankus® for Hulthén wave functions 
describing the deuteron’s ground state. This leads to 
transitions to 'D states (negligible for e« near zero) and 
to 4S states. These latter transitions were estimated to 
contribute about 10% to the magnetic dipole transitions 
for small e. 

(2) We included no effects from transitions to final 
states of />0. Final-state interactions are negligible for 
final states of />2 from the effects of the angular 
momentum barrier. For the /= 1 final states, the centrif- 
ugal force term is of the same order of magnitude as a 
Wigner-type -p force. The Born approximation was 
used by Jankus to estimate the magnitude of the 
corrections to the cross sections from the /=1, /=2, and 
1/=3 final-state interactions. A strong P-state force was 
approximated using a Wigner potential. The corrections 
for e=10 Mev for scattering at 6=60° at a primary 
electron energy of 350 Mev were about 20% and went 
to zero approximately quadratically as e« approached 
zero. If the force is approximated by a Serber potential 
which removes the interaction in states of odd-/, the 
correction is much smaller, amounting to about 3% for 

= 10 Mev for the above conditions and also approach- 
ing zero quadratically as « approaches zero. The Serber 
force is deduced from n-p scattering experiments at 
several hundred Mev. It is not clear whether this or the 
Wigner force is more realistic at «~0. 

(3) Consideration of tensor forces acting in the n-p S 
states was omitted because Jankus has shown that a 
tensor interaction in the *S state gives rise to correction 
terms which nearly cancel. 


One of the important approximations in the original 


J. M. Berger, Phys. Rev. 94, 1698 (1954). 
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core n-p potential. Jankus estimated the consequence of 
assuming an extreme repulsive-core potential corre- 
sponding, in our notation, to r9>=0.7 f. The assumption 
leads to a decrease of the predicted cross section of about 
20% at q=1.7 f-', a result roughly independent of ¢ for 
small ¢ and a greater decrease than is consistent with 
the present experimental results. It can be seen from 
Figs. 10 and 11 that a value of ro>=0.42 f (with Eckart 
wave functions) gives a satisfactory fit to the data. It 
is known from the work described in I that the Hulthén 
wave function is inadequate to describe the deuteron’s 
ground state. A Gartenhaus repulsive-core potential is 
sufficient to obtain agreement with the elastic scattering 
results, although it has been suggested that relativistic 
corrections might provide an equally satisfactory 
explanation of the observed elastic cross sections. 
Durand” has recently made a detailed study of the 
final-state interaction for the inelastic scattering process 
considered here and his work contains a detailed critique 
of the theoretical situation, and a comparison of our 
results with a slightly different treatment of the repul- 
sive core. His results are similar to ours. The extent to 
which a completely relativistic treatment of the calcula- 
tion including the kinematics and retardation effects of 
the potential would modify the predicted cross sections 
is unknown, as no such treatment has been completed. 
In conclusion we would like to remark that the 
analyses presented here are really of an exploratory 
nature. Although it is pleasing to find that the similar 
repulsive-core assumptions that are required to fit the 
elastic scattering data (reported in I) serve to remove 
the discrepancies of the simple Jankus theory for the 
scattering near disintegration threshold, it should be 
noted that a more thorough treatment of the relativistic 


Fic. 10. The points plotted here show the ratio of observed 
inelastic cross sections at Ey>=500 Mev (see Figs. 1-6) to the 
predictions of the Jankus theory, modified by the inclusion of ‘the 
proton form factors and the experimental resolution of the equip- 
ment. The ratio is given as a function of g for e approximately 
2 Mev. The solid lines show the predictions of the Jankus calcula- 
tion incorporating repulsive-core wave functions either in just the 
bound state or in the bound and the 'S and 8S unbound states; 
predictions of the approximate theory [see text following Eq. (12) 
of reference 6] are also shown. The observed yields have about 
equal contributions from spin-flip and non-spin-flip processes 
leading to 'S and 4S final m-p states, respectively. Errors are 
discussed in the text. 


21. Durand, III, Phys. Rev. 123, 1393 (1961). 
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Fic. 11. This figure displays the data for @=145° from Fig. 7 
and two other points at @=145°: g=1.8 f-! and g=2.0 f". The 
major contributions to the yields at this large angle are from the 
spin-flip disintegration of the deuteron to the final 1S n-p state. 
See the caption for Fig. 10. 


corrections is required before quantitative deductions 
are possible on the basis of the present measurements. 
The agreement between the predictions, assuming a 
repulsive-core potential, and our results supports the 
view that the »-p interaction can in fact be described by 
a potential which has similar characteristics to that 
necessary to describe both the high-energy n-p scatter- 
ing experiments and the known uniform density of 
nuclear matter as seen in the A! dependence of the 
radii of heavy nuclei. This agreement suggests a de- 
tailed study to investigate the theory of the final-state 
interaction using phase shifts determined from high- 
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energy nucleon scattering experiments and from the 
semiphenomenological fits to medium energy photo- 
disintegration cross sections." 
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Slow-muon capture in heavy nuclei results in a moderately excited nucleus which emits mostly neutrons 
and to a lesser extent, charged particles. The neutron and alpha emissions can be explained as statistical 
emission from the compound nucleus formed. The experimentally observed proton emission is ten times 
higher than that predicted by the same mechanism. It is proposed to take into account clustering of nucleons 
at the nuclear surface in order to account for the increased proton emission. The capture of the muon by 
two-nucleon clusters at the surface of AgBr nuclei is calculated and the subsequent direct proton emission 
evaluated. The experimental findings can be explained with a reasonable strength of correlations assumed. 


1. INTRODUCTION 


EGATIVE muons passing through matter are 

captured in atomic levels as a result of their 
Coulomb interaction with the positive nuclei. This is 
possible since the muon can slow down from an energy 
of a few Mev and cascade down through the levels of 
the mesonic atom in a total time of approximately 10-" 
sec, which is much less than the spontaneous disinte- 
gration half-life of the free muon (2.21X10-* sec). In 
heavy nuclei there is then a high probability of muon 
capture by the nucleus from the K atomic orbit via 
the weak-interaction process: 


p (proton)+y- (muon) — N (neutron) 


+y (neutrino). (1) 


The muon capture results in liberation of approxi- 
mately 100 Mev of energy, most of which is carried 
away by the neutrino. This picture of the process was 
first proposed by Tiomno and Wheeler.' The excitation 
energy retained by the capturing nucleus is 15-20 Mev. 
In light nuclei, the created neutron carrying this energy 
usually leaves the nucleus without further interaction. 
In intermediate and heavy nuclei the neutron may 
divide this energy between the other nucleons and a 
compound nucleus is formed. The excitation energy is 
then lost by evaporation of neutrons and to a lesser 
extent by emission of charged particles. It is quite 
reasonable to treat the neutron emission as evaporation 
from a compound nucleus, as it is well known that this 
is the normal process in nuclear reactions with similar 
excitation energies.? The number of neutrons emitted, 
1.5-1.7 neutrons per capture in heavy nuclei,’ indicates 
a more complex process than a simple escape from the 
nucleus of the neutron created in process (1). Never- 
theless, although the evaporation process may account 
for most of the neutron emission, in order to get good 

* Now at Department of Physics, Northwestern University, 
Evanston, Illinois. 

1J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 
(1949). 

2P. C. Gugelot, Nuclear Reactions (North-Holland Publishing 
Company, Amsterdam, 1959), Vol. I, Chap. IX. See here for 
further references. 

3S. N. Kaplan, B. J. Moyer, and R. V. Pyle, Phys. Rev. 112, 
968 (1958). 


agreement with experiment, nuclear correlations and 
direct emission must also be considered.*® 

This article deals with charged particle emission 
following muon capture. The first experiments® showed 
that with every muon capture in the heavy component 
of the nuclear emulsion, there appear on the average 
0.1 charged particle. Later, an extensive experiment 
was carried out by Morinaga and Fry’ and 24000 
stopped muon tracks were examined. Their result is 
that muon capture in AgBr is accompanied by the 
appearance of 0.022 proton and 0.005 a particle. 

Ishii® calculated the charged particle emission from 
AgBr nuclei excited by muon capture using the sta- 
tistical model. The nuclear excitation distribution, as 
calculated by Ishii, depends on the momentum dis- 
tribution assumed for the nucleons in the nucleus.’ 
Ishii considered three possibilities: 


1. a Fermi gas distribution at kT=0; 

2. a Fermi gas distribution at kT=9 Mev; 

3. the Chew-Goldberger distribution: F(p)=A 
(B+ p*)?, where A, B are constants and is the nucleon 
momentum in the nucleus. 


In Table I the results of Ishii’s calculations are 
compared with those of Morinaga and Fry.’ 

The Chew-Goldberger distribution was proposed” in 
order to account for the deuteron pickup cross section. 
However, it is fairly clear now that it contains too high 
a proportion of high momenta and has been shown to 
be inadequate in further experiments."' Therefore, the 
results obtained with this distribution have no great 
significance. The Fermi distribution at finite 
temperature (kT=9 Mev) gives excellent agreement 
for a emission. The energy distribution of the emitted 
a particles, calculated by Ishii, is also in agreement 
with the measurements of Morinaga and Fry. This is 


gas 


* P. Singer (to be published). 
* E. Lubkin, Ann. Phys. 11, 414 (1960). 
*E. P. George and J. Evans, Proc. Phys. Soc. 
193 (1951). 
7H. Morinaga and W. F. Fry, Nuovo cimento 10, 308 (1953). 
§ C. Ishii, Progr. Theoret. Phys. (Kyoto) 21, 663 (1959). 
® See reference 8 for the details of the calculation, or references 
3 and 4 for similar calculations of the excitation energy of the 
nucleus. 
1 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
" K. G. Dedrick, Phys. Rev. 100, 58 (1955). 


(London) A64, 
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TABLE I. Charged particle emission by compound 
nucleus calculation. 


Emitted particles per capture (%) 
protons 


2.3 


Momentum distribution 
Chew-Goldberger 
Fermi gas (kT =0) ~0.02 
Fermi gas (kT=9 Mev) 0.23 
Experiment* 22 





* See reference 7. 


quite remarkable since the Fermi gas distribution at 
9 Mev is almost identical with the exponential dis- 
tribution,” {(~)=exp(—p*/a’), with a?/2M=14 Mev, 
and the exponential distribution gives good agreement 
with the distribution of momenta in nuclei especially 
for the high components. Brueckner and co-workers" 
analyze several high-energy processes which are 
dependent on the momentum distribution of the 
nucleons, such as deuteron pickup, pion capture, high- 
energy proton-nucleus collision, nuclear photoeffect, 
and pion production in proton-nucleus collision, and 
show that all of them are satisfactorily explained by 
assuming the above-mentioned exponential distribution. 
This distribution is also obtainable from the Fourier 
transform of the nuclear-matter wave function, as 
shown by Brueckner™ and Tagami™ for the whole 
range of momenta. 

It is thus seen that the same distribution can be used 
to account for the a-particle emission following muon 
capture, but only accounts for one tenth of the proton 
emission. This is still justified, as a statistical process 
is best suited for the a emission following muon capture. 
On the other hand, for proton emission, still other 
mechanisms are possible. 

It is worthwhile to note at this point that in most 
nuclear reactions at comparable energies, the a-emission 
cross section is satisfactorily explained by the statistical 
process.’® In contradistinction, in the same reactions, 
the proton emission is 10 (and sometimes 100) times 
higher than calculated from a compound nucleus and 
statistical emission process.?:!® 

In calculating the neutron emission following the 
muon capture, an effective mass smaller than the free- 
nucleon mass was used? in order to obtain agreement 
with experiment. The effective-mass approximation is 
not valid in the charged-particle case, since M*(p) — M 
for momenta near the Fermi level,” and charged- 
particle emission takes place primarily from this region. 

Another conceivable process, in addition to the 


12 E. Henley, Phys. Rev. 85, 204 (1952). 

‘8K. A. Brueckner, R. J. Eden, and N. Francis, Phys. Rev. 98, 
1445 (1955). 

4 T, Tagami, Progr. Theoret. Phys. (Kyoto) 21, 533 (1959). 

16 C. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958). 

16K. J. Le Couteur, Nuclear Reactions (North-Holland Pub 
lishing Company, Amsterdam, 1959), Vol. I, Chap. VII. 

17K. A. Brueckner, The Many-Body Problem (Dunod, Paris, 
1959), p. 48. 
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statistical emission, is direct emission from the nucleus. 
This can occur when the neutron created in (1) interacts 
directly with a nuclear proton. Unfortunately, such a 
process seems highly improbable in the light of the 
results of Elton and Gomes.'* They tried to explain the 
large cross section for inelastic scattering of protons 
with a few tenths of a Mev (which is ten times higher 
than calculated by assuming a statistical process) by 
looking for direct knock-on from the nucleus. It was 
found that the total reflection at the boundary of the 
nucleus essentially prevents a proton inside the nucleus 
from leaking outside. Consequently, this process gives 
a total cross section which is even smaller than for the 
compound nucleus process. 

In the case under consideration, the proton emission 
is also ten times higher than expected from a statistical 
emission process. It will be shown that increased 
emission is obtained if one takes into account nuclear 
surface effects. Elton and Gomes'® and Oda and 
Harada” also succeeded in accounting for the high 
experimental inelastic proton scattering cross section 
by considering the quasi-elastic scatterings with nu- 
cleons in the extreme outer shell of the nucleus. 


2. NUCLEON CLUSTERS AT THE 
NUCLEAR SURFACE 


Evidence shall be presented here for the existence 
of nucleon clusters at the nuclear surface. In Secs. 3 
and 4 a model will be proposed which explicitly takes 
into account the existence of these clusters in calcu- 
lating the muon capture. It will be shown that this 
model results in increased proton emission. 

The nuclear surface is a low-density region. There- 
fore, the Pauli principle is less operative here in reducing 
correlations and accordingly there is a clustering 
tendency for the nucleons. 

Several investigators have dealt with this problem. 
Tagami” has calculated the “healing distance’’—the 
range in which the wave function for a nuclear pair 
imbedded in nuclear matter becomes identical with the 
wave function for a free pair—as a function of k, the 
relative momentum of the pair. He derives the S-state 
wave function of the pair by using the Bethe-Goldstone 
equation and assuming a potential consisting of a hard 
core with radius D. One then obtains, for the healing 
distance as a function of , 


. 1+-K\- 
Me)=D| (2-« i ) -1|, K?<Dkr, (2) 
Dkr i-K 


where K=k/kp, and kp is the Fermi momentum. 

This expression shows that for k<0.6kr, the wave 
function of the pair is healed within a distance smaller 
than the mean distance between the nucleons in the 

8. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 


19 N. Oda and K. Harada, Nuclear Phys. 7, 251 (1958). 
* T, Tagami, Progr. Theoret. Phys. (Kyoto) 21, 465 (1959). 
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nucleus. Thus, these nucleons move nearly inde- 
pendently. For & near kr, \(&) is larger than the mean 
distance between nucleons, and therefore the pair 
behaves like a unit. From the local picture of a Thomas- 
Fermi gas one can conclude that the individual nucleon 
motion occurs throughout the nuclear volume, but in 
the surface region there is a strong tendency toward 
clustering. 

The same conclusion is reached by da Providencia.* 
He calculates the energy and the wave function of a 
finite nucleus by a perturbation method. The per- 
turbation is the difference between the true Hamiltonian 


1 A 
=> (—3V?7)+ > Vij; 


i<j=l 


(3) 


i=l 


and the “unperturbed” Hamiltonian 


4 


dX (—2V?+V)), 


i=l 


H 


where V; is the common average potential. 

He then calculates the potential energy density which 
is divided into two parts, one correlation-free (v1) 
and the other expressing the two-particle correlations 
(v2). The graph of 2/2 as a function of the distance 
from the center of the nucleus shows that the surface 
region is much more correlation-rich than the maximum 
density region. 

Wilkinson has pointed out the role the surface 
nucleon clusters play in A~ capture. As is known,” 
K~ capture by the nucleus occurs primarily from the 
5g atomic level where the half-life for nuclear capture is 
ten times smaller than for the competing electro- 
magnetic transition. This means that the capture takes 
place at a distance 2X10-" cm from where the nuclear 
density is half the value at the nucleus center, i.e., 
80% of the captures occur in a region containing less 
than 10% of the nuclear matter. When the K~ capture 
is by a single nucleon, the reaction is K~-+N — V+, 
where Y is a hyperon with approximately 60 Mev 
energy. When a multinucleon capture occurs, the 
process is K-+2N — Y+N and the hyperon has 150 
Mev. The latest experiments™* show that nearly 50% 
of the captures in AgBr are of the second type. This 
result is highly significant to our problem. 

The experiment of Hodgson on the (f,a) reaction 
should also be considered. According to him it seems 
that a surface nucleon of AgBr is found in a cluster 
40% of the time. 


21 J. da Providencia, Proc. Phys. Soc. (London) 77, 81 (1961). 
2 D. H. Wilkinson, Phil. Mag. 4, 215 (1959). 

73 P. B. Jones, Phil. Mag. 3, 33 (1958). 

*4 M. Nikolic et al., Helv. Phys. Acta 33, 221 (1960). 

26 P. E. Hodgson, Nuclear Phys. 8, 1 (1958). 
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3. MODEL FOR DIRECT PROTON EMISSION 


In an improved independent-particle model, the effect 
of the correlations throughout the nuclear volume 
should be accounted for. This entails the use of a 
realistic momentum distribution and an effective mass 
for the nucleons,’* the latter being due to the de- 
pendence of the average nuclear potential on the 
momentum. 

The surface correlations require special treatment. 
Here, they manifest themselves mainly by nucleon 
clustering. The most frequent cluster is the two-nucleon 
one. When a proton in such a cluster captures a muon, 
the process cannot be treated as a simple one-particle 
capture as in (1). Because of the proximity of the second 
nucleon and the strong internucleon interaction, the 
capturing proton is immediately scattered by the second 
nucleon. Thus, the capture is really effected by the pair, 
not by an isolated nucleon. The other nucleons, which 
are relatively remote from the pair, essentially do not 
participate in the process. Therefore, the elementary 
capture process in this case is (V is a nucleon) 


u-+2N — 2N'++». 


This kind of capture causes two energetic nucleons to 
appear at the nuclear surface, with a fair probability of 
direct escape. Naturally, the capture by an isolated 
surface proton will also give a neutron with a fair 
probability for direct emission, but this does not affect 
the proton emission. Capture by a two-proton cluster 
results in the appearance of a proton and a neutron, 
and we shall consider these protons when trying to 
account for the high observed proton emission. 

As mentioned previously, Elton and Gomes have 
shown!® that the iarge total reflection at the nuclear 
boundary practically prevents protons from escaping, 
once they are in the nucleus. A good probability of 
escape exists only for those protons which do not 
encounter this obstacle. The potential in the nuclear 
surface region is given by 


V=VetVy, 


(5) 


(6) 
where V¢ is the Coulomb potential and Vy the Woods- 
Saxon potential'.?® 
V(r) = — Vofexpl (r—R,)/d]+1}-, (7) 
with 
Vo=40 Mev, d=0.5X10-" cm, 
R,=1.35A!X10-® cm. 


(8) 


The nuclear matter extends beyond R., which is 
defined by 


V(R.)=0. (9) 


In this classically forbidden region the problem of 
total reflection no longer exists. Therefore, we will 
assume, in analogy to Elton and Gomes, who calculated 


276R. D. Woods and D. S. Saxon, Phys. Rev 


95, 577 (1954); 


M. A. Melkanoff et al., ibid. 101, 507 (1956). 
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the scattering of protons by nucleons moving in this 
region, that only the protons appearing after captures 
by clusters in this region may be directly emitted from 
the nucleus. 

The number of protons in this region can be estimated 
on the basis of the charge distribution in the nucleus, 
p(x), obtained from high-energy electron-nucleus scat- 
tering?’: 


Z 1—} exp[—n(i—x) ], 


” dartNo $ expL—n(x—1)], 
where x=r/r; and No is a normalization constant (so 
that 44 fp(r)r’dr=Z) and is given by 
No=1/34+2/n?+exp(—n)/n'; (11) 
n and r; are constants which must be specified for each 


nucleus. The potential created by this distribution is 


Ve(r)=(2Z/ni) J (x), 


where 


a ee as 
(x)= Nef te t : 


2 6 


1 1 nan 
= — ef e-weo(-+") / | 
x x 2 


We are interested in the Ag and Br nuclei which were 
studied by Morinaga and Fry.’ The constants » and 7; 
for these nuclei are taken from the report of Ford and 
Wills**: 
Ag: m=5.14X10-" cm, 
Br: 1r,:=4.63X10-" cm, 


n=1.20; 

(14) 
n= 6.06. 
By using (7), (12), (13), and (14) one finds for R, 


Br: R.=6.53X10-" cm; 
Ag: R.=7.00X10-% cm. 


(15) 


It is now possible to find the number of protons, N, in 
the region beyond R-: 


n= | p(r)dr. 
Fas 


t 


From (10) and (16) one obtains 


——§[n?x2+2nx.+2], 


2n® No 


where x.=R,/r;. One obtains: 
Br: N=1.48; Ag: N=1.52. 


27 R. Hofstadter, Ann. Rev. Nuclear Sci. 7, 231 (1957). 

28K. W. Ford and J. G. Wills, Los Alamos Scientific Laboratory 
Report, LAMS-2387, 1960 (unpublished), and J. G. Wills (private 
communication). 
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We will use an average value, N=1.5, for both 
nuclei, as this is sufficiently accurate for our purpose, 
and we will confine our calculations to Ag only. 

It is now necessary to calculate the capture proba- 
bility of the muon by a quasi-free nucleon cluster 
moving in the nuclear surface region, and evaluate the 
number of directly emitted protons. 


4. PSEUDODEUTERON MODEL CALCULATION 


The two nucleon clusters are of three kinds with 
regard to composition, namely two-proton, two- 
neutron, and neutron-proton clusters. The second kind 
cannot absorb a muon, so it does not contribute to our 
problem. We shall call two-nucleon clusters, pseudo- 
deuterons.* We shall assume that the pseudodeuterons 
are in an S-state. This is the state in which the nucleons 
are closest and makes the greatest contribution to our 
problem. It is also in accordance with the description 
of the nuclear interaction in terms of Serber forces 
which lead to nuclear interactions in even states only. 
We shall further distinguish between three types of 
pseudodeuterons: a proton-proton cluster which has to 
be in a singlet spin state, and a neutron-proton cluster 
which can be in either a triplet or singlet state. We shall 
designate the different pseudodeuterons as 


(a) [p-p, (b) [n-p), (c) Lr-p}, 


where the superscript refers to the spin state. 
The wave function of the capturing nucleus is written 


as 


(19) 


W(1,2,---,A)=exp(iK’-R’)\W(r) 0(3,---,A), (20) 
where the system is not antisymmetrized between the 
nucleons (3,4,---,4) and the pseudodeuteron nucleons. 
This indicates the absence of interaction between the 
pseudodeuteron and the other nucleons. The wave 
function of the pseudodeuteron is written as a product 
of the center-of-mass motion part and the part de- 
pendent on the relative coordinates of the pseudo- 
deuteron nucleons, r=r;—re. The wave function ¢ 
does not change in the process and is thus eliminated 
from the calculations. The capturing pseudodeuteron 
is quasi-free, as the two nucleons are very close. The 
probability of other nucleons also being close is neg- 
ligible. Formally, the matrix-element H,; for capture is 
similar to the corresponding expression for muon 
capture by a deuteron.” *! (We will use the same 
notation as reference 31.) The probability of quantum 
transition in the first order of perturbation theory is 

w=2n >>; | Hy: \*p,;, 


(A=c=1), (21) 


where py is the density of final states and where in the 


29 The term pseudodeuteron is occasionally used for a neutron- 
proton in an S-triplet-state nuclear cluster. 

® A Rudik, Doklady Acad. Nauk SSSR 92, 739 (1953). 

3} H. Uberall and L. Woifenstein, Nuovo cimento 10, 136 (1958). 
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case under consideration 


y= | exp[ —iK- (ri+12)/2F*(q,r)J ‘x, 


<[r_(1)V (1) +7_(2)V (2) UV X(n)drdre. (22) 


The calculation is carried out within the c.m. system 
of the pseudodeuteron. The final spatial wave function 
of the two nucleons is resolved into the c.m. motion 
with momentum K=p,+p:. and a part F dependent 
on the relative coordinates and the relative momentum 
q=}(pi—pe). Xi, Xy are the initial and final spin func- 
tions and J;, J; are corresponding isospin functions. 
We have chosen the Universal Fermi Interaction of 
the (A—V) type” and thus 


V (i)=exp[—ik,-r;](S+T-o)¢,(r,), 
S=Cvyy,t(it+ys)v,z, 
T=Cay,'(1+75)e¥,, 


(23) 


(24) 


where k, is the momentum of the neutrino, ¢, the 
spatial muon wave function, y,, y, the spinor wave 
functions of the neutrino and the muon, and Cy, C4 
the coefficients of the vector and pseudovector inter- 
actions. r_ is the isospin operator which converts a 
proton into a neutron and vanishes when operating 
on a neutron. As there is not enough information 
available on the wave functions of the different clusters, 
the same spatial wave function will be assumed for all 
three types of pseudodeuterons. The antisymmetri- 
zation requirement of the two-nucleon wave function, 
together with the assumption that ¥(r) is in an S state, 
leads to the following wave functions for the pseudo- 
deuterons in their c.m. system: 


[p-p}: Jp(1)Jp(2)Xs¥(r), 
[n-p]}°: 2-9(7,(1)J (2) +I n(1)J p(2) Xsv(r), (25) 
[n-p}': 2-47, (1) J n(2)—J a (1) p(2) XrV(r), 


where Xs, X7 are the spin wave functions for the singlet 
and triplet states, respectively. In order to evaluate 
(21) we shall utilize, with the appropriate corrections, 
the calculation of the similar expression for the deuteron 
carried out by Uberall and Wolfenstein.** They obtained 
the following expression for the muon capture proba- 
bility by the deuteron®: 


wp= Kyl.t+-K.4(2/,4+1,), (26) 


(27) 


ties | pd pd | TAI hilh,, 


* Corrections for strong interactions are neglected since they 
do not seriously affect the value of the capture probability. See 
reference 31. 

*® See reference 31 for full details on the derivation of (26) from 

21) and (22), which involves appropriate summations and 
averages over spin states and the conservation of momentum and 
energy for the process. 


SINGER 


and 


J = [ F(+k. '2, r) exp —ik,-r/2 Wn(r)dr, (28) 


where i is either singlet (s) or triplet (¢) and p the 
momentum of the observed neutron, and where 


ICy|? M C,|? M 


rap? 4(2r)*’ 


Ky= (29) 


{= 
Tap® 4(27)4 


@p is the Bohr radius of the u-mesonic atom of deuterium 
and M the nucleon mass. 

Uberall and Wolfenstein assumed that the two 
nucleons in the final state interact only when in an 
S state. They calculated wp with and without this 
assumption. In the first case, /(q,r) is taken as an 
adequately symmetrized plane wave, and for the second 
possibility an interacting S state is added. They showed 
that inclusion of the interaction does not change the 
capture probability by more than 20%. Therefore, we 
shall neglect interaction in the final state and use the 
values obtained by Uberall and Wolfenstein for this 
case. 

If we antisymmetrize the wave function for the two 
nucleons following the muon capture, we obtain the 
following final states, summarized in Table II, by using 
the interaction (23), (24). The transitions induced by 
the vector interaction (Fermi type) are given in the 
column V and those induced by the pseudovector 
interaction (Gamow-Teller type) in the column 4A. 
The space wave function of the two nucleons is either 
an S or P state, while the spin state is indicated by the 
superscript. 

In order to obtain the capture probability for the 
pseudodeuteron, we have to introduce three corrections 
in the expression for H;; used by Uberall and Wolfen- 
stein in deriving (26): 


(a) Instead of ¥p(r) we must use the spatial wave 
function ¥(r) of the pseudodeuteron. 

(b) We must use the wave functions x and J ap- 
propriate to our case. 

(c) Uberall and Wolfenstein have used the value of 
the muon wave function at the origin ¢, p(0) in their 
derivation since the muon wave hardly 
changes within the deuteron volume. 


function 


In this case the capture is done by protons in Ag 
which moves outside R, defined in (9). The nuclear 


TABLE IT. Final states after muon capture by pseudodeuteron. 


Final state 


Initial state S S 


[n-p}! 
Ln-p 
Lp-p 


. — 
Lnu—n } 


[n—p]}}! 
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density outside R, decreases very rapidly, while ¢,,¢ 
changes much more slowly. Therefore, we shall approxi- 
mate the muon wave function by its value at R,, 
¢u,Ag(Re). 
_ Accordingly, we have to multiply the result of 
Uberall and Wolfenstein by a= | gy,ag(Re) |?/| gu,n(0)|*. 

We shall show, by using considerations first men- 
tioned by Levinger* in his pseudodeuteron model 
calculation for the nuclear photoeffect, that we can 
compensate for the difference between ~p and y by 
multiplying the result for the deuteron capture by 
B= |C,\?/|Ce2\*, where C;, Cz are the normalization 
constants of y and pp.*® 

By using the spin and isospin wave functions given 

(25), and summing over the possible final states 
given in Table II, we obtain, bearing in mind the above 
considerations, 


w{n-p)'=aBLKvlitKa (2/.+J,) |, 
W{n-p)*= OBL Kyl,4+2K al; |, 
wtp pi*=aG[ 2K y1,+4K ali]. 


(30) 
(31) 
(32) 

Now we shall justify the ‘“8-constant approximation.” 
We shall use for the pseudodeuterons the approximate 


Hulthén wave function for an S state due to a Yukawa 
potential.*.36 


sin(kr+6) 


siné—e~#" 


(41)! 
¥(r) =— 
(a2-+ k?)ty! 


k= 4(k,—kz) is the wave number for the relative motion 
of the two nucleons and yu is the nuclear force range. 
Outside this range, ¥(r) tends to the S term of a plane 
wave and the normalization gives one pair in the volume 
v which in our case is the volume of the relevant region 
for capture. a~' is the scattering length and 6 the phase 
shift; they are related by 

coté= —a k+-4rok, (34) 
where 7o is the effective range. We are interested in the 
case when the two nucleons are close, so we expand y(r) 
for the range kr<1. One obtains 


W(r)~ (40/2) Ma®+k)— 1 (1-ar—e-#"). (35) 


The deuteron wave function from the effective-range 


#4 J. S. Levinger, Phys. Rev. 84, 43 (1951). 

% Tt should be noted that in deriving (26) from (21), sum- 
mation over the final states is effected with due allowance for 
conservation of energy, and the binding energy of the quasi-free 
pseudodeuteron is not necessarily equal to that of the deuteron. 
An additional calculation by Uberall and Wolfenstein*! for muon 
capture by a deuteron, using an average value for the neutrino 
energy, k,, and summing over the final states by using the com 
pleteness theorem, showed that a change of a few Mev in the 
binding energy does not appreciably affect the result, in view of 
the large value of k,. This means that our approximation should 
not involve misleading errors. 

36. G. Betrametti and G. 
(1960). 
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theory is 
¥v(r)=[24a 


(1—Gro) |'r™ 


X[exp(—@r)—exp(—ur) ], 


where & is the “deuteron radius” which is related to 
the scattering length of the triplet state by 


(36) 


(37) 


At small distances, 


o(r)—~[24/(1—Gro) ]'r *1(1—ar—e-*"). (38) 
a and & are nearly equal, and hence y and yp are pro- 
portional in the relevant region. Indeed, it is a known 
result of the effective-range theory that the wave 
function is not very sensitive to the deuteron energy. 
This means that we can use the result of Uberall and 
Wolfenstein for the deuteron by multiplying it by 


B= 2(1—Gro)/&(a?+ k?)r. 


( ) means that we have to average over the different 
possibilities for (k,;—k»). 

By using the values of Ky, Ku, J, and /; given by 
Uberall and Wolfenstein we obtain for the capture 
probability by the different pseudodeuterons, using 
(26), (30), (31), and (32), 


a Pu. Ag( Re) 2 
= 1.740p—— 
¢,.p(0) 2 


a Pu, ag(R. ) |? 2x (1—Gro) 
>= 0.87a#p)—__—- —-__, 
¢u.p(0) |? &a?+k*)v 


Gu,Ag(Re) |? 
W[n-p]'=@D-—— 
¢,.p(0)| 


2x (1—&ro) 


’ 
Go? + k?)v 





(39) 


W[p-p)’ 


(40) 


W[n-p] 


2r( 1 — aro) 


sha (41) 
G&(a?+k*) 

In order: to calculate (a?+?) we shall assume the 
following momentum distribution p(z,) for the nucleons 
in the surface region of the nucleus 

p(k) =C exp(—k?/8*), 42) 
( 
b’h?/2M =4 Mev. 
This distribution is obtained'* by assuming that the 
tail = the nuclear function is given by 
pose “r/y, A is a normalization constant and 
= hpreni '/h, where B is the separation energy equal 
to 8 Mev. If one takes the Fourier transform of 


wave 


n(r)=0, r<R.; n(r)=Ae*"/r, r>R.; (43) 
one gets 

4A ; 
n(p)=—————-(a sinpR.— p cospR,)e~**. (44) 
p(a*+ p*) 
The momentum distribution is given p(p)= |n(p)|?. It 
can be shown’ that a very good approximation for 


p(p) is (42) with b?=a?/2. If we average (a’?+k*) with 
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this distribution, one obtains (see Appendix) 
1 l6a a xe 
( oem —=)=- = | +—00)—1) , (45) 
o+1\k,—k,!? (29)? (2x8 92 
where \=2a’/? and (x) is the error integral. If we 


use’ the value of the scattering length for the triplet 
state,*> a=0.185X 10" cm, we obtain 


1 
(——- a -=8.26X10-* cm 
o?+} k.—k . 


(46) 


Now we can calculate w,,-»}* which is relevant for 
our purpose. Making the reasonable assumption® that 
the number of protons and neutrons is equal in the 
region outside R,, we have on the average three nucleons 
there. We take for 2, 


o=[4r(1.2X 10-)?/3]4 (3/4), 


where the nuclear radius is given by R=1.2K10-"A! 
cm. Also*® r>=1.70X 10-" cm; &=0.23X 10" cm“. By 
using these constants, we obtain® 


2r(1-— Gro) 
g=— 
G(a?+ k?)v 


cmacenie 


(47) 


The value of the muon wave function at the origin 
of the deuteron system is 


1 ip h? m.(itm,/Ma)T* 
| ¢4,(0) |?= -{— "| 


Tap’ mwum,e mM, 


= 1.6110" cm-*, (48) 


where m,, m,, Ma are the masses of the electron, muon, 
and deuteron. The value for ¢, a(R.) is taken from the 
numerically calculated wave function for Ag of Ford 
and Wills”® 


| oy ag(R-= 7X 10-" cm) |?= 1.31 10 cm-*, (49) 
Using these numbers, we obtain for (39) 


W{p-p)*= 7.36X 10wp. (50) 


The calculated™ value of wp is 88.23 sec and the experi- 


* As mentioned previously, no distinction is made between the 
spatial wave functions of the different pseudodeuterons, and we 
assume that they are fairly well described by the approximate 
triplet Hulthén S wave function. 

8 L. Hulthén and M. Sugawara, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, Chap. 1. 

* L. Wilets, Revs. Modern Phys. 30, 542, (1958). 

“This result can be compared with the calculations for pion 
capture by pseudodeuterons throughout the nuclear volume. In 
this case the two-nucleon capture is imposed by the large amount 
of energy released, in order to have conservation of momentum. 
K. A. Brueckner, R. Serber, and K. M. Watson, Phys. Rev. 84, 
258 (1951) and N. C. Francis and K. M. Watson, Am. J. Phys. 
21, 659 (1953) evaluated the I’ factor giving the increased pseudo- 
deuteron capture probability compared to the deuteron capture 
owing to the closeness of the nucleons. They obtained '~4—10 
which is comparable with our result (47). 
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mental value for muon capture* in Ag, wag= 112.5 10° 
sec~'. Thus we obtain 


W{p-p}*(theoretical) /wa,(experimental) =0.58; (51) 


We shall now evaluate the number of directly emitted 
protons following a pseudodeuteron-type capture in 
Ag. In the capture region there are on the average 1.5 
protons, e.g., 0.75 proton pairs. Statistically, one-fourth 
of them are in the relevant singlet state. We shall also 
introduce a parameter y representing the time interval 
during which a proton singlet S state pair behaves like 
a “‘pseudodeuteron,” i.e., when the protons are very 
close to each other. It shall also be assumed that the 
energetic proton created in the capture process leaves 
the nucleus in half the cases, i.e., when the momentum 
is in a direction away from the inner region. Then, the 
number of protons .V, directly emitted from Ag fol- 
lowing pseudodeuteron capture in the region beyond 
Rt 


N,=7yX0.58X0.75X4X4=0.055y. (52) 


In order to account for the experimental results of 
Morinaga and Fry,’ \V,(exp)=0.022, we must put 
y=0.4. This is in agreement with Hodgson’s finding,” 
that the nucleon in the surface region spends 40% of 
its time in a cluster. 


5. DISCUSSION 


In this work, a model of direct interaction was pro- 
posed which may be responsible for most of the proton 
emission following muon capture. 

As the compound nucleus picture is inadequate for 
an explanation of the experimental results, we had to 
look for another possible mechanism. Nucleon clustering 
at the nuclear surface seems to provide an explanation 
for the increased proton emission. This picture is also 
in agreement with AK~ multinucleon capture in the 
nuclear surface region. 

The calculations discussed in this paper are semi- 
qualitative and could be improved. Our main purpose 
was to ascertain whether the proposed mechanism 
could significantly improve the results for proton 
emission processes in muon capture by heavy nuclei. 
It seems that the answer is in the affirmative. 

In order to improve the results further, more accurate 
pseudodeuteron wave functions should be used. The 
fact that the phase space available to the two nucleons 
is not exactly the same as for free particles should be 
taken into account. In fact, one of the nucleons enters 
the nucleus and therefore many states are forbidden 
to it by the Pauli principle. This will reduce our result. 
On the other hand, we assumed that in only half the 
cases did the proton leave the nucleus. Since the protons 
are outside R,, it seems reasonable that a proton in this 
region should have a higher escape probability owing 
to Coulomb repulsion. 


"J. C. Sens, Phys. Rev. 113, 679 (1959) 





NUCLEAR SURFACE 

The surface pseudodeuteron capture should also 
affect the neutron emission. It has been shown*:‘ that 
most of the neutron emission occurs as evaporation 
from a compound nucleus. However, the theoretical 
result is 20% lower than the experimental emission. 
The disagreement can be partly explained by taking 
into account the neutron-pair emission following cap- 
ture by the n-p pseudodeuterons. 

Two energetic neutrons appear following such a 
capture. They could be emitted directly, which would 
give a multiplicity of two; or both of them could pene- 
trate the nucleus which would then lead to a multi- 
plicity of ~1.3 as calculated for Ag from the compound 
nucleus model‘; or one of them could be emitted 
directly while the other penetrated the nucleus, which 
would again lead to a multiplicity of at least 2. The 
most recent experimental result® is 1.55+0.06 neutrons 
per muon capture in Ag. If we take into account the 
mechanism described above, the average emission 
calculated using the compound nucleus model would be 
increased. 

The relevant captures are those by [m-p]’ and 
[n-p ]'. The capture probability is obtained from (40), 
(41), (47), (48), and (49). We find that 


0.87 3 
vtaenterent=(——+-) x 


By using the values of wp and wag mentioned before, 
we obtain 


1.31 10% 
—X5.2wp 
1.61 10*! 


=4.10XK10'wp. (53) 


(W[n-p}°+@[n-p]) wag= 0.32. (54) 


The number of neutron-proton pairs is \ XP, and for 
N=P=1.5 we have 2.25 pairs. We shall also assume 
that half the pairs are in an even-parity state and -can 
be treated as pseudodeuterons. On the basis of these 
numbers, and using the same value for y as in the proton 
emission, i.e., y= 0.4, we see that in 0.32 2.25x4xX0.4 
= 14.4% of the captures the muon is captured by a 
pseudodeuteron and approximately two neutrons are 
emitted. Combining this with the 1.27 average emission 
from compound nucleus processes in the other 85.6% 
of the cases, we obtain 1.37 neutrons emitted per capture 
in Ag. If the number of neutrons in the region r>R, is 
larger than assumed (V=FP), then this figure can be 
increased still further. 

To conclude, the approximate calculations presented 
show that there is a net surface effect causing an 
increased proton emission and having a non-negligible 
effect on the neutron emission. 
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APPENDIX 
We have to find the average of the expression, 
[o?+3| ki —ke|? >, 
when the normalized distributions of k,, k. are 


o(k;)d*k;= (1/28) exp(—h2/B)dR;. (Al) 


It is convenient to introduce new variables, k and K, 
defined by 
+ (k,+k.)=K, 3 (ki; — ke) = k. (A2) 


From the Jacobian of the transformation we have 


dk ko= 8a*Kaek. 


Therefore, 

1 ite 7” 
es )= — s| exp(—2K?/b?)K*dK 
a+} k,—k. 2 1®b® /J0 


D 2 


x | exp(— 2k?/b?) dk 


ok 
16a / 
(ni? J g 


where we have put k?=a*y? and 


exp(—Ay?)——dy, 


1+y? 


(A4) 


A= 2a?/6?. 
We use the result* (for \>0) 
” exp(—Az*) T 
G= ll —_—_———dx=-—e[1—(A}) ], 
/0 x?+1 2 
where ® is the error integral, defined as 
2 r 
w=s | exp(—?/)dt. 
x 0 
Denoting the integral in (A4) by J, we see that 


I=—dG/dn. 


Finally, 


v7, 
fer k,—k.!? 


~ (2m)ib 


16a | m3 


re 
—+—[(A#)—1]}, (A9) 
2442 
obtained by using the expression for the derivative of 
the error integral, 
’ (x)= (2/m)e-?. 


(A10) 


‘8 W. Grébner and N. Hofreiter, /ntegraltafel (Springer-Verlag, 
Berlin, 1950), Vol. 2, p. 66. 





PHYSICAL REVIEW VOLUME 


124, 


NUMBER 5 DECEMBER 1, 1961 


Photodissociation of Complex Nuclei at Energies between the 
Mesonic Threshold and 1150 Mev* 


Cuartes E. Roost 
Vanderbilt University, Nashville, Tennessee 


AND 


VINCENT Z. PETERSON 
California Institute of Technology, Pasadena, California 


(Received July 18, 1961) 


The photodisintegration of complex nuclei by gamma rays up to 
1150 Mev has been studied by exposing nuclear emulsion to 
bremsstrahlung from the CalTech electron synchrotron and ob- 
serving the “‘photostars” produced. Exposures were made at 16 
different peak energies between 250 and 1150 Mev. Nearly 10 000 
photostars were analyzed for star frequency, prong number, angu- 
lar distribution, and (at 1143 Mev) the visible energy release per 
star. The bremsstrahlung yield of multiprong (>2 prong) stars 
increases abruptly as photons capable of producing pions are in 
cluded. The cross section per photon, derived from the brems- 
strahlung yield by the photon difference method, is essentially 
constant at 250 microbarns/nucleon at all energies above 300 Mev. 
A model for photostar production is given which involves photo- 
pion production followed by absorption or scattering of the pion 
and recoil nucleon. Experimental free-nucleon photopion cross 
sections are used, together with the Monte Carlo calculations of 
Metropolis et al., to determine the probability for star formation. 
Good agreement with both the shape and magnitude of the ex- 


I. INTRODUCTION 


HE character of photonuclear reactions can be 
expected to vary with the wavelength of the inci- 
dent photon. The X of the “giant resonance” photons 
(10 to 20 Mev) is 20 to 10 fermis and the interaction 
cross section depends strongly on the dipole moment of 
the whole nucleus. In the energy range between the 
“giant resonance” and the mesonic threshold, nuclear 
subunits are of major importance. Since a -p pair or 
“quasi-deuteron” has an electric dipole moment and X 
for a 100-Mev photon is 2 fermis, it is reasonable that 
the “quasi-deuteron” model can explain most of the ob- 
served phenomena in this energy range. At the mesonic 
threshold (150 Mev) X& is comparable to the diameter of 
a free nucleon, and above 300 Mev the nucleus can be 
treated as an assembly of free nucleons. The transition 
regions are not precisely defined and the “quasi- 
deuteron” model is useful both for some phenomena of 
the “giant resonance” and at energies slightly in excess 
of the mesonic threshold. The bulk of the data discussed 
in the present paper will deal, however, with energies 
sufficiently in excess of the “‘quasi-deuteron” region that 
the independent nucleon model appears to be the most 
significant. 
Each energy range has a characteristic type of event. 
The “giant resonance” photons interact with the dipole 


* This work was supported in part by the U. S. Atomic Energy 
Commission, the Research Corporation, and the National Science 
Foundation. 

t Experimental data obtained while at the University of Cali 
fornia, Riverside, California, and the California Institute of 
Technology, Pasadena, California. 


citation curve is obtained if nuclear motion is included. Mean and 
maximum prong numbers for photostars are the same as for stars 
produced by pions or protons of equal available energy. The mean 
free-paths in nuclear matter of pions and protons are short, so that 
photostar yields are a measure of the integrated total photomeson 
cross section. More than 95% of the multiprong stars made by 
1-Bev bremsstrahlung are made by photons whose energies exceed 
the pion production threshold of 150 Mev. Most of the 1-prong 
events are produced by photons below 150 Mev, and the yield is 
consistent with giant resonance 
deuteron” photodisintegration, a whose cross section 
rapidly decreases as the photon energy increases. Variation of 
mean prong number with energy and comparison with nuclear 
cascade calculations suggests that the excitation of the residual 
nucleus is nearly constant at 100 Mev over a wide range of incident 
photon energies. The visible energy release per photostar shows a 
linear dependence on prong number, and more than half of the 
photon energy is carried away by neutral particles 


(y,P) reactions plus ‘‘pseudo 


process 


moment of the whole nucleus and the resulting nuclear 
emission can be described by a statistical or evaporation 
process. In view of the Coulomb barrier neutron emis- 
sion is some 100 times more prevalent than proton 
ejection. The peak cross sections are on the order of 100 
mb for the (y,”) and (7,2) processes. There has been 
extensive work at these energies, and reviews of the 
theory’ and experimental data? are available. 

In the energy range between the giant resonance and 
the mesonic threshold the ‘“‘quasi-deuteron” model first 
proposed by Levinger’ predicts that the primary photon 
interaction is between m-p pairs, often resulting in the 
ejection of n-p pairs from the target nucleus. Several 
observers have found both the predicted m-p correla- 
tion*> and have also shown that the photoprotons are 
emitted with a strongly forward angular distribution 
with the predicted discontinuity in the energy spectra.® 
The investigations of neutron-proton coincidences re- 
sulting from the bombardment of lithium and helium 
with 220-Mev bremsstrahlung led Barton and Smith’ 
to the conclusion that most of the fast photoprotons can 
be explained in terms of the quasi-deuteron model. 
Mesonic processes would not be expected to be im- 
portant for 220-Mev bremsstrahlung. 


1 J. S. Levinger, Ann. Rev. Nuclear Sci. 4, 13 (1954). 

2K. Strauch, Ann. Rev. Nuclear Sci. 2, 105 (1952). 

3J. S. Levinger, Phys. Rev. 84, 43 (1951). 

*M. Q. Barton and J. H. Smith, Phys. Rev. 95, 573 (1954). 

5 A. C. Odian, P. C. Stein, A. Wattenberg, B. T. Feld, and R. 
Weinstein, Phys. Rev. 102, 837 (1956). 

®C. Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951). 

7M. Q. Barton and J. H. Smith, Phys. Rev. 110, 1143 (1958). 
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PHOTODISSOCIATION OF COMPLEX NUCLEI 


In the “‘mesonic” region (i.e., photon energies above 
150 Mev) the primary interaction can be considered to 
be between the photon and a single nucleon, resulting in 
the production of one or more real mesons. The scat- 
tering of pions and recoil nucleons, and pion absorption 
within the target nucleus can then result in the forma- 
tion of a star. Several observers have exposed nuclear 
emulsions to a direct bremsstrahlung beam and all have 
found that the number of events with two or more 
charged particles rises very sharply above the mesonic 
threshold.*-" 

It is difficult to use the “‘quasi-deuteron” model to 
explain the sudden rise in photostar production above 
150 Mev, since the real deuteron photodisintegration 
cross section is decreasing. Furthermore, the observed 
increase is in multiprong events, as distinct from single 
fast protons expected from deuteron photodisintegra- 
tion. An “optical model” which includes the photopro- 
duction of real pions from the individual nucleons, the 
pions being subsequently reabsorbed to give rise to a 
photostar, furnishes a natural explanation of the ob- 
served phenomena. We have already used this model in 
I (reference 11), and now extend it by taking into 
account nuclear motion, the formation of nuclear cas- 
cades by the recoil nucleon as well as the pion, and by 
inclusion of more recent data on photoproduction of 
pions from free nucleons. 

In summary, photonucleon reactions can phenomeno- 
logically be roughly grouped into three energy ranges. 
The “giant resonance” processes account for most of the 
zero-prong (all neutral particle) stars, as well as some 1- 
and 2-prong stars. The quasi-deuteron process most 
often gives rise to one-prong events (proton-neutron 
pairs), while the mesonic effects most often give rise to 
multiprong stars. 

This paper is an extension of our earlier work! on 
photostar production by 250- to 500-Mev bremsstrahl- 
ung. The photostar excitation curve was determined at 
a number of energies up to 1.15 Bev. About 10000 
single- and multiple-pronged events were analyzed and 
then compared with the total photomeson production 
cross section. This includes 3000 events from I. 

“Photostars” are photodisintegration processes in 
emulsion which yield two or more charged particles. 
They may be produced by photons of any energy up to 
the maximum energy of the bremsstrahlung. In order to 
learn the properties of photostars produced by a given 
energy photon one must resort to the “photon difference 
method,” a subtraction process of properly normalized 
exposures at adjacent bremsstrahlung energies. This 
method was discussed in I. 

Nuclear emulsion is a mixture of light and heavy 
elements, and identification of the photodisintegrating 


*R. D. Miller, Phys. Rev. 82, 260 (1951). 
’S. Kikuchi, Phys. Rev. 86, 41 (1952). 


° E. P. George, Proc. Phys. Soc. (London) A69, 110 (1956). 
''V. Z. Peterson and C. E. Roos, Phys. Rev. 105, 1620 (1957), 
hereafter referred to as “I’’, 
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nucleus for a particular event is rarely possible. How- 
ever, several features of high-energy photodisintegration 
tend to minimize this ambiguity. First of all, high- 
energy photons have very short wavelengths and in- 
teract primarily with the individual nucleons. Secondly, 
the interaction mean-free-path in nuclear matter for 
high-energy gamma rays is sufficiently long so that all 
nucleons are equally affected. Thus we can consider the 
first stage of high-energy photodisintegration to affect 
the individual nucleon in both light and heavy nuclei 
approximately equally. The principal difference between 
light (C, N, O) and heavy (Ag, Br) nuclei is nuclear 
radius and, therefore, reabsorption probability. 


II. EXPERIMENTAL PROCEDURE 


Exposure 


Single Ilford G-5 emulsions 400-u thick were exposed 
at normal incidence to a collimated bremsstrahlung 
beam of the electron synchrotron of the California 
Institute of Technology. Exposures were made at a 
series of energies from 430 to 1143 Mev. These energies 
supplement the earlier exposures from 250 to 500 Mev 
reported in I. The bremsstrahlung beam was produced 
by electrons striking a 0.031-in. tantalum radiator; 
although this represents 0.20 radiation units it is known 
from pair spectrometer measurements” that a “thin- 
target” spectrum results when only the central portion 
of the beam is viewed. Our exposures were highly 
collimated in order to produce a well-defined area (ap- 
proximately 3 cm?) which was completely scanned. 
Typical exposures were between 2 to 7X10’ Mev/cm’, 
a range we judge optimum from consideration of sta- 
tistics, signal/noise ratio, scanning efficiency, and beam 
monitoring. All of the beam striking the plate was 
monitored by a thick wall ion chamber calibrated at 
several energies using the quantameter developed by 
Wilson.“ The new calibrations of the ion chamber are in 
excellent agreement with the older values at 500 Mev 
used for the cross section in I. Typical values of the 
monitor sensitivity (at STP) in units of 10'§ Mev/ 
coulomb are 4.88 at 500 Mev, 5.55 at 800 Mev, and 5.85 
at 1100 Mev." The charge from the ion chamber is 
collected on a standard capacitor. Corrections of about 
10% to the published cross sections used in I were found 
necessary due to the effects of ac pickup on the stand- 
ardized capacitor. The ion chamber charge was charac- 
teristically of the order of 10~* coulomb for the photostar 
exposures. Considerable care was taken to minimize 
drift and to standardize the capacitor. The beam satura- 
tion effects were measured and found to be negligible 
for the ion currents encountered in this experiment. The 
total estimated error in the integrated beam intensity is 
4%. As noted in I, the peak energy of the bremsstrahl- 


2]. Boyden and R. L. Walker (unpublished) 
'3 R, Gomez (private communication). 
R. R. Wilson, Nuclear Instr. 1, 101 (1957). 
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ung is determined by a magnetic field integrator to less 
than 2%. 


Scanning Procedure 


We have defined a photostar as a nuclear event with 
two or more visible prongs greater than 5 », a minimum 
range to eliminate nuclear recoils and miscellaneous 
“blobs.” The classification of events and the general 
scanning procedures were very similar to those discussed 
in I. In particular the correction for scatterings in the 
2-prong events was shown to be negligible. In order to 
maintain accurate beam monitoring, we exposed rela- 
tively small areas on the emulsion and scanned the 
entire beam area. (Earlier experience with sampling 
techniques, using photometry to estimate the variation 
of beam intensity over the irradiated area, gave system- 
atic errors associated with the difference between low- 
energy darkening of the plate and the high-energy 
photostar pattern.) Scanning efficiencies for all plates 
were determined by duplicate scanning; despite the 
apparent ease in detecting photostars, we have learned 
that systematic checking procedures are essential. Our 
lowest efficiency for > 2-prong stars was 90%, and with 
duplicate scanning most of the missing events are of 
course found. 

The high photostar cross section at higher energies 
considerably simplifies background problems. The total 
exposure is limited by the large slow-electron back- 
ground from the low-energy region of the bremsstrahl- 
ung. Increasing the peak energy adds high-energy 
photons to the spectrum which produce photostars, but 
has negligible effect on the electron background within 
the emulsion. This permits a higher area density of 
photostars (300-700 stars/cm*) than in I. The spurious 
stars from radiothorium were identified by their charac- 
teristic prong length and ionization (see I). Less than 
10% of the stars in the exposed region were identified as 
this type. This number is consistent with the area 
density of thorium stars found in the unexposed regions 
and on control plates. The background for cosmic rays 
was measured with control scans and was subtracted 
from the photostar counts. It is approximately 1% of 
the total number of stars in the high-energy plates. 

In addition to the measurement of star position and 
prong number the ionization of each prong was esti- 
mated. A rough measure of the angular distribution of 
both fast (“gray’’) and slow (“black”) star prongs was 
obtained by measuring the forward/back ratio. Since 
the emulsions were exposed at normal incidence this 
ratio was obtained for some 2500 prongs by simply 
recording whether the prongs were directed towards the 
air surface or the glass backing. The tracks were classi- 
fied as “black” if more than 70% opaque (approximately 
80 Mev for protons), “gray” if less than 70% and more 
than 2X minimum grain density, and “light” if less 
than 2X minimum. 

In this experiment the emulsion is the target as well 
as the detector. The weight and area of each pellicle was 
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determined prior to exposure. The emulsion thickness 
for plates was determined by selecting a sample plate 
from each emulsion batch. Variations of about 2% in 
emulsion thickness from plate to plate were recorded. 


Scanning for 1-Prong Events 


The production of single tracks was found to be quite 
copious at all beam energies. Sample areas were sepa- 
rately scanned. Considerable care was necessary to ac- 
curately locate each 1-prong event, and to achieve 
unambiguous identification. The range, projected angle, 
and opacity were recorded to identify all single tracks 
greater than 5 in length. With these precautions the 
average one-prong detection efficiency was 85%. This 
efficiency was measured by a triple scan of the entire 
sample areas of the 1150-Mev plate and overlapping 
portions of the lower energy plates. 

The background of stars not due to the bremsstrahl- 
ung exposure was determined by examining unexposed 
regions of the emulsion adjacent to the beam. This 
would include n-p recoils, cosmic-ray events and one- 
prong thorium stars. This correction was approximately 
10% of the 1-prong events in the exposed region. 

Both glass-backed plates and pellicles were used for 
the 1-prong star scan. The plates permitted a direct 
comparison with the lower energy plates (250 Mev) used 
in I. The pellicles and plates were compared and the 
number of spurious one-prong events from the glass 
backing of the plates was found to be less than 10%. 

Detailed analysis of 100 photostars at 1150 Mev.—A 
stack of 20, 4 in.X6 in., 400-4 G-5 emulsions (see 
Table I) was lightly exposed (3 10° Mev/cm*) with the 
emulsion plane parallel to the beam. Since the exposure 
had to be very light to minimize the electron back- 
ground from showers, the pre-exposure cosmic-ray 
background was relatively much more important. For 
this reason only stars of 2 or more prongs of which at 
least 1 prong could be traced to adjoining pellicles were 
accepted. The range, angle, and gap density of all prongs 
from the “traceable” stars were measured. Most of the 
prongs stopped within the stack. The type of prong 
(alpha, pion, proton) could be determined, but it was 
not feasible to separate protons from deuterons in this 
exposure. The energy distribution, energy release, and 
angular distribution were determined. 


Ill. EXPERIMENTAL RESULTS 
Integral Yields 


The integral yield over the bremsstrahlung spectrum, 
or “‘cross section per equivalent quantum,” og= V/Qnt, 
is given in Table I for various peak bremsstrahlung 
energies E. V is the number of stars, and n/ the number 
of nucleons per cm? in emulsion thickness. The yield is 
normalized per emulsion nucleon in order to facilitate 
comparison with the theoretical model; in order to ex- 
press og per emulsion mucleus (excluding hydrogen) 
multiply the values given in Table I by 49.6 (the 





W/E, where 


The total bremsstrahlung flux (in Q) 


per emulsion nucleus (excluding hydrogen). 


total bremsstrahlung energy. Yields given here are per nucleon; multiply by 49.6 to obtain yields 


and emulsion thickness (¢) are also given. 
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°G-5 plates; ¢ =0.1665. 


4 K-5 pellicles; t =0.1667 to 0.1721. 


°G-5 plates; t =0.0758. 


>G-5 plates; t =0.0684. 


*G-5 plates; ¢ =0.1570 g/cm?. 
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TABLE II. The constituents of the target emulsions (Ilford G-5). 


Element 


g/cc 


Ag 

Br 

N, O, C 
H 
others 


Total 


1.82 
1.34 
0.60 
0.053 
0.015 


3.83 


% of total 


emulsion 


47.5 

35.0 

15.7 
1.39 
0.39 


100.0 


atoms/cc X 10” 


(nucleons/ 
cc) X 102 
109.8 
80.6 
36.2 
3.19 
1.14 





230.93 


4.60 (excluding H) 


average atomic weight of an emulsion nucleus). The 
number of equivalent quanta Q, in a bremsstrahlung 
beam, is the integrated energy of the beam W, divided 
by the peak energy £, i.e., Q= W/E. When normalized 
in this manner, the cross section per photon of energy k 
may be obtained by taking the slope of a plot of ag vs 
In£; i.e., the photon cross section ¢,=dag/d(In-). This 
is often called the ‘‘photon difference method,” since it 
amounts to saying that the difference in yields between 
two bremsstrahlung energies /, and £2 is due to photons 
having energies between /, and Fo. 

The cross sections have been corrected for scan effi- 
ciencies and background. Table I includes the previously 
published data from I (3000 stars) as well as present 
measurements (7000 stars). The excellent agreement 
under different exposure conditions indicates the con- 
sistency of the monitoring and photostar counting 
measurements. The indicated errors, while primarily 
statistical, include estimates of the errors in background 
and scan efficiency, etc., as discussed in I. 

The yields in Table I have been expressed in terms of 
the total number of nucleons in the target emulsion. 
The composition of Ilford G-5 emulsion is given in 
Table II. It will be shown that the probability for star 
formation after the occurrence of a mesonic event is 
roughly independent of nuclear size over a wide range 
of elements. Hydrogen cannot give a multiple-charged 
star as a result of a single pion process, but no attempt 
has been made to treat it separately, since it contributes 
only 1.5% of the total number of nucleons. 

In order to compare our results with those of other 
workers we group all stars of 2-or-more prongs, and 3-or- 
more prongs and normalize per emulsion nucleus (ex- 
cluding hydrogen). Figure 1 shows the data previously 
displayed in I, plus our new data and those of Castagnoli 
et al.® The yield (49.6a@) is plotted vs InE, and the solid 
curve is a visual fit to our data. The principal difference 
in experimental technique between this work and that of 
Castagnoli et al. is in the scanning technique; they used 
a sampling method, normalized by photometric means. 
Both groups agree as to the yield of stars of 3 or more 
prongs at 1100 Mev, but they find lower values near 500 
Mev and, therefore, a steeper slope. Their average slope 
yields a photon cross section of 306+60 ub/nucleon in 


© C. Castagnoli, M. Muchnik, G. Ghigo, and R. Rinzivillo, 
Nuovo cimento 16, 683 (1960). 
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Fic. 1, The integrated cross section per Q per emulsion nucleus 
(excluding H) for photostars with two or more prongs, and three 
or more prongs, as a function of maximum bremsstrahlung energy. 
Points at lower energy include those of Miller, Kikuchi, and 
George (see I), and at higher energy those of Castagnoli et al. The 
solid lines are visual fit to our experimental points. A constant 
slope implies that the cross section per photon is constant. 


the energy interval 500-1100 Mev, whereas our data 
give 240+ 50 ub/nucleon. The constant slope above 300 
Mev implies a constant cross section per photon. The 
cross section is observed to be quite low at the mesonic 
threshold and then to rise quite steeply. The low 
photostar yield at 150 Mev includes all of the > 2-prong 
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Fic. 2. The integrated cross section og per nucleon as a function 
of peak bremsstrahlung energy for photostars of two or more 
prongs, and for one-prong stars alone. Note that most of the one- 
prong photostars are contributed by low-energy photons. The 
large errors reflect the difficulty in measuring single-prong events. 
The solid line marked “theory” is the prediction of our model for 
multiprong stars (see “Interpretation of Results’). 
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events which might come from the “giant resonance” or 
the quasi-deuteron processes below the mesonic thresh- 
old. Miller has identified 20% of these nonmesonic > 2- 
prong photostars as C(y,3a) and O(y,4a) events. 


1-Prong Stars 


The ratios of one-prong to >2-prong events were 
measured in several sample regions at a series of brems- 
strahlung energies. Figure 2 shows these 1-prong yields 
as well as the > 2-prong data. Figure 2 also includes the 
one point obtained from the radiochemical work of 
Halpern ef al.'® They bombarded Cu with 320-Mev 
bremsstrahlung and analyzed the resulting isotopes. 
Using their ratio of isotopes with AZ=1 to those with 
AZ>2 and our >2-prong cross section the 1-prong 
cross section was determined. The rather good agree- 
ment between two very different methods is encouraging. 
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Fic. 3. Bremsstrahlung yield of photostars of various prong 


numbers, as indicated to the right of each curve, as a function of 
peak bremsstrahlung energy. This is a plot of the data of Table I. 


The errors in our 1-prong points come primarily from 
the estimates of the amount of beam striking the sample 
area, determined by counting > 2-prong stars. More 
than 90% of the 1-prong events have kinetic energies of 
less than 20 Mev. The high yield at the mesonic thresh- 
old strongly indicates that most 1-prong events are 
made by low-energy protons. This is consistent with the 
data from counter experiments.°:? 


Excitation Curves for Various Prong-Number Stars 


The measured excitation curves for stars with differ- 
ent prong numbers are shown as solid curves in Fig. 3. 
The relative greater importance of low-prong-number 
stars at the lower energies is rather marked. The slope 
of the curve for two-prong events flattens out after 800 

'6T. Halpern, R. J. Debs, J. T. Eisinger, 
G. Richter, Phys. Rev. 97, 1327 (1955) 


A. W. Fairhall, and H. 
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Mev, indicating that the higher energy photons have 
reduced cross sections for the production of 2-prong 
stars. The second significant point is the ‘‘threshold” for 
each prong multiplicity. A minimum energy of 50 to 75 
Mev/prong is required before the excitation function 
slopes upwards to a significant degree. The almost 
complete absence of > 8-prong stars for bremsstrahlung 
of less than 500 Mev and their frequent production at 
higher energies can be seen in Table I. The highest 
prong number star (14 prongs) observed in this experi- 
ment was seen in a plate exposed at 1.15 Bev and is 
shown in Fig. 4. The visible energy of this star was 428 
Mev. Since one would expect over half the energy to be 
carried away by neutrals, it is most likely this event was 
produced by a Bev photon. 

There seem to be a few 1-prong events made by 
photons above the pion threshold, although it is difficult 
to measure accurately the high-energy component in the 
midst of so many low-energy events. We can only 
estimate a “reasonable” excitation curve for 1-prong 


Taste III. Stars observed in the 1143-Mev stack exposure, 
classified as to number and type of prong observed. Events with 
multiple pions and/or alphas are shown in parenthesis. Some stars 
had both pion and alpha prongs. 
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events from high-energy photons, and then see if the 
integrated yield is roughly in agreement with the ob- 
servations. We have drawn an “estimated 1-prong” 
dashed curve in Fig. 3 on the following basis : The shape 
is similar to the 2-prong curve, but the threshold for the 
1-prong curve is lower. The resulting total 1-prong yield 
is then plotted in Fig. 2, and is not in disagreement with 
observed numbers of 1-prong events. 

Characteristics of 1150-Mev photostars.—The visible 
energy release, prong angular distributions, etc., for 
130> 2-prong photostars produced by 1150-Mev brems- 
strahlung were measured with an emulsion pellicle stack 
exposure. The pre-exposure background was eliminated 
by examining only stars whose prongs could be traced 
through the stack. All star prongs were traced and their 
range and ionization were measured. This will discrimi- 
nate against these low-energy stars whose prongs all end 
within the same pellicle. The identity of each prong was 
determined by ionization and range measurements. 
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Fic. 4. Fourteen-prong photostar produced by 1.15-Bev brems- 
strahlung. The visible energy release was 428 Mev. 


There was no attempt made to separate protons from 
deuterons; however, the alphas and low-energy pions 
were reliably identified. A 3-prong star formed by a 25- 
Mev xz photostar prong is shown in Fig. 5. The stars 
have been classified according to prong type and prong 
number in Table III. Most of the prongs are protons; 
75% of the stars do not emit any other type of particle. 
Stars with one or more pion prongs which stop or lose 
most of their energy in the emulsions are listed sepa- 
rately from those with fast prongs which escape. These 
fast prongs could be either pions (>30 Mev) or fast 
protons (>200 Mev). If fast prongs are all 
classified as pions, then 16% of the > 2-prong stars have 
one Or more pion prongs. 


these 
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Fic. 5. Double star resulting from 25-Mev x~ photostar prong. 
Several such mesonic events were observed. 





ROOS AND 





EVENTS PER 5 MEV 











» = =e 
40 60 80 100 ©6120 140 «6160 180 
PROTON ENERGY (MEV) 


Fic. 6. Energy spectrum of star prongs (protons only) produced 
by 1150-Mev bremsstrahlung. Most of the proton energies were 
determined by range measurement; the higher energies were often 
based on gap counting. 


The energy distribution of the proton prongs is shown 
in Fig. 6. The abundance of the low-energy 10-30 Mev 
prongs would be expected by nuclear evaporation 
processes. The high-energy protons are most likely 
nuclear cascade particles. The drop-off below 5 Mev is 
due to scanning bias and Coulomb effects. Some 20% of 
the observed proton prongs had energies below 5 Mev, 
well below the Coulomb barrier for the heavy elements 
(Ag and Br). This is in agreement with the results re- 
ported earlier in I: the low-energy protons are quite 
common and are presumably emitted by the heavier 
elements in spite of the Coulomb barrier. (See Sec. 
IV). 

The visible energy release per star, including the 
binding energy of each prong, is shown in Fig. 7. The 
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Fic. 7. Total visible energy release per star for photostars of 


various prong numbers. Total energy includes all binding energies, 
and the mass energy of any pion which might be emitted. 
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average visible energy associated with each prong 
number is shown in Fig. 8. Stars with larger prong 
numbers have been grouped because of the limited 
statistics. The “average” photon energy associated with 
each prong number has been obtained from Fig. 3 by 
taking the photon energy at half-height on the excita- 
tion curve. Both the mean visible energy and the mean 
photon energy increase approximately linearly with 
prong multiplicity. 

The angular distribution of the proton prongs is 
shown in Fig. 9. The angles shown are space angles re- 
ferred to the direction of the incident photons. The 
prongs have been divided into 3 energy ranges which 
roughly agree with the phenomenological classification 
of black, gray and light used in the excitation measure- 
ments. The forward/back ratios given in Table I can be 
compared with the values from the detailed measure- 
ments. The forward peaking with increasing prong 
energy is quite noticeable. 

The transverse momentum unbalance which gives a 
lower limit for the energy carried off by neutrals, and 
the longitudinal momentum which also gives a measure 
of the incident photon energy, were measured. No par- 
ticular pattern was observed. The data are consistent 
with the assumption that more than half the star’s 
energy is carried off by neutrals. 

Unusual Events.—A triple star was found in an 
emulsion exposed to 665-Mev bremsstrahlung. The pri- 
mary star and the two secondary stars (presumably 
from x~ mesons) are seen in Fig. 10. The 1.2-u separation 
is so short that one cannot identify the particle. The star 
density is such that the probability of a chance coinci- 
dence of two stars is much less than 10~*. The event can 





8 
te) 


ENERGY IN MEV 

















i. +. 2 « “= 
STAR PRONG NUMBER 





Fic. 8. Average visible excitation energy including particle 
binding energies (£) observed for stars of various prong numbers. 
Also shown is the mean energy (&) of the photons producing the 
stars, taken as the photon energy at half-maximum in Fig. 3. 
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be understood as y+n— at+2nr-+ ) with both z 
mesons escaping from the primary nucleus and forming 
secondary stars. There was no systematic attempt to 
follow star prongs in the single emulsion exposures, but 
several dozen slow pions were observed to form second- 
ary stars (see Fig. 5). 

In Fig. 11 a deuteron is observed to be emitted in the 
backward hemisphere and to cause the breakup of N“ in 
the reaction H?+N"— O!** — 4a. This is one of two 
such events with backward deuteron emission which was 
observed. The “‘quasi-deuteron” model would predict 
the occasional ejection of a deuteron in the forward 
direction, but the backward emission in the laboratory 
system implies the deuteron remains intact after a hard 
scattering within the nucleus. 


IV. INTERPRETATION OF RESULTS 


For the reasons presented in I and summarized in the 
Introduction to this paper, the most plausible model for 
high-energy photodissociation is the photoproduction 
and reabsorption of real pions within the nucleus. Previ- 
ous results on the energy dependence of the photostar 
yield were shown in I to be consistent with this model. 
The present data reinforce this view, with better sta- 
tistics and over a much broader range of gamma-ray 
energies. 


Energy Dependence of Photostar Yield 


With the real pion model the photostar yield is closely 
related to the total photomeson production cross section. 
Using experimental free-nucleon photomeson cross sec- 
tions and the optical model of the nucleus, one can 
calculate the probability that photopions produced 
uniformly throughout the nucleus will be reabsorbed in 
the same nucleus, resulting in a photostar. Nuclear mo- 
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Fic, 9. Space angle distribution of proton prongs from photo- 
stars produced by 1150-Mev bremsstrahlung. The angle 8 is the 
space angle between the incident gamma ray and emerging 
proton. The data are grouped according to EF, the kinetic energy of 
the proton. The forward-to-back ratios (//B) are indicated, and 
increase with increasing proton energy. 
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Fic. 10. Triple star produced by 665-Mev bremsstrahlung. The 
event can be understood as an example of triple meson production 
yt+n — 2*++2x7>+> with both « forming secondary stars, or it 
can result from a combination of y+n — 27~+7°+ p with a subse- 
quent charge exchange scatter of the 7°. (7°+-n — x~+). 


tion may be taken into account by calculating a photon 
energy resolution function. The recoil nucleon in the 
photoproduction process will often produce a nucleon 
cascade within the nucleus. The resulting “predicted 
curve” fits the photostar excitation date very closely. 
The experimental cross sections for photomeson pro- 
duction and photodisintegration of the deuteron are 
taken from the published data of various groups at the 


Fic. 11. A deuteron is emitted in the backward hemisphere. Its 
energy at the secondary star was very carefully measured and is 
consistent with the reaction H?+-N™ — O'%* — 4a. Kinematically 
the deuteron could not be ejected in the backward hemisphere as 
a result of a single interaction. 
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Fic. 12. Summary of known total cross sections for single and 
multiple photomeson production from free protons, elastic photo- 
disintegration of the free deuteron (y+d — p+), and photo-K- 
meson production (y+/— K*+A°) as a function of photon 
energy. The photon cross sections are per nucleon. 


CalTech and Cornell electron synchrotrons.'? More re- 
cent data from the Frascati (Italy) electron synchrotron 
are generally in agreement with the earlier results, at 
least to the accuracy required here. The energy depend- 
ence of the total cross section is shown in Fig. 12, where 
the values are given per nucleon (the deuteron cross 
section is divided by two). In constructing the pion-pair 
contribution we have included neutral as well as charged 
pions, assuming equal cross sections for each possible 
reaction. The K-meson and triple-pion yields are small, 
but have been included for completeness. Note that the 
elastic photodisintegration of the deuteron is relatively 
improbable compared with processes producing real 
pions at energies above 150 Mev. 

In obtaining a total yield for each nucleus, we have 
made several corrections to mere multiplication by the 
number of nucleons A. First of all, we have enhanced the 
deuteron photodissociation cross section by a factor of 
6.4NZ/A=1.6A as proposed by Levinger® to take ac- 
count of the Pauli principle. Secondly, we have con- 
sidered the possible enhancement of pion yields as 
revealed from charged'* and neutral” pion yield ratios 
from hydrogen and deuterium. It appears that the slight 
net increase in charged pion production is offset by a 
10% decrease in neutral pions from the neutron. The 
total photopion cross section from the neutron is very 


17 For x* cross sections see F. Dixon and R. L. Walker, Phys. Rev. 
Letters 1, 1504 (1958). The x° cross sections are from K. Berkel- 
man and J. Waggoner, Phys. Rev. 117, 1364 (1960). The charged 
multiple-pion cross sections are given by B. Chasan, G. Cocconi, 
V. Cocconi, R. Schectman, and D. White, Phys. Rev. 119, 811 
(1960). The photodissociation of the deuteron has been measured 
up to 900 Mev by H. Myers, R. Gomez, D. Guinier, and A. V. 
Tollestrup, Phys. Rev. 121, 130 (1961). See these papers for 
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close to the total photopion cross section from the 
proton. 

The resulting total cross sections, for photopion pro- 
duction from a nucleon and for photodisintegration of a 
““pseudo-deuteron” (divided by 2), are shown in Fig. 13. 
These cross sections are expressed per nucleon by sum- 
ming all the yields in Fig. 12 with the appropriate 
weighting factors. For example, we have multiplied the 
measured cross section for y+~p— p+at+a by 3 to 
account for the expected yield of (pr°r®) and (nx*x°) 
products. The triple pion cross section is multiplied 
by 3. As a result the second resonance is as high and 
more broad than the first resonance at 300 Mev. The 
majority of the cross sections are known experimentally 
only up to about 1 Bev, so that it is necessary to make 
some assumption as to the energy dependence of the 
sum of the cross sections up to about 1400 Mev for our 
model. This is because the Fermi momentum of the 
nucleons within complex nuclei can transform an 1150- 
Mev laboratory photon up (or down) 220 Mev in the 
rest system of the nucleon. We have chosen to assume 
an energy dependence indicated by the long-dashed line 
in Fig. 13 which is partially justified by evidence of a 
third resonance in both pion-nucleon scattering and 
photoproduction. 

The short-dashed line in Fig. 13 shows the effect of 
nuclear motion in “smoothing out” the effective cross 
section energy dependence. This effective cross section 
for a given laboratory photon energy is obtained by 
averaging over the spread in “effective” photon energies 
allowed by the Fermi motion of the nucleon. Detailed 
calculations at three widely separated laboratory photon 
energies showed that the net effect was equivalent to a 
Gaussian spread of full width 30% of the mean photon 
energy, roughly independent of mean energy from 200 to 
1100 Mev. Our final curve was then derived by weighting 
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Fic. 13. Summation of all known high-energy photoprocesses 
(as given in Fig. 12) as a function of photon energy. The photo- 
mesonic cross sections assume no effects due to nuclear binding. 
The deuteron photodisintegration probability is enhanced by 
Levinger’s factor (6.4NZ/A), but still remains small above 300 
Mev. The effects of nuclear motion are estimated by the short- 
dashed curve; this is the curve used to construct the bremsstrahl 
ung integral yield curve in Fig. 2. 
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the mean energy twice, and points at +15% energy 
shift at single weight. It is clear from Fig. 13 that nuclear 
motion washes out detailed structure, although it also 
has the effect of extending the peak energy past the 
nominal limits of the bremsstrahlung. 

We have assumed all nucleons to be equally probable 
sources of photopions, since high-energy photons have 
long mean-free-paths for interaction in nuclear matter. 
Thus our model visualizes real pions emerging from 
random points within the nucleus, a situation quite 
different from pions produced within complex nuclei by 
strongly interacting particles. In order to make a 
multiprong photostar, we then assume that at least one 
of the following must occur: (a) scattering or absorption 
of a single pion exciting the nucleus, so that at least two 
charged particles escape, (b) scattering of a fast recoil 
nucleon, giving rise to at least one additional charged 
particle besides either a charged meson or recoil proton, 
or (c) multiple charged-pion photoproduction with or 
without subsequent interaction. Insofar as these second- 
ary processes are highly probable, photostar production 
is a measure of the total photoproduction of strongly 
interacting particles. If we define this over-all ‘‘absorp- 
tion probability” as P,, then for a nucleus of A nucleons 
the photostar cross section will be 


ome » 
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where a; is the free-nucleon cross section of Fig. 13, with 
nuclear motion taken into account. 

The simplest calculation of P, would be to use the 
optical model and assign a mean free path in nuclear 
matter, A, to the pions. This has been done by Francis 
and Watson” to explain the A! dependence of photo- 
meson yields, and by Reff*' to try to account for the 
early photostar data. The result for photostars is Pa=1 
—3\/4R, where R is the nuclear radius, and only ab- 
sorption of pions is assumed. If we add the independent 
probability that the recoil mucleon can produce a star by 
assigning a nucleon mean free path A, as well as a pion 
mean free path A, then P,=1—9),A,,/16R?. Following 
the optical-model prescription of Frank, Gammel, and 
Watson” for computing mean-free paths, we find 
P .~0.9 for pion energies near and above the first reso- 
nance. This high and nearly constant probability is due 
to the combined star-producing effects of both pion and 
nucleon. 

However, we have not adopted the above optical 
model formulation in so simple a form because of the 
availability of much more refined Monte Carlo calcula- 
tions of Metropolis et al. on pion- and nucleon-initiated 
cascades which take account of many effects not in- 
cluded above. For example, the Monte Carlo calcula- 
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TaBLeE IV. Probability for star formation in the Ru™ nucleus 
by photoproduced pion or recoil nucleon in y+N — #+N. P,and 
P, are star production probabilities, and Pa=P,;+P,—PrPn. 
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0.15 0 
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tions include the effect of the Pauli principle and of 
Coulomb barriers. The numbers and types of cascade 
particles, and excitation of the residual nucleus are 
given as function of incident energy. Metropolis et al. 
also give the transparency of a nucleus (such as Ru™, 
similar to AgBr) for pions and protons of various inci- 
dent energies. We have made one important change in 
the numbers of Metropolis ef al.: We have doubled their 
transparencies, because our photopions and nucleons 
originate uniformly within the nucleus, rather than 
impinge from the outside, and hence have only 3 the 
average path-length. If 7, and 7, are pion and nucleon 
transparencies, then the star production probabilities 
are P,=1—T, and P,=1—T,. The combined star 
probability is then Pa=P,+P,—P,P,. Table IV lists 
the star production probabilities for the most probable 
(90° c.m.) pion and recoil nucleon produced by various 
energy photons, and gives the resulting star probability 
P,. At low photon energies P, is quite low, since the 
pion has a long interaction distance and the recoil 
nucleon has insufficient energy to produce a cascade. 
After the first resonance P, is nearly constant at 0.8. 
The recoil nucleons are as important as the pions at 
photon energies above 700 Mev. 

It is now possible to construct a photostar excitation 
curve on the basis of our model, which has no free 
parameters. Using values of P, from Table IV, we 
integrate o;=¢star/A over the bremsstrahlung spectrum 
to arrive at the solid curve marked “theory” in Fig. 2. 
The comparison is with stars of 2 or more prongs, since 
in computing P, we have included the probability that 
either the pion or proton produce at least one charged 
particle. Furthermore, Metropolis e¢ al.,2> show that the 
nucleus is left excited so that at least one or more 
additional charged particles will be evaporated. The 
agreement between theory and experiment is quite 
satisfactory, although the predicted yield of stars is 
lower than the observed yield at energies just above the 
mesonic threshold. This is undoubtedly due to the fact 
that we have not included the multiprong stars made by 
cascades from the ‘‘pseudo-deuteron” photodisintegra- 
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tions in our calculations. It is just in this range that the 
fast nucleons from the process y+d — p+n would often 
have enough kinetic energy to initiate cascades. Fur- 
thermore, it is only in this interval that the cross section 
for deuteron photodisintegration is comparable with the 
photopion cross section. 

We conclude that both the magnitude and shape of 
the photostar bremsstrahlung yield ag is well understood 
on the basis of our model, without the need of adjustable 
parameters. 

It is of interest to note that the intimate connection 
between photopion production from free nucleons and 
photostars from complex nuclei, together with the 
effects of nuclear motion in extending the energy in- 
terval involved, allow limited ‘‘predictions” of the ap- 
proximate total photopion cross section at higher ener- 
gies. As noted in I, the continued steep rise of the 
photostar yield at 500 Mev, despite a rapid drop in the 
single-pion photoproduction cross section, was an indi- 
cator of the (then unknown) second resonance and large 
multiple pion yields. The constant slope of the og vs InE 
plot near 1100 Mev indicates that the sum of photopion 
processes continue to have approximately the same 
photon cross section out to 1400 Mev. 

A few remarks can be made about the 1-prong star 
yield, also shown in Fig. 2. Most of the single-prong 
events are low-energy protons due to photons below 150 
Mev. The magnitude of the yield at 150 Mev is in 
reasonable agreement with the assumption that the 1- 
prong stars are due to (y,p) reactions of the giant 
resonance plus pseudo-deuteron disintegrations with the 
enhanced cross section shown in Fig. 13. The additional 
rise in 1-prong events above 150 Mev cannot be due only 
to the dwindling deuteron dissociation. Some of the 
single prongs are pions which escape from the nucleus 
without interacting, either in conjunction with a non- 
interacting recoil neutron or a low-momentum recoil 
proton which cannot escape the nucleus. Rare cases of 
stopping pions which “start” in the emulsion are seen. 
However, a thorough study of the pion fraction of 
prongs, especially in 1-prong stars, has not been made. 
Our model would suggest that 1-prong stars should 
constitute a smaller fraction of all photostars as the 
photon energy increases. This results in the dashed curve 
in Fig. 3, which is essentially an informed guess as to 
how meson-induced single-prong events might occur. 
When the low-energy yield is added, the solid curve of 
Fig. 2 for 1-prong events results. 


Prong Numbers of Photon-, Proton-, and 
Pion-Induced Stars 


In this section we discuss the variation of the prong 
number with the energy available to make the star, and 
show similarities between stars initiated by gamma rays, 
protons, and pions. We also attempt to determine the 
average excitation of the residual nucleus, after the 
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initial cascade, by observing how many “evaporation”’ 
prongs occur. 

We define “available energy” as the kinetic energy of 
the incident particle, plus its rest mass if it can be 
absorbed. Thus 140 Mev is added to the kinetic energy 
of the pion. We compare our photostars with the stars in 
nuclear emulsion produced by protons of 140 Mev,” 
350-400 Mev,”* and 950 Mev,”* and by pions of 70-90 
Mev,” 162 Mev,”* and 500 Mev.” 

Since photon (not peak bremsstrahlung) energy is our 
independent variable in this analysis, we must differ- 
entiate og in Fig. 3 in order to obtain the photon cross 
section o, for each prong number. The dashed curve is 
used for 1-prong stars; i.e., only high-energy 1-prong 
stars are included. The fraction of 0-prong stars among 
photostars was taken to be 5%, which is an average 
figure for pion- and proton-induced stars in the same 
energy range. 

In Fig. 14 we have plotted mean prong number vs 
available energy for emulsion stars initiated by photons, 
protons and pions. The mean prong number is essen- 
tially independent of the nature of bombarding particle, 
and is a function only of the available energy. One can 
interpret this result as a lack of sensitivity of mean 
prong number to different possible models of photodis- 
integration, or alternatively as additional evidence that 
high-energy photostars are produced by cascading pions 
and nucleons within the nucleus. 

Metropolis ef al.” calculate the average number of 
charged cascade particles emitted for various values of 
pion or proton kinetic energy, and we have summarized 
their results by the line marked “Cascade” in Fig. 14. 
The observed mean prong number is about 2 prongs 
above the cascade line for all energies. Dostrovsky et al. 
in their Monte Carlo evaporation calculations, show that 
one can expect on the average two charged particles for 
each 100 Mev of excitation energy of a heavy nucleus. 
We thus conclude that the cascade process leaves the 
residual nucleus with about 100 Mev excitation energy, 
over a wide range of incident bombarding energies. 

The energy distribution of photostar prongs has been 
studied carefully at only one bremsstrahlung energy 
(1143 Mev, see Fig. 6), so that we do not have data on 
the photon energy dependence of the number of “‘black” 
prongs per star. However, the integrated data at 1143 
Mev are consistent with 2 evaporation protons per star 
plus additional cascade protons. Lees ef a/.24 have shown 
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Fic. 14. Mean prong number for photostars, pion-, and proton- 
induced stars in nuclear emulsion as a function of “available 
energy.” “Available energy” is the laboratory kinetic energy of the 
bombarding particle plus rest mass energy in case of the pion. The 
curve marked “cascade” is our summary of the Monte Carlo 
calculations of pion- and proton-initiated nuclear cascades by 
Metropolis et al. The additional prongs are presumably due to 
evaporation from the excited residual nucleus. 


from the angular distribution of low-energy proton 
prongs observed in proton-induced stars that some 
protons are “low-energy debris” of nuclear cascades. 

Infrequently one might expect the excitation energy 
of the nucleus to be a large fraction of the available 
energy, in which case most of the prongs would be 
evaporation prongs and the maximum prong number 
would occur. In Fig. 15 we have plotted the “maximum 
prong number” of the photostars for each exposure 
against peak bremsstrahlung energy. The “maximum 
prong number” is defined as the average prong number 
of the top 2% of the stars. The solid curve is the pre- 
dicted number of prongs if peak gamma-ray energy 
went entirely into excitation. It is to be noted that only 
for lower energies is the agreement at all satisfactory, 
and at higher energies the maximum prong number falls 
well below this maximum. We interpret this as a 
demonstration that it is extremely difficult to excite the 
nucleus as a whole more than 100 Mev or so, but that 
most of the energy is carried away by the cascade. 

The Monte Carlo calculations also predict that more 
than half of the incident energy will be carried away by 
neutral prongs. As noted earlier in Fig. 8, the average 
visible excitation energy for a given prong number is 
less than half of the mean energy of the photon pro- 
ducing the star. 


Stars from Light and Heavy Nuclei 

It is reasonable to believe that at very high energies 
the initial elementary interactions will be with nucleons. 
We have also demonstrated that the absorption process 
is not strongly dependent upon nuclear size due to the 
combined probability of interaction by pion or recoil 
nucleon. Hence, we have assumed that the photostar 
cross section is very nearly proportional to A, the mass 
of the nucleus. 
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Fic. 15. Maximum prong number of photostars as a function of 
peak bremsstrahlung energy. The maximum prong number is the 
average prong number of the largest 2% of the stars. The solid line 
represents the maximum prong number expected if the maximum 
energy photon gave all its energy to nuclear excitation. This be- 
comes more improbable as the energy increases. 


Earlier treatments of photostar production, however, 
have noted the existence of slow protons amongst the 
prongs of the multiprong stars, and have attributed 
them to light elements wherever the kinetic energy of 
the prong was below the Coulomb barrier for the stable 
isotopes of Ag or Br. For example, Miller* concluded 
that 45% of his photostars (<3-prong) at 330 Mev were 
from C, N, or O, even though these light elements 
constitute only 16% by weight of nuclear emulsion. The 
prong range cutoff was 50 uw (2.3-Mev proton). 

We noted in I that similar results occurred in our 
500-Mev bremsstrahlung photostars, namely, 47% of the 
> 3-prong stars had at least one prong shorter than 50 u. 
However, an alternative explanation was presented: 
namely, that the low-energy protons were merely the 
natural aftermath of the nuclear cascade which leaves 
the residual nucleus “‘proton-rich” and energetically 
more likely to decay by proton emission than by neutron 
or gamma emission despite the Coulomb barrier. This 
postulate was supported by nuclear chemical evidence of 
Debs et al.*! 

The Monte Carlo calculations of Metropolis et al.” 
now give added support to this idea of preferred proton 
emission. Neutrons have longer mean-free paths than 
protons because of the difference in the m-p and the n-n, 
p-p scattering cross sections. Furthermore, the neutron’s 
Fermi energy is a larger fraction of the energy required 
for a significant cascade process. 

Lees et al.** in a study of stars induced by 140-Mev 
protons, noted that the forward-back ratio of their low- 
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energy protons indicated that a substantial fraction 
were not evaporation protons, but low-energy ‘‘debris” 
from nuclear cascades. 

Another objection to ascribing many photostars to 
light elements on the basis of Coulomb barrier argu- 
ments is that it seems quite improbable that any light 
element excited by high-energy photons could stay 
together as a nucleus long enough to evaporate a low- 
energy proton. 

Hence, we neither use the short prongs for a light- 
heavy separation, nor do we consider their existence as 
evidence against our model for photostars. 


V. COMPARISON WITH THE “SUPPRESSED 
CORE” MODEL 


Butler® some time ago proposed a model in which 
photopion production is “suppressed” in the central 
portion (or “‘core’’) of the nucleus, in order to explain 
the A! dependence of the photomeson yield from com- 
plex nuclei. Estimates of the absorption mean free path 
for pions in nuclear matter were in the range of 8 fermis, 
due to the low kinetic energies of the existing experi- 
ments. Subsequently Francis and Watson” showed that 
the optical model was quite sufficient to explain the 
observed photomeson yields, using the same mean-free- 
path values, if the effects of nuclear binding were 
considered. 

Our present data and calculations agree with the view 
that the optical model is sufficient to explain not only 
photomeson production, but also the production of 
photostars. Much more complete data on pion and 
nucleon interaction lengths are now available, and the 
Monte Carlo calculations establish firm predictions for 
nuclear cascades. It seems clear that there is no need for 
any core suppression, but rather that it is easy to see 
why relatively few pions escape from the center of a 
heavy nucleus on the basis of short mean free paths. 
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Belousov e/ al.™ have found that the A! dependence 
of the photopion yield holds for low-energy (20 Mev) as 
well as for higher energy (65 Mev) neutral pions. Since 
the mean free path for absorption of pions within nuclear 
matter varies considerably over this energy interval, 
they have interpreted their results as evidence for sur- 
face production of pions. This is similar to Butler’s 
suppression of pion production in the core. One must 
consider the actual values of the mean free paths, rela- 
tive to the nuclear radius, in assessing the sensitivity of 
this test. The optical model values” are sufficiently short 
[A.~10(u/hc) for 20-Mev pions inside nuclear matter ] 
that the reabsorption is significant even for low-energy 
pions in light nuclei. For reasonably short mean free 
paths an A! dependence is expected on either the sup- 
pressed core model or optical model. 
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Electromagnetic Form Factors of the Proton* 
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This paper reports experimental findings on the Dirac (/,) and Pauli (2) form factors of the proton. The 
form factors have been obtained by using the Rosenbluth formula and the method of intersecting ellipses in 
analyzing the elastic electron-proton scattering cross sections. A range of energies covering the interval 
200-1000 Mev for the incident electrons is explored. Scattering angles vary from 35° to 145°. Values as high 
as g31 f-? (¢=energy-momentum transfer) are investigated, but form factors can be reliably determined 
only up to about g?= 25 f~*. Splitting of the form factors is confirmed. The newly measured data are in good 
agreement with earlier Stanford data on the form factors and also with the predictions of a recent theoretical 


model of the proton. Consistency in determining the values of the form factors at different energies and angles 


9 


gives support to the techniques of quantum electrodynamics up to g=25 f-*. At the extreme conditions of 


this experiment (975 Mev, 145°) the behavior of the form factors may be exhibiting some anomaly. 


I. INTRODUCTION 


INCE early 1955,' electron-scattering studies of the 

proton have been in progress at Stanford University 
when it was first shown that the proton is a structure 
more complicated than a point-charge and point-mag- 
netic-moment. A summary of the findings on the proton 
made up to early 1960 was included in a recent book on 
electron-scattering tables.? 

More recently an extension of the investigation to 
higher incident electron energies revealed important 
new features about the electromagnetic form factors 
of the proton which will now be sketched briefly in 
order to permit an understanding of the subject material 
of this paper. 

The initial measurements!” on the proton’s Dirac 
(F,) and Pauli (F2) form factors showed that F; and 
F, were appreciably smaller than unity. This fact alone 
implied finite structure of the proton. The form factors 
(F,,F 2) were found to lie in a region in which they were 
approximately equal to each other at energy-momentum 
transfers (qg) less than g?=9.3 f-*. At this value of ¢° 
the measured ratio was F,/F2:=1.23+0.20.' The value 
of this ratio was also in agreement with earlier meas- 
urements‘ of the quantity F,/F2. The early experiments 
were restricted to an angular range larger than 60° 
at the highest energies then available (~650 Mev) 
from the Stanford linear accelerator. They were also 
restricted because of the limitation imposed by the 
energy-handling ability of the 36-in. spectrometer used 
at that time. Under these conditions, the accuracy of 
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the experiments did not allow a determination of F; 
and Fy, separately at g? $9.3 f-*. Although the experi- 
ments cited** did indeed show that F, was slightly 
larger than F, at the same momentum transfer, the 
F,/F, ratio was sufficiently close to unity so that for 
simplicity and for ease of calculation in most problems, 
the two form factors were usually taken to be equal to 
each other. 

Recently the splitting of F; and F2 was established at 
higher energies.>~* In the past year we have endeavored 
to increase the accuracy of our earlier results.5~? This 
paper reports the results of such an effort. We have also 
wished to compare our results with a theoretical model 
of the proton.’ We shall see that the experimental 
proton results are in excellent agreement with that 
model. 

II. EXPERIMENTAL METHOD 


The basic idea of our method rests on a supposition 
which is in fact required by arguments of relativistic 
invariance, that each form factor is a function only of 
q. In this event one may solve for F; and F: by the 
“method of intersecting ellipses.’ 

In this method a measurement of a differential elec- 
tron-proton scattering cross section at a given energy 
and angle (4, 6:, respectively) determines, according 
to the Rosenbluth formula, Eq. (1), an ellipse in the 
F,, F: plane. If a second measurement of a cross section 
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of the 1960 Annual International Conference on High-Energy 
Physics at Rochester (Interscience Publishers, Inc., New York, 
1960), pp. 762-766. 

*F. Bumiller, M. Croissiaux, and R. Hofstadter, Phys. Rev. 
Letters 5, 261 (1960). 

7R. Hofstadter, F. Bumiller, and M. Croissiaux, Phys. Rev. 
Letters 5, 263 (1960). 

8K. Berkelman, J. M. Cassels, D. N. Olson, and R. R. Wilson, 
Proceedings of the 1960 Annual International Conference on High- 
Energy Physics at Rochester (Interscience Publishers, Inc., New 
York, 1960), p. 757 ff. Cf. the account of this Rochester Conference 
paper subsequently published in Nature 188, 94 (1960). 

®R. Hofstadter and R. Herman, Phys. Rev. Letters 6, 293 
(1961). 

R. Hofstadter, Ninth Annual International Conference on 
High-Energy Physics, Kiev, July, 1959 Plenary Session IV, (Acad- 
emy of Science, U.S.S.R., 1960), pp. 355-374. 

" See reference 2, pp. 30-32 and Fig. 9. 
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Fic. 1. This figure provides a schematic diagram of the experi- 
mental electron-scattering area, and shows the target chamber, 
the two spectrometers, the Faraday cup, the vacuum pipes, and 
other important parts of the apparatus. The track on which the 
spectrometers roll has an approximate radius of 13.5 ft. 


is made at (E2,62) such that g* is the same as in the first 
measurement, a second ellipse can be determined. The 
requirement that the actual values of F; and F, be 
functions only of g serves to determine the form factors 
at the point of intersection of the two ellipses. A third 
or fourth (etc.) measurement can also be used and if 
consistent determinations of F; and F. are obtained 
within experimental error, the Rosenbluth theory can 
be said to be confirmed and the values of F,; and F, 
would be definitely established. Such consistency has 
been found in our measurements below g’ < 25 f-*, but a 
determination of F; and F2 at our very highest values 
of g? (30 f*) needs further discussion. 

Two ellipses will intersect in four points in the F,, F2 
plane. It is easy to see that the normalization of the 
electric charge and the static magnetic moment of the 
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proton serve to define only the set in the first quadrant 
with values: F;(0)=+1.0; F,(0)=+1.0. 

In the above manner we employ the following 
formulas : 


9 9 


| tre) + KRG} 


6 , * 
Xtan*-+ K?F:(¢ 


? 


do 1 
—= onal Fe(@)+ 
dQ 4M?°? 


e ) cos*(6/2) 1 


2E/ sin*(6/2) [1+ (2E/Mc) sin?(6/2)] 


(2E/hc) sin(6/2) 
SS (3) 
[1+ (2E/Mc*) sin?(6/2) }} 


where the symbols have their usual significance and K 
has the numerical value of 1.79. 
We may then write 


do, /dQ=an sLauF ? Q)2F \F 2+ do2F.? |, 
where 


@3,= 1+ (h?g?/2M*c*) tan?(6/2), 
@12= (h?q?K/M*c*) tan*(6/2), 
G22 (h?g?K?/2M°%c*)[tan?(6/2)+3 ]. 


Values of ons, @11, @i2, and d22 may be found from the 
tables of reference 2 and the ellipses can be plotted ac- 
cording to Eq. (4). It is thus necessary to find the ex- 
perimental values of the cross section do/dQ2 at many 
settings of energy E and scattering angle 0. 
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Fic. 2. This figure shows 
a side view of the spectrom- 
eters, target assembly, 
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counters and shields, and 
other parts of the appara- 
tus. The weight of the 72-in. 
spectrometer and the mas- 
sive counter shield is in the 
neighborhood of 200 tons. 
The pulsed nature of the 
beam of the linear acceler- 
ator makes it necessary to 
use such a massive shield. 
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III. MEASUREMENTS OF ELASTIC 
CROSS SECTIONS 


Most of the cross sections reported in this paper are 
entirely new and have been determined over a period 
of the last year. Some of the cross sections were re- 
calculated from older published work**:* using new 
and better determinations of spectrometer character- 
istics and also new values of the radiative corrections. 

All measurements given in this paper are absolute 
cross sections and were measured with the apparatus 
described in references 5-7 and also more thoroughly 
in reference 12. Figures 1 and 2 provide, respectively, 
schematic drawings of the experimental area and the 
double spectrometer system. The rotating coil flux 
meters, which are very important components of the 
two spectrometers, have been described briefly’* and 
will be discussed subsequently in more detail." 

With such apparatus, which includes a Faraday cup 
for absolute normalization of the incident electron beam, 
we have taken 150 elastic scattering curves of appear- 
ance comparable with those shown in Figs. 3 and 4. 
The two elastic peaks chosen in Figs. 3 and 4 illustrate 
the quality of the small-angle and large-angle determina- 
tions. It is to be noted that the target material was 
polyethylene (CH.). The carbon backgrounds were 
taken separately using graphite targets. The carbon 
background points have been fitted by least-squares 
analyses of the data. 

In obtaining absolute data, various quantities and 
properties of the apparatus have to be determined with 
fair precision. For example, the momentum calibration 
of the magnetic spectrometer must be known, as well 
as the dispersion (number of inches per percent spread 
of momentum) at the exit slit of the spectrometer. Slit 
openings, target thickness, target density, etc., must 
all be determined with accuracy. A moving polyethylene 
target was used to prevent depletion of the hydrogen 
content through bombardment and heating of the 
target. It must also be known that the Faraday cup 
does not miss some of the beam which spreads after 
leaving the target. “Thick” target effects must be 
avoided in order to insure good geometry of the rays 
entering the spectrometer. One must also be sure that 
the entrance slits that are used are not too large so that 
parts of the electron trajectories do not hit the walls 
of the spectrometer or pass through a region in which 
the magnetic focusing properties are unsatisfactory. 

The electron trajectories in the spectrometer were 
studied (“‘optics” study) by placing a fluorescent screen 
in the focal region of the spectrometer and viewing the 


2 R. Hofstadter, F. Bumiller, B. R. Chambers, and M. Crois- 
siaux, Proceedings of an International Conference on Instrumentation 
for High-Energy Physics (Interscience Publishers, Inc., New York, 
1961) pp. 310-315. 

3, Bumiller, J. F. Oeser, and E. B. Dally, Proceedings of an 
International Conference on Instrumentation for High-Energy 
Physics (Interscience Publishers, Inc., New York, 1961) pp. 
308-309. 

4, Bumiller and J. F. Oeser (to be published). 
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Fic. 3. An electron scattering peak observed at 60° from a 
polyethylene target at an incident energy of 900 Mev. This curve 
was taken with the 72-in. spectrometer and illustrates the quality 
of runs taken at the small angles. The value of the abscissa gives 
the directly-measured energy of the scattered electrons. The 
ordinate is proportional to the differential cross section in cm?/sr 
Mev. 


screen remotely with a television system. For this pur- 
pose the linear accelerator beam was led directly into 
the spectrometer, which was set at the zero degree 
setting of the scattering angle. A small deflecting magnet 
placed in front of the spectrometer bent the beam up 
down to simulate the entrance conditions of scattered 
electrons. The spectrometer scattering angle was varied 
slightly from zero to take care of the horizontal dimen- 
sion. In the optics study, the angle of inclination of the 
focal plane, the movement of the focus with target 
position, the depth of focus, the energy calibration, the 
dispersion, etc., were investigated in detail. 

_ It is further necessary to know the efficiency of the 
Cerenkov detector in order to be certain that any loss 
in this counter is recognized and allowed for. The 
Cerenkov counter efficiency was investigated with the 
help of a multi-channel analyzer and its pulse distribu- 
tions examined during almost every run, and we believe 
the efficiency is so close to 100% that we have arbi- 
trarily taken 100% as its efficiency. A Lucite Cerenkov 
counter and two different liquid Cerenkov counters 
were used in the efficiency studies and in the measure- 
ments and no discrepancies among the counters were 
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Fic. 4. This figure is similar to Fig. 3 but shows the quality 

of peaks taken at large angles, in this case, 145° at an incident 
energy of 900 Mev. 
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Fic. 5. The elastic electron-proton scattering cross sections in 
the range 35° to 60°. The experimental points are shown with ap- 
propriate error bars and correspond to the values in the sixth 
column of Table I. The solid line refers to the calculated cross 
sections (last column of Table I) using the form factors found in 
these experiments. 


noted. All the above matters, and others not mentioned, 


have been studied in detail too great to be reproduced 


here. Various errors introduced at all stages in the 
measurements have been investigated and, e.g., such 
matters as the widths at half-maximum of the experi- 
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Fic. 6. This figure is similar to Fig. 5 and Pe to 
the angular range 75° to 135° 
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mental peaks are thought to be understood. As a result 
of such considerations we present in the Appendix a 
discussion of some of their actual numerical values. 

Since the elastic peaks are measured usually over a 
range extending only to energies 5% or less below the 

value at the peak, it is necessary to male radiative cor- 
rections for the area under the tail of the curve which is 
not examined. Such radiative corrections have been 
applied regularly in the past. Recently, an improved 
calculation has been made by Sobottka":'® which allows 
for the recoil of the struck proton. An even more ac- 
curate calculation has been carried out by Tsai." 
Since the two calculations agree quite closely, we have 
chosen the simpler Sobottka correction to use with our 
data. Typical values of the radiative corrections in- 
cluding straggling are 30% at large angles (~135° 
for a “AE” interval equal to the half-width and 25% 
at a small angle (~ 60°). We have usually used values of 
AE equal to the half-widths, since the polyethylene- 
carbon subtraction procedure involves a relatively large 
error in the tails of the proton curves beyond a few 
percent below the peak. The radiative corrections are, 
however, not sensitive to either angle or energy. As 
will be shown below, this implies that only very small 
errors in F,; and F, can result from possible larger errors 
in the values of the radiative corrections. Thus the 
choice between the Sobottka calculation or the Tsai 
calculation has negligible influence on the form factors. 
This is also true whether one uses AZ intervals of 1% 
or 5% consistently. 

When the radiative corrections as well as other known 
corrections are applied to the data, we obtain the final 
results for the experimentally measured elastic cross 
sections shown in Table I. The results given in Table 
I are also shown in Figs. 5, 6, and 7 and appropriate 
error bars are attached to each experimental point. 
Although 150 individual peaks were measured, a number 
of determinations at the same energy and angle have 
been combined together to give a weighted mean cross 
section. Therefore Figs. 5, 6, and 7 show only 58 meas- 
ured points. 

A comparison of these results with those given in 
references 5, 6, and 7 shows that the earlier results were 
correct within experimental errors quoted in those 
references. However, certain small systematic differences 
can be observed: The newer small-angle measurements 
are generally a bit lower than the older ones. This is a 
direct consequence of new and improved knowledge of 
the energy calibration and dispersion properties of the 
72-in. spectrometer. The new large-angle measurements 
are generally in good agreement with the older measure- 
ments but a little higher on the average. 

We wish to call particular attention to the high- 
energy results at 145° shown in Fig. 7. The cross sec- 


16S. Sobottka, Phys. Rev. 118, 831 (1960). 

16S. Sobottka, thesis, Stanford University, 1960 (unpublished) 

17 Y.-S, Tsai, Phys. Rev. 122, 1898 (1961). Note that straggling 
corrections are not calculated in this paper. 





ELECTROMAGNETIC FORM 








% ; AE 
radiative used i 
correction 


15.0 
15.0 
16.0 
17.0 
16.0 
16.0 
18.0 
17.0 
18.0 
17.0 
18.0 
17.0 
27.6 
25.9 
16.0 
28.9 
30.5 
30.3 
19.0 
29.3 
30.6 
27.5 
25.8 
30.3 
29.0 
25.6 
26.3 
26.1 
30.4 
30.6 
31.3 
25.4 
25.5 
23.8 
27.0 
27.6 
30.2 
29.2 
30.0 
25.1 
26.7 
24.5 
26.6 
29.8 
26.6 
23.7 
26.4 
31.2 
25.8 
27.0 
24.8 
27.1 
27.6 


E ¢’ 
(Mev) (degree) (f*) 


200 35 0.358 
45 0.566 
0.928 

280 3: 4.42 
300 0.790 

400 1.38 

440 9.38 

500 KS 2.12 

6.82 

11.48 

8.03 

13.26 

4.56 

7.00 

9.30 

11.28 

15.09 

15.55 

10.63 

16.97 

17.93 

9.17 

12.01 

18.9 

19.42 

45 6.86 

75 13.45 

90 16.06 

145 21.42 

135 21.83 

145 22.42 

45 7.70 

60 11.52 

75 14.93 

90 17.74 

135 22.85 

145 23.44 

145 24.44 

145 24.86 

45 8.59 

60 12.77 

75 16.46 

135 24.88 

145 25.50 

75 16.93 

45 9.05 

60 13.42 

145 26.50 

45 9.51 

60 14.06 

75 18.02 

90 21.24 

145 27.57 

925 145 28.62 

950 145 29.68 

975 95 24.90 

145 30.78 

1000 60 16.75 





— 
uw 


Be 0 nn rn Gn nn i nn 


~ 


wr Oud BNO UMNoo 
an ne Conn 


Xo 
= 


> me ee ee O r i 
CU & Une DH 


—o 
nN 


Swe NHHUSCwWS 
SreRSeOR RAIS h 


Wome Op oe iw 
RRRPANSUICAS 


a 


2. 
2. 
2 

1. 
A. 
$. 
1. 
L. 
2 

1. 
2. 
1. 
1. 
1. 
2. 
2. 
1 

2 

1 

2. 
2 

1. 
1. 
ae 
if 
1. 


An > 
SOAWU 


—) 


® Refer to the definition in Sec. IV. 


tions above 875 Mev show a flattening which was al- 
ready noted in references 5, 6, and 7. We shall return 
to this matter in the subsequent discussion. 


IV. PROTON FORM FACTORS 


The absolute cross sections given in Table I and in 
Figs. 5, 6, and 7 can now be used to calculate the 


rad. corr. 
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Possible 
error 
in % 


(da /dQ) exp 
(10-*? cm?/sr) 


1340 
430 


(do /dQ)caic® 
(10-*2 cm?/sr) 


1330 
452 
126 
1.88 
538 
271 
0.585 
153 
3.79 
0.380 
2.76 
0.270 
26.4 
6.19 
2.06 
0.878 
0.188 
0.155 
1.56 
0.138 
0.120 
3.63 
1.18 
0.102 
0.0851 
13.2 
0.910 
0.368 
0.0650 
0.0675 
0.0560 
10.3 
2.24 
0.684 
0.287 
0.0593 
0.0485 
0.0450 
0.0395 
8.30 
1.75 
0.545 
0.450 
0.368 
0.500 
7.45 
1.57 
0.0320 
6.70 
1.39 
0.429 
0.179 
0.0269 
0.0246 
0.0212 
0.098 
0.0185 
0.896 


NONOKDN] 
| 
| 
| 


— 
~1 SD 00 00 © 00 G0 00 


oOo 


1 


~ 
~ 


— — 
ino 
— wo 


DIMEN OA PNW O WON OD 


Do ie LOH RWADRWODDADN 


a 
> 


— i 


0.049 
0.034 
0.0039 
0.0109 
0.0069 
0.65 
0.08 
0.052 
0.012 
0.0043 
0.0031 
0.0054 
0.0026 
0.26 
0.12 
0.037 
0.031 
0.026 
0.028 
0.47 
0.058 
0.0025 
0.33 
0.057 
0.017 
0.010 
0.0020 
0.0024 
0.0044 
0.008 
0.0033 
0.081 


0.0643 
0.0630 
0.0616 
9.12 
2.07 
0.782 
0.277 
0.0655 
0.0513 
0.0425 
0.0447 
7.47 
1.68 
0.520 
0.470 
0.338 
0.452 
8.15 
1.34 
0.0315 
5.92 
1.37 
0.470 
0.183 
0.0296 
0.0269 
0.0269 
0.100 
0.0265 
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electromagnetic form factors of the proton as indicated 
in Sec. II. We show in Figs. 8 and 9 two examples in 
which several ellipses intersect in a common region. 
There are no examples among all our cases for g¢ 25 
which fail to give intersections. We have employed the 
following procedure in making the computations for 
the proton ellipses: 
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CROSS SECTION 


se 
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E (MEV)—e 
Fic. 7. This figure is similar to Fig. 5 and corresponds to the 
scattering angle 145°. A single point at 95° is also shown. 


We have first passed smooth curves through the 
experimental points of Figs. 5, 6, and 7, so that at each 
angle we have a definite behavior of the cross sections. 
[In one case where we have an isolated point (975 Mev, 
95°), the appropriate cross section was used with 
another member of a pair to find the corresponding 
values of F; and F>. ] Then we can select pairs of values 





one, 


a. Fa 
a? 12 2) 0.416 0.314 
] 0.428 0.306 
0.431 0.304 
INTERSECTION 
VALUES 











| 
| 
| 











| | ~ : L 


| 
+ 
! 
| 
oO. 
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plane corresponding to the measured cross sections at the appropri- 
ate experimental conditions. The useful intersections are indicated 
by small circles. Note the relatively sharp intersections of small 
angle and large-angle ellipses. Neighboring angles give less well 
determined intersections for a given experimental accuracy. 
“Average”’ intersections can be found from such plots and deter- 
mine average values of F; and F». The figures for determining the 
averages are shown in the inset. 
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(£;,0:), (22,62) from which to find intersections. As 
explained previously,’®! a small-angle cross-section 
ellipse intersects sharply and cleanly with an ellipse 
corresponding to a large-angle cross section and this 
type of intersection has naturally been accorded the 
greatest weight in our form factor analysis. When two 
cross sections at nearby angles are studied the inter- 
section develops into a near-tangency and the F), F2 
determination can involve large errors. This behavior 
may be seen in Figs. 8 and 9. In Fig. 10 we illustrate 
the effect of experimental errors on the determination 
of the form factors corresponding to possible errors of 
+10% in the cross sections. Figure 10 also shows that 
if the error in the cross section at the two points is in 
the same direction, the resulting form factor error is very 
small. This explains why many possible errors which are 
in the same direction for small and large angles have a 
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Fic. 9. This figure is similar to Fig. 8 and shows the quality 
of the intersections found in these experiments. 


tendency to cancel out. Such would be the case for 
radiative corrections. 

We chose eleven values of g? and determined at each 
value of g? the mean values of F; and F, formed by the 
many intersections of the corresponding ellipses. These 
F,, F; values are then plotted, with their experimental 
errors, as a function of g*, and a smooth curve can be 
drawn through the points. From the two form-factor 
curves we can then calculate a “trial” set of cross sec- 
tions according to Eq. (4). By inspection we may note 
where the “trial” cross sections deviate most from the 
experiment. A little familiarity with this type of calcula- 
tion immediately shows how one can get an improved 
fit to the data. By adjusting the /;, F, vs g@ curves a 
little up or down, one may obtain a second trial set of 
form factors and cross sections, and we may continue in 
the same manner. This process converges very rapidly 
so that within the present experimental error there is no 
further point in refining the fit. This second set of form 
factors is the set from which we calculated cross sec- 
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tions labeled (do/d@) atc. Table I, last column, gives this 
set of cross sections, which furnishes a ‘“smoothed”’ 
set of experimental cross sections. 

A “final” pair of form factor curves is shown in Fig. 
11. The error bars attached to the points represent, in 
our best judgment, the limits of errors of the small-angle 
and large-angle intersections of ellipses. These limits of 
errors are definitely smaller than those obtainable from 
intersections corresponding to neighboring scattering 
angles. We believe that it is unrealistic, considering the 
present accuracy of the experiments, to give significant 
weight to the intersections corresponding to neighboring 
scattering angles. 

Table II presents the numerical values of the form 
factors found in the above manner and shown in Fig. 11. 
Figure 11 and Table II are, in an important sense, the 
end products of this experiment. 

The values of the proton form factors found from the 
data of this paper are in good agreement with those pre- 
sented earlier’? and lie within the experimental error 


TABLE II. Proton form factors.* 


F +AF; 


0.011 
0.009 
0.012 
0.013 
0.012 
0.011 
0.013 
0.010 
0.018 
0.008 
0.010 


0.597 
0.487 
0.440 
0.343 
0.304 
0.261 
0.202 
0.154 
0.133 
0.100 
0.070 


0.702 
0.602 
0.523 
0.491 
0.431 
0.396 
0.387 
0.382 
0.364 
0.350 
0.333 


0.019 
0.017 
0.017 
0.014 
0.012 
0.016 
0.006 
0.008 


® The errors in AF: and AF: may be approximately twice as large as given 
in this table, provided they are correlated. See the relevant remarks in the 
legend to Fig. 11. 


illustrated in Fig. 1 of reference 7. In the case of the 
present data the curve for F2 is apparently not about 
to pass through zero at g?=25 f-* but may do so at a 
larger value of g*. In the case of Ff’, the new behavior at 
large qg? indicates a small but definite negative slope at 
g=25 f and a horizontal tangent is probably no longer 
likely in this region. 

The question naturally arises whether these new 
results for F;(g?) modify the older value of the rms radius 
of the electric charge distribution, which was measured 
as 0.80+0.04 f by Hofstadter ef al.'* or the single 
determination of McAllister which was 0.71+0.12 f. 
Although we have made no special effort to measure 
an rms radius by concentrating on low values of q’, an 
investigation of the slope of the present F, curve at 
the low values of qg shows that the rms radius is 
0.75+0.05 f, in reasonable agreement with the above 
values. 

‘8 R. Hofstadter, F. Bumiller, and M. R. Yearian, Revs. Modern 
Phys. 30, 482 (1958). 


%R. W. McAllister, 
(unpublished) 


thesis, Stanford University, 1960 
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Fic. 10.' This figure shows the effect of experimental errors 
+10% in the cross sections on the determinations of Ff; and Fs. 
Note the wide variations in the form factors if the errors have 
opposite signs and the smaller variations if the two errors have 
the same sign. 


It is a remarkable fact that the experimental cross 
sections are very close, at all values of gq’, to the well- 
known “exponential” form factor behavior.? 18 
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Fic. 11. This figure shows the form factors, and their errors, as 
found in these experiments. The corresponding values of F; and 
F, are also given in Table IT. These same form factors have been 
used in the calculation of the last column of Table I. It will be 
noted that two dashed curves lie between the F,, F2 central-value 
solid lines. If the error limits are correlated so that they move in 
opposite directions, as indicated by the dashed limits, the cor- 
responding cross sections will remain consistent with experiment. 
A similar statement holds for the two dot-dashed curves lying out- 
side the /';, F’: central-value solid lines. Though we have not 
studied the correlated error question in detail we feel that the 
dashed and dot-dashed curves give reasonable representations 
of the present error limits of F; and F2. Further work on errors 
is in progress. 
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The rms magnetic radius is not as well known as the 
electric radius, but a rough evaluation of the slope of 
the F2(g*) vs g@ curve indicates that the rms magnetic 
radius is 0.97+0.10 f. An experiment is now in progress 
to try to improve the latter value. 


V. INTERNAL CONSISTENCY OF THE DATA 

As previously remarked, a consistent behavior of all 
intersections of the proton ellipses would lead to unique 
values of F; and F»2, within, of course, experimental 
error. Up to values of {25 f-*, wherever we have been 
able to test this question, we have observed unique 
values of F; and F»2, that is, consistency of the experi- 
ment with Rosenbluth theory. In the region between 
g=25 and 31 f-, that is, at large angles (145°) and 
high energies, we do not have the ability to form inter- 
sections using higher-energy-smaller-angle data of our 
own, and so we cannot test the validity of the theory 
in this region. However, the flattening-off of the data 
at @=145° between 875 and 975 Mev suggests that 
something strange is happening here. This flattening 
has been observed on several occasions. Our form-factor 
analysis (Table II and Fig. 11) gives the dashed behavior 
in the region >875 Mev in Fig. 7. We observe the rather 
large deviations between experiment and a continuation 
of “‘theory”’ in this region. 

At the Washington meeting of the American Physical 
Society in April, 1961, we called attention to the obser- 
vation that the flattening observed in these experiments 
at (do/dQ)=2.7X10-™ cm?/sr, and in particular the 
point at 975 Mev and 145° (¢@=30.7 f-*), is barely 
consistent, if not inconsistent, with a cross-section value 
taken from some recent measurements reported by the 
Cornell group” at 112° and ~1050 Mev between two 
measured points at 1000 Mev and 1100 Mev. That is, 
no real intersection is obtained for our 975-Mev ellipse 
and the Cornell ellipse. Any failure of this kind in finding 
consistency in the form factors would imply either: 
(a) some correction to the Rosenbluth formula Eq. (1) 
is needed, such as, e.g., one due to two-photon-virtual- 
exchanges, or (b) a breakdown of quantum electrody- 
namics, or (c) some errors in the experimental determi- 
nations. Since the flattening occurs at the extreme limits 
of our experimental measurements it is certainly pos- 
sible that our results in this region are open to error. 
We do not think that this is the case because we per- 
formed various independent tests to check these results. 
It is to be noted that the points in the flattened region 
were not used at all in our form factor determinations. 
It may also still be true that the flattening represents a 
diffraction effect (where F, may go through zero) but 
we cannot tell that this is so at the present time. More 
accurate experimentation is desirable to check consist- 
ency of the proton form factors at many different values 


of ¢. 


TD). N. Olson, H. F. Schopper, and R. R. Wilson, Phys. Rev. 
Letters 6, 286 (1961). 
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VI. SIGNIFICANCE OF THE FINDINGS 


Our investigation of the proton’s form factors has 
been motivated by the desire to find a self-consistent 
set of values of F; and F, which gives a complete de- 
scription of the behavior of an electron with the proton 
at the corresponding interaction vertex. For a Dirac 
particle of spin 4, these two form factors are adequate 
to describe the interaction, as has been shown by many 
authors. We believe we have succeeded in our aim at 
least as far as g&25 f-*. Thus the phenomenological 
form factors F,, F; are now known in the range 
0<¢q@<25 f with fair accuracy. In many respects this 
goal has now been perhaps sufficiently well achieved at 
this stage of development of “fundamental” particle 
theory. 

On the other hand, it seems likely that at least the 
outer parts of the electromagnetic structure of the proton 
are describable in terms of a more or less standard geo- 
metrical picture. Furthermore, we believe that there is 
definite heuristic value in having ideas about a geo- 
metrical model of a proton. 

Such a model was proposed recently?! in terms of 
a dispersion-relations suggestion for simple types of 
nucleon form factors associated with pion-pion inter- 
actions. Isotopic scalar and isotopic vector form factors 
were deduced from both experimental proton and neu- 
tron” form factors. The presently-determined form 
factors are sufficiently close to those used in the formu- 
lation of the model® that we have no reason, on the 
score of proton form factors, to alter the model or the 
conclusions of Hofstadter and Herman.’® 


VIII. CONCLUSIONS 


(1) The splitting of the proton form factors has been 
confirmed. 

(2) The qualitative behavior of F; and F» as functions 
of ¢ has been determined in the range 0<q? <25 f~*. 

(3) Good consistency in the determination of proton 
form factors has been found in the range O<q?<25 f~. 
This finding serves as a support for the validity of 
quantum electrodynamics up to this value of g. Thus 
it is probable that quantum electrodynamics is valid 
at distances lying between the nucleon and pion 
Compton wavelengths. 

(4) Some evidence for a partial breakdown in the 
self-consistency of the proton form factors may have 
been uncovered at large scattering angles (145°) at 
g=30 ft. 

(5) In the range 0 < g? < 25 f-* the proton form factors 
are in agreement with the proposed nucleon models of 
Hofstadter and Herman,’ although the present results 
alone do not require such a model. 

(6) The present results for the rms electric radius of 


21S. Bergia, A. Stanghellini, S. Fubini, and C. Villi, Phys. Rev. 
Letters 6, 367 (1961). 

™R. Hofstadter, C. deVries, and. R. 
Letters 6, 290 (1961). 


Herman, Phys. Rev. 
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the proton are in reasonable agreement with the older 
results.'*- 
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APPENDIX. ERRORS IN THE CROSS SECTIONS 


A. The errors in part A appear in all cross sections. 

(1) Incident energy in absolute units: +0.5%. 

(2) Scattering angle, @: +0.1°. The errors in the 
cross sections vary from ~1.3% at @=35° to ~0.2% 
at @= 145°. 

(3) Incident beam integration: +3%. The beam 
integration is influenced by errors in the Faraday cup, 
involving the measured voltage produced by the inte- 
grated charge, the value of the integration capacitor, 
and the automatic shutoff mechanism. 

(4) Number of protons in the target: +1.5%. This 
number depends on the density of the target material, 
the target thickness and uniformity, and the target 
angle. 

(5) Solid angle: +0.5%. Here we consider only the 
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possible errors in the settings of the slits and their mean 
distances from the target. Slit openings permissible for 
satisfactory “optical” performance of the spectrom- 
eters have been determined experimentally. 

(6) Dispersion: +1%. 

(7) Energy calibration of the spectrometers in abso- 
lute units: +0.5%. 

(8) Radiative corrections: +2%. 

B. The integrated number of counts under an elastic 
peak is influenced by the carbon subtraction. For ex- 
ample, the relevant numbers for two individual cross- 
section curves are: 

900 Mev, 60° 900 Mev, 145° 
9726 432 
4370 110 


CH, counts 
C counts 


53564119 


H counts 322423 


and lead to pure statistical errors of these numbers 


sections were measured more than once. In the determi- 
nation of an average cross section, the error in the 
proton counts was used as a weight factor. 

C. Although we believe that the items given in parts 
A and B contain all accountable errors, we found in 
many cases that the error in the average exceeded that 
predicted by pure statistical arguments. Probable 
sources of this behavior are instabilities in the counting 
electronics and in the widths of the elastic peaks under 
those conditions when a spectrometer field control 
was not available. We therefore combined the mean 
error of the average with the statistical errors from 
parts A and B and this is the error given in Table I. 
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The question of single-variable dispersion relation is discussed in the framework of perturbation theory, 
for the production reactions: y+N —~ y+r+N, r+N > y+y7+WN, and r+N > y+7+N. It is shown 
that the contributions from single-loop diagrams satisfy the dispersion relation which was conjectured by 
Logunov et al. The discussion is extended to higher orders. The amplitude associated with a certain class of 
diagrams are shown to satisfy the cut plane representation. For the rest of the diagrams, a plausibility 


argument is given. 


I. INTRODUCTION 


UE to the large number of independent kinemati- 

cal variables involved, questions of analyticity 
for production amplitudes are intrinsically complicated. 
A simplified and covariant version of the Polkinghorne- 
Kibble-Logunov kinematics' for production reactions 
has been given by the present author for the class of 
reactions when a nucleon collides with a boson, resulting 
in a single nucleon and two bosons, the bosons being 
photons and/or pions.” It has been shown in paper I 
that the transition amplitude for the double Compton 
effect (y+N—yt+y+V) satisfies three different 
single-variable dispersion relations. For the reactions 
having a two-pion final state, the conjectured disper- 
sion relations of Kibble and Logunov have been shown 
to be invalid.* For the remaining processes, 


YtN myte+N, 
ttN > ytytN, (1) 
rt+N > ytart+N, 


it is shown in this note that the perturbations analysis 
gives a hope for the cut-plane representation in the 
same variable as in the early work. For completeness 
we include also the double Compton effect in the present 
discussion. 

Our perturbation theoretic discussion is based on a 
wide class of Feynman diagrams. We restrict the elec- 
tromagnetic interaction to lowest order, that is, ignore 
all internal photons. Throughout the entire work, all 
particles are treated as neutral spinless bosons, though 
actual selection rules are taken properly into account. 

In Sec. II, the kinematics of paper I is reintroduced 
with some algebraic detail. In Sec. II, we discuss the 
general analytic structure of the Feynman amplitude 
for the processes under consideration. A sufficient con- 
dition is formulated for the validity of the cut-plane 
representation. The discussion is so general that one 
may apply the formalism to every order of the pertur- 

* Based on a thesis submitted to Princeton University in 
partial fulfillment of the requirement for a Ph.D. degree. 

1 J. C. Polkinghorne, Nuovo cimento 4, 216 (1956); T. W. B. 
Kibble, Proc. Roy. Soc. (London) A244, 355 (1958); A. A. Logu- 
nov and A. Tavkhelidze, Nuovo cimento 10, 943 (1958). 

2Y. S. Kim, Phys. Rev. 124, 1241 (1961). This article will 
hereafter be called paper I. 

2Y.S. Kim, Phys. Rev. Letters 6, 313 (1961). 


bation series. In Sec. IV, the formalism of Sec. III is 
applied to single-loop diagrams, with the conclusion 
that the amplitude associated with every single-loop 
diagram satisfies the conjectured single-variable dis- 
persion relation. In Sec. V, the method of majorization 
is introduced for purposes of dealing with more compli- 
cated diagrams. In Sec. VI, the cut-plane representation 
is shown, in fact, to be valid for a certain class of 
diagrams in every order. In Sec. VII, the remaining 
diagrams are discussed. For these, only a plausibility 
argument can be given. 
II. KINEMATICS 

Kinematical details have been fully discussed in 
Sec. II of paper I. For completeness, however, the five 
independent variables are introduced again in this 
section. Let p and p’, respectively, denote the four- 
momenta of the initial and final nucleons; k, that of 
the initial bosons; and k’ and k”, those of the final 
bosons; that is, we treat the process 

k+p— kh’ +k’ +9’, (2) 
where #?=—ye?, k?=—p, k”?=—y?, and p=p” 
=—m?*; ui=0 or uw, m and yp, respectively, being the 
nucleonic and pionic masses. 

We investigate the analytic property of the transition 
amplitude in the variable 

E=—(k'+k”)-(p+?’), (3) 
fixing the following variables at their physical values. 
n= (k’—k”)- (p+p’)/(k’ +k”): (p+ P’), 
x= —k'-(p—p’), x= —k”-(p—p’), (4) 
v= (p—p’)’. 

In our analysis, the Feyman amplitudes will in the 
first instance be expressed most directly in terms of the 
ten scalar invariants: 

Wo=—(k+p), Wi=—(p' +k’), 
W.= —(p’+k")?, 
Wi=- (p—k’)?, 
W2=—(p—k")*, (5) 
2,= — (k’—k)?, 
Zo= — (k”—k 2 


Wo=—(p’—k)’, 


Zo= — (k’+k” , 


v= (p—p’)*. 
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We denote these collectively by the symbol Z. These 
invariants are related to the five independent variables 
by 


Wo= nm? +yuret+aet+£, 
Wo=m?+ue+x—E, 
W = m?+p2—24,4+3(1+n)£, 
W = m?+pr—21—4}(14+0)E, 
W2= m+ pe—x2+4(1—n)E, 
W.=m?+p2—x.—3(1—n)E, 


where 


=X +HXo+2. 


Among the ten invariants of Eq. (6), only W; and 
W; are dependent on the dispersion variable E. By 
reversing the sign of E, one interchanges W; and W.. 
This operation is equivalent to interchanging p and 
—p’, and will be called nucleon conjugation. The in- 
variants 2, and 2, are naturally negative whereas Zp is 
positive and greater than (u:+y2)?. 


Ill. ANALYTIC STRUCTURE OF THE 
PRODUCTION AMPLITUDES 


In this section, we shall study the general structure 
of the Feynman amplitude for the processes under con- 
sideration. We shall first make a few remarks on the 
topological structure of Feynman diagrams and then 
proceed with a more detailed analysis. The discussion 
will be general and hence applicable to all orders of the 
perturbation series. 

A diagram will be called weakly connected if it de- 
composes into two disconnected parts when an internal 
line is cut. Otherwise, the diagram is said to be strongly 
connected. Every Feynman diagram is either strongly 
connected or consists of several strongly connected 
parts connected together weakly. The four-momentum 
of a weakly connected internal line is uniquely deter- 
mined by the external momenta. Such a line generates 
an isolated pole corresponding to its four-momentum on 
the mass shell. For the class of reactions under discus- 
sion, the amplitude as a whole will have poles associated 
with 

W,=m, W;=m. (7) 
These are located at 


E=+ (ucr+-x), 
E=[+2/(1+1) ](u2—x), 
E=[+2/(1—n) ](u2?—*2). 
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These pole-type singularities require no further dis- 
cussions, and in the rest of our analysis we fix our 
attention on strongly connected diagrams. 

We shall often discuss at once a whole group of 
Feynman diagrams. In such cases, observations and 
conclusions will refer to the sum of all amplitudes be- 
longing to the group. 

The amplitude corresponding to a diagram (strongly 
connected) with 7 internal lines and / degrees of freedom 
in internal momenta can be written as 


wl l : 
Fu= lim | day: le [ dan | d's os 


0 . 


x [eati-¥ a |/[Wla,ki,Pext) |", (9) 


where 
n 


¥=> ai(q2+m?—ie); 


i=l 


gi Tepresents the four-momentum of the ith internal 
line and is linear in the k; and the external momenta. 
m; denotes the internal mass of the ith line. The small 
imaginary —ie added to every m? ensures that causality 
is properly defined in the physical process. The quanti- 
ties a1, . . ., @, are Feynman’s parameters and are 
denoted collectively by a. Unless otherwise mentioned, 
we shall understand throughout the following discussion 
that a@ is in the region of integration: 


(10) 
y of Eq. (9) is quadratic in the k;: 


l 
W= Dd ajhki-kj +2 Dd b;-kj+G(m?, pox’ ie), 


i,j=1 j=1 


(11) 


where a,; is linear in a and symmetric, a;;=a;;; 5; is 
linear in the external momenta; and G(m?, Pox:?, ie) 
takes the form 


n 


G(m?2,pex,i€) =>, ai(Pext)? +L ai(m?—ie), (12) 
i=l 


where (ext); is linear in the external momenta. Now 


F,,, can be written as 


1 1 
Fa= [ day f os 
/ 0 / 0 


n 


x8[1-¥ a, ][C(a)]"-22/[D.(a,Z) }"-, (13) 


i=l 





|du 
| Zi2 


Da,Z)=\ - 


au 


ae 


From the above expressions, one can draw the fol- 
lowing conclusions: 

Lemma 1. C(a) is positive. 

Lemma 2. In D,(a,Z), the coefficient of —ie is C(a) 
and, therefore, is positive. 

Lemma 3. D, is quadratic in the external momenta 
and has the form 


D.=€f (na) + K (a,%1,%2,v) —ieC (a), (16) 


whereK (a,%1,%2,0) does not depend on the dispersion 
variable E. 

It is clear that the analytic properties of the ampli- 
tude are determined by the D, function. In later dis- 
cussions, we shall study the quantity D, without writing 
the integral expression for the amplitude. By the letter 
D, on such occasions, we shall denote “diagram’’, 
“discriminant” or determinant of Eq. (14), where the 
Feynman ?e is ignored. 

Lemma 4. If there exists a positive Ey such that D 
is positive for |E| S Eo, then the amplitude associated 
with the diagram D is analytic in the entire complex E 
plane except possibly on the real axis where | E| > Ep. 
For real values of E, the amplitude F,,; is to be defined 
as 


Filk,:-- )=lim Fy (E+te,:--) for E>E£o, 
(17) 
F,.(E,---)=lim F,)(E—ie,---) for 


e+ 


E <— Eo. 


In the present work, we shall not attempt in all cases 
to find the largest possible value of Eo, i.e., the exact 
threshold for the cut-plane representation when it 
exists. Instead, we contend ourselves with establishing 
the existence of some Ey where possible, i.e., the exist- 
ence of a cut-plane representation. 

Lemma 5. The coefficient of each m? is non-negative. 
Thus, if there exists an Ey for a given diagram D, then 
the same conclusion holds for al! diagrams which have 
the same internal configuration as in D but where each 
internal mass is equal to or greater than the corre- 
sponding mass in the original diagram D. 


QO 


Class 2 


Class 3 Class 4 


Fic. 1. Pentagons. The vertex symbol A represents one of the 
three external bosons, whereas O is for the nucleon. 


In later discussions, we shall reduce some of the 
internal masses in a given diagram before computing 
the value of £». We call such a procedure Operation H. 

Not all the integrals in the perturbation series are 
convergent. The divergent integrals, however, are 
subject to total or partial subtraction according to the 
renormalization prescription. In investigating analy- 
ticity it is thus sufficient to study the integrand of the 
formal expression for the Feynman amplitude. 

Lemma 6. Consider a diagram D having vy “parallel” 
lines joining a pair of vertices with their respective 
masses m, ---m,. Next, consider another diagram D’ 
where the v parallel lines of D are replaced by a single 
line with mass (m,-+mz2---m,). Suppose now that there 
exists an Ey for the diagram D’. Then the same con- 
clusion holds for the diagram D. 

We call the procedure of replacing the »v parallel lines 
by the single-line Operation R. 


IV. SINGLE-LOOP DIAGRAMS 


We consider in this section diagrams having a single 
closed loop either originally or after the application of 
Operation R. Consider, in particular, loops whose sides 
are either pionic or nucleonic, the nucleonic sides being 
continuous according to the selection rules. Then these 
loops constitute the class of diagrams from which all 
single-loop diagrams can be obtained (through use, if 
need be, of Operation #7). 

The loops can be divided into several groups accord- 
ing to their geometrical configurations. For the present 
problem, there are pentagonal, square, triangular, and 
self-energy loops. 

Let us first consider pentagons. Each of the five 
vertices is associated with one of the external momenta 
p, k, —p’, —k’, and —k”. We regard the external four- 
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vectors as directed inward. The two external nucleons 
are connected by a continuous nucleonic path which 
runs along the sides of the pentagon. One can divide 
these pentagonal loops into four classes according to the 
number of the nucleonic sides. See Fig. 1. The remaining 
three vertices are for the external bosons. It is easy to 
see that there are six crossing configurations for the 
three bosons, that is, each pentagon of Fig. 1 represents 
six different diagrams for a given process. 

We label the internal lines by cyclic indices 1, 2, 3, 4, 
and 5; a vertex by a pair of numbers (7, i+1); and the 
external momentum at the (7,7+1) vertex by yj, i+1. 
For all pentagons, the amplitude can be written as 


! ! 5 5 
F;= dB,- : | d8;[>- B; m; }6(1—>- B;) i; (18) 


/ 0 J 0 i=l i=l 
where 


5 5 
D.=> B2-—2>0 Vit Biss 
=1 


i=l 


5 
—23¥ yiitBBize, (19) 


i=l 

Vii — [Pi Ptmet+tmiy? )/ 2mm, 
Vine — CPi ig rt Pins pe)? t+ m2+mis? |/2mm;j,». 

The above expression for F's can be derived by the 
standard algebra. The D function associated with F's 
is positive if and only if Ds of Eq. (19) is positive. The 
quantities y;,,41 depend only on the external masses 
(— pi,.41")! and can take on the following values: 


—p/2m, —1/2, —(1—p?/2m?), —1; (20) 


that is, every yii41 is negative. Since, however, the 
quantity — (pi.i41t+Pit1,s42)* is to be identified with 
one of the ten invariants in Eq. (5), ¥i,i+2 is related to 
the five independent variables. Now we write D5 as 


5 5 
4 Zz. (8:—Bis2)?—-2 > Vi,i4 1B Bi+1 


i=l i=l 


— Vi,i+2)"B Bi+2. (21) 


Thus, in order that Ds be positive, it is sufficient, but 
not necessary, that every y;,i;2 be smaller than }. This 
can be stated in a more precise way. If 


— (k’+k”)?= (ug?+2x%—v) <3p?, (22a) 


then there exists an Eo, and 


| xturP—p\ 2mu 
min ma( 1 ——-- ), - (1 
| mu 1+n 


2m v2 pe? +p? 
(4 —- )}. (22b) 
1—n my 


xy prt+py 


my 


*R. Karplus, C. 
114, 537 (1959). 
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The above statement establishes a cut-plane represen- 
tation for the contributions from all pentagons with the 
restrictions implied by Eqs. (22a) and (22b). Since for 
the reactions under consideration — (k’+”)? is greater 
than (41+ 2)", where at least one of the two masses is 
zero, the condition (22a) can be satisfied by some 
physical values of the fixed variables «1, x2, and ». 

It should be conceded that the above £p is not 
necessarily the largest value obtainable. One may 
enlarge its value by making a careful analysis for each 
individual diagram. Nevertheless, the very existence of 
an Ey is what we have set out to establish. 

It is easy to see that the lower-order loops—squares, 
triangles and self-energies—can be generated from the 
pentagons by contraction of suitable sides. Since all 
possible end points have been considered in our dis- 
cussion of the pentagons, these lower-order loops, in 
fact, have been studied, with the result that there 
exists an Ep and its value is at least as large as given in 
Eq. (22). 


V. GENERALIZATION TO HIGHER ORDERS 


It has been seen that the amplitude associated with 
the single-loop diagrams satisfy a cut-plane representa- 
tion in the variable £. In this section, we shall outline 
a general program of obtaining the same conclusion for 
all higher orders. Let us begin with some obvious 
remarks. 

By {D,} we denote a set of diagrams D,, Do, ---Dnp. 
Suppose that there exists a diagram Dp such that 


D;= Do, 
and D, is positive for 


—Eyx< E< Eo. 


(23) 


gan d, 2 o's 1 gps 


(24) 


Then the cut-plane representation is possible for the 
amplitude corresponding to the set {D,} as well as for 
Do. 

From the above remark, it is clear that the standard 
procedure for studying all Feynman amplitudes will be 
to divide the diagrams into a finite number of {D,} in 
such a way that for each {D,} there exists a diagram 
Dy with the corresponding Zo. The number n is in 
general infinite. 

The diagram Dy is called the primitive of the set 
{D,,}. Proving the existence of Eo for the primitive is, 
as one can see, an algebraic procedure. But establishing 
the inequality (23) requires a more elegant technique— 
majorization of Feynman diagrams. If the inequality 
(23) holds, it is said that the diagram Dp majorizes the 
set {D,}. 

We now introduce the following two important 
theorems on majorization. Formal proofs of these 
theorems are given by Chernikov, e¢ al.,° and are valid 
only if the external vectors are Euclidean, that is, if 
Gram’s determinant is positive and definite. 

®N. A. Chernikov, A. A. Logunov, and I. T 
report D-578 (unpublished). 


Todorov, Dubna 











Fic. 2. Diagrams having two (a), one (b), and no (c) 
weakly connected nucleon lines. 


Theorem I. Consider a diagram D, with one or more 
closed loops. Consider another diagram D, which is 
identical to the former except that it has additional 
internal lines which start and end at the sides of a given 
loop in the diagram D,. Then the diagram D, majorizes 
the Das. 

Theorem II. Let a diagram contain a closed loop 
with (m+1) vertices and sides, to m sides of which the 
mass m corresponds, and to one side the mass u (u<m). 
Consider a new diagram obtained by interchanging the 
two masses. Then the new diagram majorizes the 
original one. 

If the external momenta are Euclidean, these two 
theorems, in principle, enable us to obtain a finite 
number of {D,} for all reactions under consideration. 
But, due to the demand that the external vectors be 
Euclidean, applicability of the theorems is severely 
limited. In the following sections, we shall discuss first 
the class of diagrams for which the present formulation 
gives a complete solution. For the rest, only a plausi- 
bility argument will be given. 

Before actually classifying the diagrams, let us make 
a remark on the self-energy parts. It has been seen 
earlier that in discussing the self-energy loop, one, in 
effect, considers all self-energy parts. Thus, without 
loss of generality, we can assume that no weakly con- 
nected line contains self-energy parts. 

We now classify the diagrams according to the 
number of weakly connected nucleon lines—two, one, 
and zero. See Fig. 2. For the first group, our problem is 
to study vertex functions with two independent external 
momenta. For the rest, the problem is to investigate 
four- and five-point functions. We shall establish the 
validity of the cut-plane representation for the vertex 
functions associated with the first reduced diagram but, 
for the others, give only a plausibility argument and 
discuss the limitation of the present technique. 
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VI. VERTEX FUNCTIONS ASSOCIATED WITH 
THE FIRST REDUCED DIAGRAM 


We study, in this section, the amplitude associated 
with one of the three parts in the first reduced diagram 
of Fig. 2. It is clear that to a given internal structure 
there correspond six crossing configurations for the 
external bosons. 

We shall first find the Euclidean region in which the 
two theorems of the preceding section are shown to be 
valid, and then majorize all vertex diagrams under 
consideration. It will be shown that there exists an Eo 
for the primitives and that the real interval | E| <Eo 
overlaps the Euclidean region. This will establish the 
validity of the cut-plane representation for every ampli- 
tude corresponding to the diagram reducible to the first 
configuration of Fig. 2. 

Let us first choose the external nucleon momenta 
(to the vertex part) as the two independent vectors for 
the vertex part. Let those be denoted by Q and K. For 
the vertex at the middle of the reduced diagram of 
Fig. 2, both of the vectors are dependent on the dis- 
persion variable while for the others, one of them 
should be on the mass shell. In both cases, we choose 
the new set of independent vectors /; and J» as 


h=O+K; 


and regard the amplitude as a function of three in- 
dependent scalars /,’, 7,7, and J,-J.. Then the D func- 
tion, in general, is written as 


D=I1? fi (a)+1 27 fo(a) +211: 12g12(a)+G(m?,a), 


I,=Q—K, 


(25) 


(26) 


where f:(a) and f2(a), as one can show easily, are non- 
negative. 

The quantity /,? is either zero or —y? depending on 
the mass of the external boson. But the existence of an 
E, for I,2= —y? will automatically imply the same con- 
clusion for the other case. Thus one can regard 

[f= —p’. 
Next, we relate the quantities 7,’ and /,-/, to the 
five independent variables E, n, x1, x2, and 2. 
1 ?=2(0+K*)+p’, 
I,-1,=??— RK’, 
where (—Q*, — K®)=(Wo,W1), (Wo,W:), (W1,W.), and 
their nucleon conjugations for the vertex at the middle. 
For the others, (—Q?, —K*)= (Wi,m’), (W;,m*); and 
u2=0 or p’. 

With this preparation, we can obtain the Euclidean 
region. Expanding the Gram determinant, one can 
express the condition for the vectors to be Euclidean as 


—p?(20?+2K2+p*) — (0?— K?)?>0. 


(27) 


(28) 


The above expression is quadratic in EZ, the coefficient 
of E being negative. Thus one can easily find the upper 
and lower limits of the Euclidean region, which, in 
general, are dependent on the fixed variables 9, x1, x2, 
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Fic. 3. Primitive diagrams for vertex parts under consideration. 


and v. We understand here that the four fixed variables 
are so restricted that the upper limit is positive and the 
lower negative. Since the system of diagrams is in- 
variant under nucleon conjugation, both limits must be 
equal in magnitude. Thus it is sufficient to indicate the 
upper limit by a positive quantity F,. 

Considering all possibilities for (Q?,K*) we finally 
obtain the boundary of the Euclidean region. 


E.=min{ &;,82,:- 


ji Es}, 


x 4mu |Z) 
&,:=2myu -—}, &,.=— (1-—), 
2mu 1+n 2mu 


4m | Z2| 
&=— 1-—), 
1—7n 2mu 


4mu we 
—— | | +946 +9 
(1+n)? 2m? 


——— 


uw?(3—n)— (1+n) (+22) | 
_ = —?, (30) 
2mu 





&s= &5, where Z2 and —7 are, respectively, replaced by 
f, and 93 €=4—pwe+ ye’, 41= a1 tw — pwr, Fo= Xo t+ yw? — we’. 

Next, we have to majorize the vertex diagrams and 
find an Ep for the primitives. From the two theorems of 
the preceding section, it is clear that all vertex parts 
under consideration are majorized by the primitive 
diagrams of Fig. 3. The discriminants for those dia- 
grams are calculated in Appendix A. The calculation 
shows that the Ey for the two primitives is 


wh £\ 2mp wp 
E,= min{ mi( 1-—-—) aie (1-=+=), 
4m mp/ 1+ 4m mu 


2mu , 
(1 )}. (31) 
” mu 


4m 
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Thus for all orders, there exists an Eo, and Ey=min 
X(E.,E,), that is, the cut-plane representation is pos- 
sible for all vertex functions under consideration. 


VII. OTHER DIAGRAMS 


For the vertex functions of the preceding section, it 
has been shown that the cut-plane representation is 
possible in every order. The present formalism, however, 
does not give us any easy method of completing the 
proof for the rest of the diagrams. We shall not describe 
here the situation in full detail but discuss briefly how 
far one can go and where the difficulty lies. 

Our majorization procedure works only if the external 
vectors are Euclidean. In the case of vertex functions 
we have considered, it was not necessary to bring the 
fixed variables to unphysical values. This is due to the 
fact that Gram’s inequality does not contain any fixed 
invariants of Eq. (5), Zo, 21, Z2, and v. If the rank of the 
Gram determinant is higher than two, for instance, in 
the case of four- or five-point functions associated with 
the diagrams in Fig. 2, Gram’s condition depends 
explicitly on one or more of those fixed invariants. In 
such cases, one cannot find any finite Euclidean region 
in the variable EZ unless the fixed invariants are un- 
physical. This is the difficulty which prevents us from 
making such a straight-forward proof as in the preceding 
section. 

It can be shown easily that for each fixed invariant, 
there exists an unphysical interval in which a finite 
Euclidean region can be obtained for dispersion variable 
E. But, in order to complete the proof, one has to justify 
that the fixed invariants in question can be brought 
back to their physical values. Along this direction, a 
progress has been made for the four-point functions 
under the assumption that the external bosons have the 
mass u.° Various complicated primitive diagrams have 
been worked out. At present, the result gives a favorable 
outlook. 
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APPENDIX A 


It is easy to see that all vertex parts under considera- 
tion are majorized by the two primitive diagrams in 
Fig. 3. We now compute the D functions. 


6 Y, S. Kim, Thesis, Princeton University (unpublished). 
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For the first diagram, 


Da= (w+13?) 4 (arae+anas)+ ara; | 
+ (P+ om? Pp? /44+-3my/2)aras 
+ (RO om? + pw? — p?/44+- 3p /2)aras 
+4 (2a — 2poro—pors)* 
+ (2mer — 203 — por)? + 3p? (a2?+-a;°) |. 
For the second diagram, 
D,= (u?+-I:?)[4(A (a) + B(a)+C (a) | 
+ [O*+ m?+ 2+ my — 2/4 JA (a) 
+ K2+ m+ 2+ mp — 4)B(a) 
+ (astastas)[ (ma1—pwa2)?+ mparar | 
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+ (ay+a3+as)[ (mas —porr)?+ mycrrcs | 
+a2[ V2mas— (ast+a4+a)u }?/2 
+a V2may— (art+astaa)u P/2 
+3 u?[a2(as?+- a +04") +06 (a2?+a3"+a2") | 
+2m?ajas(a3+ay4) 
+ pL (as?+ a4?) (ar+as) +3045 (a1+a5) | 
+ pu? [oranges + cree s0%6+ (a3+ars) (a2a5+ 106) |, 
where 
A (a) = aya2(agtagtas+as) + aja3ag+ casas, 
B(a) = ages (ay tastast+ay) + ajagagtaragas, 
C (a) = agcg (ey tarot ast ag) + oer garg + 003005. 
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Relativistic Schrédinger’s Equation for the Two-Nucleon System* 
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The relationship between the relativistic and nonrelativistic forms of Schrédinger’s equation for two 
nucleons in their center-of-mass system is investigated, and the velocity dependence of the relativistic one 


pion exchange nuclear potential is discussed. 


1. INTRODUCTION 


HE nonrelativistic Schrédinger equation for two 
nucleons in the center-of-mass system is usually 
expressed as (taking c=’#=1) 


(V+R-—MVyy=0, (1) 


where M is the nucleon mass, &?/M is the energy of the 
system, V is the static potential, and y is the wave 
function involving the large components of the nucleon 
spinors. However, one often has to deal with physical 
problems like the proton-proton scattering up to about 
300 Mev in the laboratory system, where the relativistic 
corrections are small but not entirely negligible. One 
must then not only find the velocity-dependent cor- 
rections to V but also replace the nonrelativistic 
operator V*+ 4? appearing in (1) by the relativistic one. 
Assuming that a velocity-dependent potential V for the 
two-nucleon system can be obtained, we shall discuss 
the problem of formulating the relativistic Schrédinger 
equation. We shall then consider the two-nucleon 
Schrédinger equation with one-pion exchange potential, 
and compare our result with those of Breit and Hull! 
and of Sugawara and Okubo.’ 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

ft Permanent address: Department of Physics, Wayne State 
University, Detroit, Michigan 

!G. Breit and M. H. Hull, Nuclear Phys. 15, 216 (1960). 

2M. Sugawara and S. Okubo, Phys. Rev. 117, 605 (1960). 


2. RELATIVISTIC SCHRODINGER’S EQUATION 


The relativistic Schrédinger equation for the two- 
nucleon system can be written as 


[ (M?+-p,?)!+ (M?+ p.”)'+ V je 


where the potential V is a function of the relative 
coordinates of the two nucleons as well as other vari- 
ables like momentum, spin, isospin etc., 2F is the 
energy of the system including the rest energy of the 
nucleons, p; and pz are the nucleon momentum operators 


2E¢, (2) 


Pi=—1Vi, Pp=—1¥2, (3) 


and a square root involving the differential operators 
is to be regarded as an infinite series in powers of the 
differential operators, so that 


9 


m 
(M?2+p?)!= M+ 
2M 


» (—1)" (4)(3)---(n—3) pr? 
+2. - . (4) 
n=1 2 (n+1)! M?2s+! 
The center-of-mass system can be defined by the 
condition 


(pit-p2)o=0, (5) 


which is compatible with (2) due to the fact that V isa 
function of the relative coordinates. Then, (2) can be 
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expressed as 


[2(M?+ p*)!+ V ]o=2E@, (6) 
— Pr). (7) 
E= (M?+k*)}, (8) 


with 
P= 2(Pi 
Further, putting 


and 


o=¥(x,y,2)x(X,Y,Z), (9) 


where 


—2o 
“2 


waiiik 


X=%1— Xe 


X=}(«1+22), 


J =43(yity2), 


we obtain 


py= —i¥y, 


and (6) reduces to the relativistic Schrédinger equation 
for relative motion, 


[2(M?—V?)'—2(M?+#)!+ V jy=0. (12) 
Multiplying (12) by —3(M?— 


simplification 


px =0, (11) 


V*)!, we get after some 


(V+R—3(Me—V)IV—4(Me+R)IV W=0, (13) 


which can be written as 


(V+R—MV'y=0, (14) 


with 


V?)!+ (M2+R)! 
2M 


(M?— 
‘= (15) 


where V? operates on V and all the factors following it. 
This shows that the relativistic Eq. (12) can be ex- 
pressed also in the usual nonrelativistic form, provided 
that V is replaced by V’. 


3. GREEN’S FUNCTION FOR RELATIVISTIC 
SCHRODINGER’S EQUATION 


The Green’s function and the Born approximation 
method for the nonrelativistic form (14) of the 
Schrédinger equation are well known. It would be 
interesting to derive the Green’s function for the 
relativistic form (12), and show that it leads to the 
same result up to any order in the Born approximation. 

Let us write (12) as 

(Q—MV)y=0 (16) 
with 
= —2M[(M?-V: 


v?)i— (M2+%)4), (17) 


and express y as 
V=Yothvityet :::, (18) 


where yo is the incident wave function, and ¥,, yo, --- 
are the scattered wave functions in the various Born 
approximations. Then yo satisfies the equation 


Qo=0, (19) 


ATIVISTIC SCHRODINGER’S EQ 


UATION 


and has solutions of the usual form 
Yo(r)=Yo(k)e*-, 
satisfy the equation 


Wns 7= MVy,, 


while ¥, Yo, --- 


where n=0, 1, 2, 
The above equation has the solution 


Vayi=— [ctr yMV(eyalear, (22) 


where the 
equation 


Green’s function G(r,r’), satisfying the 


0G(r,r’) = —6(r—r’), (23) 


is given by® 
G(r,r’)= ——n 
— (M?+k?*)*] 

Xeik’- 2 dk! 


' (2n)* 2M (k*—k*) 


Keik dk’, 


1 | 1 
~(2m)s J 2ME(M2-+k”)} 


(24) 


Since the integral (24) cannot be evaluated in a simple 
manner due to the presence of the term (M?+k”)! in 
the numerator, we express it as 


1 : 
G(z,r’)= | 
(27)* . 


and, extracting the outgoing wave function, 


[(M2— ¥2)*+ (M2+ k)!] 
x e* rr’ 


(M°’—V?)i+ (M?2+R?)! 
2M (k’?— k?) 
XKeik’ (2 dk’ 


G(r,r’)= 
8M |\r—r'}. 


From (22) and (26) we obtain 


. e€ k|r—r’ 
=— [lar—v)+0r-+e) — 
, 8a |r—r’ 


(r’)p,(r’)dr’, (27) 
or 
ekir r’ 


Vui1=— | [ (M?—V")!+- (M?+?)*] 
J 8ri|r—r’ 
XV (r')Wn(r’)dr’, (28) 
so that, using (15), 


eth r—r 


Vrui=— | MV'(r')v,.(r’)dr’, (29) 
4 | r—r’ 


W whic h is the same as the usual result derived from (14). 


8 For a comparison with the Green’s function for the non- 
relativistic case, see L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1955). 
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4. SCHRODINGER’S EQUATION WITH ONE-PION 
EXCHANGE POTENTIAL 


Using the general method‘ of deriving the potential 
from the unitary expansion of the scattering operator, 
we have discussed the relativistic one-pion exchange 
nuclear potential in an earlier paper.® Since the meaning 
of a potential is perhaps somewhat ambiguous, we 
would like to clarify our definition of a potential before 
we compare our result with those of other authors. We 
define the one-pion exchange potential as an interaction 
term in the two-nucleon Schrédinger equation, which 
is chosen in such a way as to produce the one-pion 
exchange K-matrix element in the first Born approxi- 
mation. It is then evident that our one-pion exchange 
potential will contain only terms of the second order 
in the pion-nucleon coupling constant. Moreover, the 
velocity-dependent part of the potential will involve 
some arbitrariness, as we shall discuss below. 

Let us first express the velocity-dependence of the 
one-pion exchange potential entirely in terms of the 
incident momentum k of one of the nucleons. Then, 
the relativistic potential is® 


= (1+?/M")"V sg, (30) 


where V5 is the well-known one-pion exchange static 
poteatial. 

However, we can also express the velocity-dependence 
in terms of the momentum operator p= —i¥. We can 
then express V in many different Hermitian forms such 
as 

V=(1+p?/M?)V s(it+p?/M*)-}, (31) 
or as 


V=3((1+p?/M2)-Vst+Vs(1+p/M2)], (32) 


*S. N. Gupta, Phys. Rev. 117, 1146 (1960). 
5S. N. Gupta, Nuclear Phys. 24, 160 (1961). 
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which agree with each other in the first Born approxi- 
mation but differ in the higher approximations. This 
arbitrariness is related to the fact that velocity-depend- 
ent terms with vanishing matrix elements on the energy 
shell can be converted into higher-order potential terms. 
Since in the first Born approximation (15) is equiva- 
lent to 
V’=(1+#?/M?)!V, (33) 


we can take V’ corresponding to (30) as 


V’=(1+#?/M?)-V gs, (34) 
which, on substitution in (14), agrees with the Breit 
equation! for the two-nucleon system. On the other 
hand, according to Sugawara and Okubo,’ 
V’=V s—[(p?/2M2)V s+ V s(p?/2M?) |, (35) 
where higher powers of p’/M? have been neglected. In 
the first Born approximation (35) is equivalent to 
V’=(1—k?/M?)Vs, (36) 
which does not agree with (34) within the limits of 
approximation. This discrepancy is due to the fact that 
they have used the nonrelativistic expressions for 
nucleon energies in reducing the relativistic Schrédinger 
equation to the nonrelativistic form, which is equivalent 
to equating V and V’ appearing in (12) and (14). The 
present investigation, however, shows that V and V’ 
are related as in (15), and therefore the result of 
Sugawara and Okubo needs modification. 
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